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Section A: Pure Mathematics [40 marks]
(i) The equation 3z°-7z°+17z+m=0, where m is a real constant, has a root
z =1+ 2i. Find the value of m.
Hence using an algebraic method, find all the roots of the equation

328 —72* +17z+m=0. Show your working clearly. [4]

17

(if) Hence, solve the equation +—-m=0, giving your answers in the

_+_
woow?
form a+bi, where a,beR. [2]

Relative to the origin O, the points A, B and C have position vectors a, b and ¢
respectively. It is given that 2 and x are non-zero numbers such that Ja + ub —c =0
and A+ u=1.

(i) Show that the points A, B and C are collinear. [3]
The angle between a and b is known to be obtuse and that |a| =

(ii) If k denotes the area of triangle OAB, show that (a- b)2 = 4(|b|2 -~ kz) . [3]
D is a point on the line segment AB with position vector d.

(iii) Itis given that area of triangle OAB is 6 units?, |b|=10 and that AOD is 90°. By
finding the value of a-b, find d in terms of a and b. [4]

(a)(i) Use the substitution u=1+x’ to flndj

4
J1+e* 4]
Xel+X2 ~ 1
14e’  2€°

respectively. The region bounded by the curves C; and Cy, the y-axis and the
linex =1 is R. Find the exact area of R. [3]

3 —
(b) The shape of a vase is formed by rotating the part of the curve x = 23;2—)/1&
\/ Yo+

between y=0 and y =1 through 2z radians about the y-axis (see diagram

X2—2

(if) Curves C1 and C, have equations y = xe _Zi and y =
e

below). Find the exact volume of the vase formed. [5]
y
A
1 __________
3 —
= 2y : v+1
V 2y +1
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The product engineer of a factory crafted the design of a rectangular box, using a
right pyramid, that is shown on the diagram above (not drawn to scale). The
rectangular box is contained in a right pyramid with a rectangular base such that the
upper four corners of the box A, B, C and D touch the slant faces of the pyramid, and
the bottom four corners lie on the base of the pyramid. O is the point of intersection
of the two diagonals, AC and BD.

The height of the pyramid is 32 units, the length of the diagonal of its rectangular

base is 12+/2 units, the height of the box is b units, where b <32, and the angle
AOB is 6 radians. It is given that the box is made of material with negligible
thickness.

(i) By finding the length of OA in terms of b, show that the volume V of the

2
rectangular box is given by V = 8b(3ﬁ—b) sinf .

. S T
For the rest of the question, it is given that 0 = 3

(i) Find the exact value of b which maximises V. Hence find the cost of
manufacturing one such box if the material used to make the box cost $0.03 per
unit?,

When the height of the box is at half the height of the pyramid, it is reducing at a

rate of 2 units per second.

(iii) Determine whether the volume of the box is expanding or shrinking and find the
rate at which this is happening.

[3]

[6]

[3]

[Turn Over
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Section B: Probability and Statistics [60 marks]
Two families, each consisting of an adult couple and three children visited a carnival
together.
The 10 people went to queue for a ride randomly in one straight line.
(i) Find the probability that members of the 2 families stand in alternate positions in
that queue.
If the ride is made up of two identical circular carriages of five identical seats each.
(if) Find the number of ways the 10 people can be seated if not all the family members
are seated together in the same carriage.

In a soccer practice, the coach instructs the players to practise their penalty kicks. A
player scores if he successfully kicks a ball into the net of a goal post. The probability

that a player scores on the first kick is % . For all the subsequent kicks, the probability
of scoring on that kick will be g if the player scores in the preceding kick, and the

probability of scoring on that kick will be % if the player did not score in the

preceding kick.

(i) Owen kicked the ball three times consecutively for his practice. Find the
probability that he scored on the third kick, given that he scored only twice out
of the three kicks.

(if) Three players each kicked the ball four times consecutively for their practices.
Find the probability that one of the players scored on all four kicks, another
player scored on the first kick only, while the remaining player only scored on
the second and third kicks.

Grade A and grade B sugar produced by a company are packed and sold in packets.

The mass of both grade A and grade B sugar sold follows independent normal

distributions with mean 2.05 kg. The standard deviation for the mass of a randomly

chosen packet of grade A and grade B sugar are 0.025 kg and o kg respectively.

If the probability that the mass of a randomly chosen packet of grade B sugar being

less than 2 kg is 0.01,

(i) show that the value of o is 0.021493 correct to 5 significant figures.

It is given that the profit per kilogram of grade A and B sugar sold is 50 cents and 40

cents respectively.

(i) Find the probability that the total profit of three randomly chosen packets of
grade A sugar is higher than three times the profit of a randomly chosen packet
of grade B sugar by not more than 65 cents.

(iii) Two packets of grade A sugar and n packets of grade B sugar are selected at
random. Find the smallest value of n such that the probability that the mean mass
of these packets being less than 2.06 kg is at least 0.97.

[2]

[3]

[3]

[3]

[2]

[3]

[3]
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In a public swimming centre, the time spent by a randomly chosen user in using its

facilities is T minutes, is known to be normally distributed. The centre manager

claims that its users spend an average of 50 minutes to use its facilities. To check this

claim, time spent by a random sample of 60 users were recorded. The data recorded

has an average of 47 minutes and a standard deviation of 16.4 minutes.

(1) Find an unbiased estimate of the population variance, giving your answer correct
to 2 decimal places.

(if) Test, at the 5% significance level, whether the centre manager overstated the
average time spent.

(iii) Another sample of size n (n > 30) that was collected independently is now used
to test, at the 5% significance level, whether the centre manager’s claim is valid.
For this sample, the mean time taken is 46 minutes. If the result of the test using
this information and the unbiased estimate of the population variance in part (i)
Is that the null hypothesis is rejected, find the least possible value that n can take.

() A random variable X has a binomial distribution with n = 10 and probability of
success p, where p < 0.5.
(i) Given that P(X =3 or 4) = 0.2, write down an equation for the value of p,
and find this value numerically.

It is given that p = %

(i) The mean and standard deviation of X are denoted by x and o
respectively. Find P(u—o < X < u+0), correct to 2 decimal places.

(b) Mr Chua attempts an online sudoku puzzle each day. The probability that he
manages to solve a puzzle on any given day is 0.75, independently of any other
day.

(i) Find the probability that he solves his third puzzle on the eighth day of his
attempt.

(if) Find the probability that, over a period of 8 weeks, Mr Chua manages to
solve at least 4 puzzles each week.

A bag contains nine numbered discs. Three discs are numbered 3, four discs are
numbered 4 and two discs are numbered —1. Two discs are drawn simultaneously.
The sum of numbers on them, denoted by X, is recorded.

(1) Find the probability distribution for X.

(if) Find E(X) and Var(X).

(iii) Two independent observations of X are taken. Find the probability that the
difference between these two values is at most 5.

(iv) Fifty independent observations of X are taken. Find the approximate probability
that the sum of these fifty observations is between 250 and 260.

[1]
[4]

[4]

[2]

[3]

[2]

[2]

[3]
[2]
[3]

[3]

[Turn Over
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Research is being carried out to study the degradation of a herbicide in soil. The
concentration (in percentage) of the herbicide in the soil measured over a period of
120 days is recorded. The observations are listed in the table below. It is given that
one of the observations has been recorded wrongly.

Number of days (d) | 20 40 60 80 100 120
Concentration (c) 60 57 41 36 33 31
(i) Draw a scatter diagram to illustrate the data and circle the incorrect observation.

For the rest of the question, you should exclude the incorrect observation.

(i) Comment on whether a linear model would be appropriate, referring both to the
scatter diagram and the context of the question.

It is thought that this set of data can be modelled by one of the following formulae

after removing the incorrect observation.

Model A: ¢? =a+hd

Model B: ¢ = ae"™

(iii) By calculating the product moment correlation coefficients, explain clearly
which of the above models is a more appropriate model for this set of data.

(iv) Use the model you identified in (iii) to find the equation of a suitable regression
line and use your equation to estimate the concentration of the herbicide in the
soil after 140 days.

(v) Comment on the reliability of the estimate obtained in (iv).

(vi) Give an interpretation of the vertical intercept of the regression line obtained in
(iv) in the context of the question.

End of Paper

[3]

[2]

[3]

[2]
[1]

[1]



(i) For positive real constant c, state a sequence of three transformations in terms
of ¢, that will transform the graph with equation of the form y=f(2x+3)+c

onto the graph with equation y =f(x).

(if) The point with coordinates (—2,0) that lies on the curve with equation of the
form y=f(2x+3)+c is mapped onto the point with coordinates (0,-1) that is
on the curve with equation y = f(x) . State the value of c.

[3]

[1]

B -\ 2
The complex numbers z1, 2 and z3 are given by z, = (1—\/§|) ,
6
zZ, = {ﬁ(cos% +isin %ﬂ and z, =-1+ J3i.

(i) Using an algebraic method, find % in the form re'’, where r >0 and @ is an
1

exact real constant such that -z <0< r.

(i) Hence find é+z3 in the form pe'“, where both r and 6 are exact real
Zl
constants suchthatr>0and -z <60<r.

[3]

[3]

x> —x+7
It is given that the curve C has equation y = B xeR, x=2.
X —
(i) Without using a calculator, find the set of values that y cannot take.
(if) Sketch C, stating clearly the equations of any asymptotes, the coordinates of the

stationary points and the point(s) where the curve crosses the axes.

[3]
[3]

(i) Show that the first two non-zero terms of the Maclaurin series for tané is given
by ¢9+%¢93. You may use the standard results given in the List of Formulae

(MF26).

In the right-angle triangle OBC shown above, point A lies on OB such that OA=1,

OB=x, where x > 1 and OC=1. It is given that angle COB is % radians and that

angle ACB is @ radians (see diagram).

[2]




2tan@

i) Show that AB= :
() 1-tanéd [2]
(iii) Given that @ is a sufficently small angle, show that
AB ~ ad +hb6&” +c6’
for exact real constants a, b and c to be determined. [3]
(i) By considering u. —Uu_, ,where u_ = _
"o " n(n+)(n+2)’
N 1
find >’ in terms of N.
S n(n+1)(n+2)(n+3) [3]
N+3
(ii) Hence or otherwise, find ) L :
= n(n—-1)(n-2)(n-3) 3]
(iii) Deduce that
i+i+ L + - + : +
6> 12 20> 30° 42>
is less than o . Show your workings clearly.
18 [3]
(a) Find J‘sin‘1(2x—1) dx for 0<x<1 [3]
J1-x '
(b) (i) Sketch the graphsof y= ‘xz - 7‘ and y = Xx+5 onthe same diagram. Indicate
clearly the x-intercepts and the values of x where the two curves intersect.
Hence solve the inequality |x* —7|> x+5. 4]
(i) Hence, fora > 5, findj ‘ x> -7|- x—5‘ dx in terms of a. Leave your answer
3
in exact form. [3]
A curve C has parametric equations
x=sin’t, y=cos’t, —%<t<0.
The tangent at the point P(sin® p,cos® p), —% < p <0, meets the x-axis and y-axis
at Q and R respectively.
(i) By finding the equation of the tangent at the point P, show that the area of the
triangle OQR is ~Lgin p (2+cos? p)?.
12 [6]

(if) Find a cartesian equation of the locus of the mid-point of QR as p varies. You
need not indicate its domain.

[5]




()

Functions f and g are defined by
fix— x5, x<0,

g:xn—>1, x>0,
X

(i) Explain why the composite function gf exists. [1]
(i) Find the exact value of f™'g™(3). Show your workings clearly. 3]
(b) For real values a, the function h is defined by
h :xn—>ax—%, x<0.
(i) If a is negative, explain clearly with a well-labelled diagram, why h™
does not exist. [4]
(i) Ifa=1, findh™"in similar form. [3]
(@) An arithmetic progression has first term a and common differenced , where
a>0 and d = 0. The eighth, third and second term of the progression are the
first three terms of an infinite geometric progression.
(i) Find the common ratio of the geometric progression. [3]
(if) Find the exact sum of the odd-numbered terms of the geometric progression
in terms of a. [3]
(b) A programmer coded a program involving a rabbit-fox chase along a straight
path to model the actual hunt for a rabbit by a fox.
The rabbit first hop is 1.75 m. In each subsequent hop, the distance covered is
1% less than its previous hop. The fox first leaps 3 m. In each subsequent leap,
the distance covered is 0.02 m less than its previous leap. Initially the rabbit is
60 m ahead of the fox and assume that the rabbit and the fox start and end each
hop and leap at the same time.
(i) By finding the total distance travelled by the fox and the rabbit after n leaps
and hops respectively, find the minimum number of hops and leaps for the
fox to catch up with the rabbit. [4]

(i) Find the number of leaps the fox takes before it comes to a stop. Hence,
find the minimum starting distance, in metre, between the fox and the rabbit
such that the fox will never catch up with the rabbit. Leave your answer to
the nearest integer.

[2]




10 The production team of a popular variety show, Sprinting Man, is preparing a site
for a segment of the show. In this segment, each participant is to sprint from the
starting point, go up a ramp and press a buzzer to complete the challenge.

slant wall
H(0,0,12)

buzzer
(10.5,-10.5,10.

cable
km

N
foam ball W

eround

Referring the starting point as the origin O and the horizontal ground as the x-y plane,

the top surface of the ramp has equation x—y—2z =3 (see diagram that is not drawn

to scale). Distances are measured in metres.

(i) Find the angle of inclination of the ramp. [2]

A spherical polyurethane foam ball of radius 1 m is suspended from a point H with

coordinates (0, 0, 12) by a cable of length k m, that is taut all the time. The ball will

be swung in various directions during the challenge to increase the level of difficulty.

(if)  If the production team wants to ensure that the foam ball will never come in
contact with the ramp, find the range of values that k can take. [3]

The buzzer that the participants are to press is located at the point with coordinates

(10.5, —10.5, 10.5) . This point lies on a flat slant wall which intersects the ramp

along the line | with cartesian equation Xx=Yy+20, z=8.5.

(iii) Find a cartesian equation of the slant wall. [3]

A camera is to be placed along a line L with equation r =12k +t(i + 3j), te R, with

its position denoted by C.

(iv) If the camera is at a distance of +/254 m from a point P with coordinates
(20, —10, 10), determine the possible coordinates of C exactly, showing your
workings. Hence deduce the point on L that is nearest to P. [4]
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The cylindrical tank in a research laboratory has a cross-sectional area of 4 m*. To
cool the tank, water is pumped in and out of the tank simultaneously. The volume
and height of the water in the tank at any time t minutes is given by V (litres) and h
(metres) respectively. Clean water is pumped into the tank at a rate that is
proportional to h? and the water is pumped out from the tank at a rate that is
proportional to h.

(i) Assume that the water does not overflow and that there is no change to the height

dh  kh(h-10)

of the water when h is 10, show that where k is a real constant.

The tank was initially filled with clean water to a height of 2 metres. When the height

of the water is 5 metres, the volume of water is increasing at a rate of 5.5 litres per

minute.

(if) Find the exact value of k. Hence find h in terms of t.

(iii) Sketch a graph of h against t. Hence write down the minimum height of the
cylindrical tank that will not result in the overflow of the water.

[4]

[5]
[3]
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A: Pure Mathematics |40 marks)

0 3
@) The equation 32° - 7. +17z 4 m = 0, where m is a rcal constant, has a root
2=142i. Find the value of m,

Hence lusmg an ‘algebraio method.

{z - 7‘ +17z4+m =0. Show your working clearly.

13 3
(i) f ence? solve the equation —>_ = 72 LN 0, giving your answers in the
>>>>>>>>>>>>>>>>>> w w

form a+bi, where abeR. T s -

Solution

(i) Since z=142i isa root,

3(142i) ~7(1+2i) +17(1+2i) 4 m=0

3(-1 1—2i)—7(—3+4i)+17+34i+m =0

S+m=0

m=-5

3z’—7z’+17z 5=0

{ Comfented [KW(W1]: Method

Stucfents shiould not use the GCto fnd the roots‘
g “e question requues an algebralc method

e mented [KW(WZ] Method

Students are requued to use the answers in (|) to
solve () : -

‘ (z -2z+5)(3z k) 3z -72*+17z+m

‘ Comparing, 5(-k)=-5

k=1

(2—(1+2))(2—(1-2i))(32-1)=0

sz=1+2i1-2i, 1
3

Alternatively,

Since coefficients are all real, so z=1-24i is also a root.

=(2-(1+2i))(z-(1-21))(32-k) =32 =722 +1724+m=0

(2 -22+5)(32-k) =322 =72 +17z+m

Comparing coefficients of z

-2(=k)+15=17

k=1

(22 -2z+5)(3z-1)=0

Comparing, m= 5(-1) ==5

Sz=1+20,1-24, 3

3
(ii) —3—,+ l,-+£+5= 0
W w w
3 7 17
——————— 5=0
w w w
3 7 17

' Commented [KW(W3| Concegt
Some students did not recogmze that the "
coeff aent of 2 is 3 and wrote z- k |nstead

.Some others d»d not know how to express the

e ghest power is 3 S0 there should only be 3‘




S w w

*-==1+2ior ~—=1-2j or ks s

|
r

T Relative to the origin O, the points 4, B and C have position vectors a, b and ¢
| respectively. It is given that A and 4 are non-zero numbers such that Ja + ub — ¢ = 0
j andi+y=1.

| ) Show that the points |, B and C are collinea, B3]

[ g b

gb}%s known to be lobmse}md that H =2,

(i) If k denotes the area of triangle OAB, show that (a- b)z =4(

N

D is apoint on the line segment 4B with position vector d.

(i) Itis given that area of triangle OAB is 6 units’, [b|=10 and fhat AOD is 90']

By finding the value of a-b, find d in terms ofaandb. [4]

. | Commented [LT7): Question Reading

[_Commemzd [LT8]: Misconception

[Turn Over

{ Commented IKW(W4): Concent

| Note that the sign for the first and third term

| should be positive so substitution should be -1/
instead of 1/w. =

Cbhll!ié[iled [KW(‘VS‘[: Concept
'Some students did not know. how to simplify

——— and —-

IR

Commented [LT6): Misconception ;
Some confused it with the concept of coplanar.
A, Band C are collinear means 3 points are on
the same straight line while 3 points being
coplanar means they are’on the same plane.

Itisimportant to note that Ratio Theorem is not
a method to prove that 3 points are collinear. It

is a résult that works on the basis that the 3 |
points must be on & line before having the
position vector of the 3™ point to be expressed in |
E& form taught in the lecture notes.

Some used the angle OAB or ABO when it should

l’ .| be AOB. Note that the requirément for dot

product is ta have the vectors to be converging

|
or diverging. |

—

Many students did not realize the implication of
having the angle to be obtuse means that
a-b<0

Commented [LT9]: Question Reading

Some drew the wrong diagram where it was

interpreted as .4D0 is 90° i

=

L



i
Solution
@)
iy
AB=b-a
-
AC=c-a
=Aa+ub-a
=(A-Na+ub l
=-—pua+ ub l
= u(b-a) \
|

Since AC u AB for some nekR, and‘A is'a common pomt? therefore 4, B, C are
collinear.

-3 N

k= %l-“h"sin 6|, where @ is the obtuse angle between a and b

= lbl2 sin’ @

|
\
k* =‘hl1 (l—cos2 9)

v o -8B

' |
\ b '{ (lallb\” \\

A Commented [LT11] Musconcegtlon \

— )
{ Commented [LT10]: Presentation of Answer |

{
Presentation OF ATLZ=Z
Many did not make mention of the common .

pomt between the two vectors used. J'

Incorrect to write it as k = E(; xb)or - .

k‘=‘lab asboth Aand b are vectors.
2 2ot

:>[a+/l(b—a)]-a-0 for some 1eR

oD 1sperpendlcularto OA - \

KCommented (LT 13] guesnon Readmg

Many did not use the fact that pomt Dlineson
the line AB

=(1-2)|af" +(b-2)=0

4(1-2)+2(b-a)=0 \

i)

(a-b)" =4(10*-6)

[}
FSEQ
®
+

W |-
o

:

| Commented lLTl4] Misconception .
Some thought that dot product must always g
nse toa posmve value which is incorrect. The
correct def‘ nition should be

a.b= \aub{coseooose—

lal\b\

- |a-b
And not cos8 =|—— . We only use
\la\lbl\

cosé ﬁ\ﬂ\ if we are told that the angle is
[allb|

acute or when we are trying to find acute ang




5
Ws(imﬁon u=1+x" to find J‘ xel™” — dx 4]
\_/l +e"
Tex?
(@ii) Curves C) and C; have equations y = xe”* - L and , - X6 1_
2e 1+ 2e
respectively. The region bounded by the curves C and C», the y-axis and the
linex =1 is R. Find the exact area of R. B1
3
(b) The shape of a vase is formed by rotating the part of the curve x= ’%
y© +
between y =0 and y =1 through 27 radians about the y-axis (see diagram
below). Find the exact volume of the vase formed. [5]

P Commented [TCKIS] Presentation’

There is no need to rep]ace xby +u—-1.
Slmply replace 2xdx. by du.
AJternauvely,

'[\/l+e d-l 'f\/+e" d“du

I ——du

/1+e1,x 2x- .

=I;'_ld,, :
Vi+e*2 -

[Turn Over

| Do not forgci to inclt_xﬂe constant of integration,

|

J




(i) Area= -[’[\/1+—_ 2 ]de‘o et

|'Commented [T CK16]: Concept

H |
1+el¢x 1 :]
A 2e 2e

—Jﬁ?JxT

) Volume— ( X
_ 1= 2y
"J SFT I

2y 1
- d
J.o(y 27+ 2y2+1)y

_n[y?z—%ln(l-klv )+T “(w/_y)l

1 1 1
=7| ===In3+—=tan"'V2
”(2 2 f)

A D
%
Il 9 //"
1
B Y /c
S S P
,I
. e 7
/ /
P '/ ’/
’ /
’ s
’

The product engineer of a factory crafted the design of a rectangular box, using a
right pyramid, that is shown on the diagram above (not drawn to scale). The
rectangular box is contained in a right pyramid with a rectangular base such that the
upper four corners of the box 4, B, C and D touch the slant faces of the pyramid, and
the bottom four comers lie on the base of the pyramid. O is the point of intersection
of the two diagonals, 4C and BD.

The height of the pyramid is 32 units, the length of the diagonal of its rectangular
base is 12+/2 units, the height of the box is b units, where b < 3+/2 , and the angle
AOB is Oradians. It is given that the box is made of material with negligible
thickness.

 Area of region is bounded by upper curve C; and
‘lower curve C; from x=0to x—l Hence the
me1.hod K 7

j(c ~Gi) dr=[C, di[ G dx

Many are not famnhar with the techmque to

mtegrale xe

Carel_ess mlsta,ke

Manylb’okf-as

2¢’ _2:‘
Commented [TCK17] Mlsconceptlon
Volume is not 27[[ x*dy or lr_[ x dy or -

!

I x dy (many left out 7 ):

Careless mistakes g .
—-y+1

—————— to partial
2y2-+1>_ P

Many did not reduce

ﬂ'aéﬁohs con'ect]y

'Mariy applied the techmque in MF26 wrongly as’
-seen below:> ; ;

I A RS
s
f;-yz_+1 %

Zldaig
J W)
= % tan™ (—\/?] (wmhg)

The correct way is

BN Rl
dy=— ¥
J2y3+1y 2[y2+§ 4
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() By finding the length of OA4 in terms of b, show that the volume ¥ of the
2
rectangular box is given by V =8b(3\/§—b) sinf.

[3]

For the rest of the question, it is given that ¢ = —’35

(i) Find the exact value of b which maximises V. Hence find the cost of

manzufacturing one such box if the material used to make the box cost $0.03 per
unit’,

[6]

When the height of the box is at half the height of the pyramid, it is reducing at a
rate of 2 units per second.

(iii) Determine whether the volume of the box is expanding or shrinking and find the
rate at which this is happening.

[3]

Solution .

(i) Let OA = x and V= volume of box

By similar triangles, Z(WXES & 3{3%" =>x= 2(3\/5 - b)

|V =ABxBCxb|

) G

=2[2(3V2-5 ]zsinG

V=8b(3J§-b)’ sin@ (shown)

| Commented [ABK19]: Strategy i

(ﬁ)|V=4J§b(3J5 Qb)‘
& i[-w(E-0)e(E-e) |

[Turn Over

-1 C ted [ABK18]: Appproach

For the volume of the box stated, quite a numbe]
of students use the following:

V =4x Area of AAOBxb . Since this is a
‘show’ question, a detailed explaination is
needed why they formula is used. Anything based
on assumption (even when the result is obtained)
s not acc;pleg. -

In differentiating V with respect to b, some
students expanded the RHS into a cubic
equation. This is not efficient because when
solving dV/db=0, we have to factorise again.

Please think about the time constraint of the 3 |
hour paper. t




8V _ 4J3(3v2-b)(3v2-3b)

@

For stationary point,

|4J§(3ﬁ—b)(3ﬁ— 3b)= 0)

—b=+2or b=32 (rejected since b<h)

d?:_z’_=4@[_%(_1)+(3ﬁ—b)(—2)+2(3ﬁ—b)(—l)}

=4J§[6b—|2ﬁ]
=243(b-2V2)

da’v
l db’ b2

=-24J€<0!

Thus ¥ is maximised when b=+/2 .

BC=4(3JE—J5)cos%=4JE
AB=4(3ﬁ—ﬁ)sin%=4Ji

ost =003x2[ 446 (42) +V2 (446 ) +V2 (42|

=$4.64

-{ Commented [ABK20]: Misconception

When solving dV/db=0, there should be 2 values
for b and one of it will be rejected due to the
condition given in the question. Some students
in the process of solving and factorizing will
cancel the factor (3ﬁ— b) . This should not be

done. It should still be considered for part of
the solutions obtained. When needed, it will

then be required to be rejected properly.
e e e e

| Commented [ABK21]: Inadequate steps

When proving whether b = J2 gives the
max/min volume, we can use (1) 2" derivative
test (2) 1% derivative test (sign test). Notice that
the value of the 2" derivative test need to be
quoted as part of the answer.

Students who did using the 1% derivative test
(sign test), a number failed to quote the values.
Values must be quoted to indicate that the slope

is either +ve or -ve.
\ e

| Commented |[ABK22]: Question Reading/

The question asks for the cost of material used to
maximise the volume. Material used is

dr

=43 (3J‘ -%ﬁ)(sf -—%ﬁ)x(—Z units/s)

b=3V2

=363 units’/s

@iy 8. 4V db

dt_db dt Interpretation
When p = %ﬁ .

dv

dependent on the SURFACE AREA of material
and NOT the volume. A number of students
found the volume and use this to calculate the
cost.

> 0, the volume of the box is expanding.
-2

Since ﬂ\'
dr

Section B: Probability and Statistics [60 marks]

together.

Two families, each consisting of an adult couple and three children visited a carnival

The 10 people went to queue for a ride randomly in one straight line.

(i) Find the probability that members of the 2 families stand in alternate positions in

that queue. (2]
If the ride is made up of two identical circular carriages of five identical seats each.
(ii) Find the number of ways the 10 people can be seated if not all the family members

are seated together in the same carriage. 3]

Solution




[ . .
(i) Required probability =

9

2x51xs' - 2x57 x4 x3? %2 x|’

(ii) Number of ways = Total number of ways without restrictions — number of ways
where each family sit together

Ao 'me ited IKSML’:] Strategy 4

Many re :r{_’(o,slottmg Notice here if slomng is
fused you can only slot m consecutwe positions

Method 2:
Case 1: 4 from one family, 1 from other family
*Cx*Cx(5=1)!x'C, x *C, x (5-1)!=14400
Case 2: 3 from one family, 2 from other family
Cx °Cyx (5=1)1x2C, x *Cy x (5-1) 1= 57600
Total = 14400 + 57600 = 72000

In a soccer practice, the coach instructs the players to practise their penalty kicks. A
player scores if he successfully kicks a ball into the net of a goal post. The probability

that a player scores on the first kick is ? For all the subsequent kicks, the
probability of scoring on that kick will be l;- if the player scores in the preceding

kick, and probability of scoring on that kick will be % if the player did not score in

the preceding kick.

(i) Owen kicked the ball three times consecutively for his practice. Find the
probability that he scored on the third kick, [Five

hat he scored only twice out |

of the three kicks. B
(ii) Three players each kicked the ball four times consecutively for their practices.

Find the probability that one of the players scored on all four kicks, another

player scored on the first kick only, while the remaining player only scored on

the second and third kicks. (3]

Solution

(i) P(scored on third kick | scored on only two of the kicks)

_ P(scored on third kick and scored on only two of the kicks)
P(scored on only two of the kicks)

P(SS'S)+P(S'SS)

" P(SS'S)+P(S'SS)+P(SSS")

[Turn Over

bers for groups of same Sizen, you \‘
by n' to'to remove multlple-

constdered P!enty |gnored that




. \57576) (s 65)
21 1) (3.1 4).(2 ixl)
[3*5*3}(3"6*5 58S

~0.593 (3s.f)

(i) Required probability =[P(SSSS)

ATy e

=0.00109 (3 s.£)

Grade A and grade B sugar produced by a company are packed and sold in packets.
The mass of both grade A and grade B sugar sold follows independent normal
distributions with mean 2.05 kg. The standard deviation for the mass of a randomly
chosen packet of grade A and grade B sugar are 0.025 kg and okg respectively.

If the probability that the mass of a randomly chosen packet of grade B sugar being
less than 2 kg is 0.01,

(2

(i) show that the value of ¢ is 0.021493 correct to 5 significant figures.

It is given that the profit per kilogram of grade A and B sugar sold is 50 cents and 40

cents respectively.

(ii)  Find the probability that the total profit of three randomly chosen packets of
grade A sugar is higher than three times the profit of a randomly chosen packet
of grade B sugar by not more than 65 cents. 3]

(iii) Two packets of grade A sugar and n packets of grade B sugar are selected at
random. Find the smallest value of n such that the probability that the mean
mass of these packets being less than 2.06 kg is at least 0.97. 3]

Solution:

(i) ILet X and Y be the random variable denoting the mass of a packet of grade A
and a packet of grade B sugar respcctivelyl

Y ~N(2.05,5%)
P(Y <2)=0.01

:>P(Z<2 205) 0.01

2-2.05
=

=-2.32635
o
= 0=0.021493

~| Commented [ABK27): Inadequate working

The problem of NOT DEFINING VARIABLES
clearly still persists. Students are to take note
that defining variables clearly is not only a
requirement but also serves to provide clarity
for themselves in solving such a question.

()  Let C=(50)(X, +X,+X,)-3(40)Y

E(C) =3(50)(2.05)— 3(40)(2.05) = 61.5

Var(C) = 3(50)(0.0252) + (3% 40)*(0.021493?) =11.33957
Thus C ~ N(61.5,11.33957)
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P((SO)(X, + X, + X,) = 3(40)Y) < 65)
=P(C<65)

=0.85068

=0.851 (3 sf)

@(iii) Let T be the mean mass of two packets of grade A sugar and n packets of

grade B sugar.
T=X,+Xz+)’,+)'z+...+Y"
n+2

{
|

|
|

025 021493
B(1)=205 an Var(r)= 200N OO0

P(T<2.06)2097

=z, >1.88079

|
J
J

0.01

s, >1.88079
2(0.025*)+n(0.021493%)
(n+2)

Using GC, n216 .
Therefore, the smallest possible value of n is 16.

[NORMAL FLOAT AU
PRESS + FOR aTbl

X=16
Alternatively,
n P(T <2.06)
15 0.9699(<0.97) |
16 0.9736(> 0.97) |
17 0.9768(> 0.97) |

Therefore, the smallest possible value of n is 16.

In a public swimming centre, the time spent by a randomly chosen user in using its
facilities is 7' minutes, is known to be normally distributed. The centre manager
claims that its users spend an average of 50 minutes to use its facilities. To check this
claim, time spent by a random sample of 60 users were recorded. The data recorded

has an average of 47 minutes and a standard deviation of 16.4 minutes.

|Turn Over
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(i) Find an unbiased estimate of the population variance, giving your answer
correct to R deéimai places,

(i) Test, at the 5% significance level, whether the centre manager overstated the
average time spent,

—

Solution

9

Against Hy: p < 50,0 (Centre manag

Using GC, p-value = 0.0799976609 = 0.0800 (3 sf)

(iii)  Another sample of size n (n>30) that was collected independently 19 n(?w us.ed
totest, at the 5% significance level, whether the centre manager’s claim is va!ld.
For this sample, the mean time taken is 46 minutes. If the result of the test using
this information and the unbiased estimate of the population variance in part (i)

is that the null hypothesis is rejected, find the least possible value that n can
take.

(i)  Unbiased estimate of the population variance

si= ;'—0(16.4’)= 273.5186441 % 273.52 (2 decimal places)
(ii) Let the mndom Variable T denote the time s ent in minutes
facilities and lv denote e popuation mean tinse &
i’a’cilin_e,s;;._w___A___.__“_N_k_

To test Ho: p = 50.0

er is overstating the claim)
Conduct a one-tail 5%

Under Ho, {—

l_=47

Since p-value = 0.0800 >
5% level of significance t

manager’s claim is valid

Critical Region: z<—1.959963986 orz 21.959963986

Test Statistics, Z=

. _ _460-500

| Commented [CKJ29]: Presentation of Working

Lexel of significance, ie, a=0.05

average time spent.
(iii) Using two-tailed test at 59

% significance level, to reject null hypothesis, zcq.
must lie inside_the critical region.

T-50.0

T_— ~
2735186441 ~NO. 1)
L n
Zaale = <-1.959963986 or 46.0-500 21.959963986
;273.5186441 f273.5186441
n

\ﬂ\

*| Commented [CKJ28]: Question Reading

]
Many students did not leave their final answer in ;
2 decimal places as required in the question: 1

Many students did not define the symbols used
in the question.. - CRR

1 ICKI30]: Common Mistakes - |
fany students quoted Central Limit Theorem to
be applied:in their working. As the'distribution of

stribution, this will also imply T

distribltion: &

|

Commented [CKJ31): Presentation of Working
Students should define H,and H, clearly at the-
start of their working. T
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- an - 4n
Tore——<-1.959963986 or ———Y" 51059963986
V2735186441 V2735186441
4 >32.41466658 or  4n £-32.41466658 (rcjected)
n 28.103666645
n> 65.669

Since 71is an integer, the least possible value of » it can take is 66.

(@) A random variable X has a binomial distribution with 7 = 10 and probability
of success p, where p
() Given that P(Y'Z

and find this value numerically. 2]
It is given that p = %
(i) The mean and standard deviation of X are denoted by 4 and o
respectively. Find P(4 —o <X< i+ ), correct to 2 decimal places. | [3]
(b) Mr Chua attempts an online sudoku puzzle each day. The probability that he
manages to solve a puzzle on any given day is 0.75, independently of any other
day.
() [Fi puzzle ori the eighth day.of his | [2]

énted [CKJ33] ;ThIS questnon was weII

(i) Find the probability that, over a period of 8 weeks, Mr Chua manages to
solve at least 4 puzzles each week.

[2]

Solution

(@)@ X ~B(10,p)

P(X=30r4)=0.2

PX=3)+PX=4)=0.2

C,p’(1-p)’ +"°C,p*(1-p)° =02

p) +210p*(1-p)*=0.2

attempted Student ere famlhar in solvmg this
 type of questuon )k

gp 0570(re_]ected p<0.5)orp=0.163

(a) (ii) X ~B(10, —)

ronofln 7R

P(H-0 <X<p+s)

=P2- \/—<x<2+\f)

»Commented lCKJ34] Common Mistake
Some students attempted to solve the equation
algebralcally They falled to realnse that they
Were supposed to GC to solve the equatnon
gr’aphlcany

=IP(0.73509'<X:<:312649)

=P(1sX<3)

=P(X<3)-P(X =0)

=0.77175

=0.77

(b)(i) Let.X be the random variable denoting “the number of days in which Mr Chua
solves the puzzle out of 7 days”

X ~B(7,0.75)

[Turn Over

® Commented [CKJ35]: Common Mistake

Many students attempted to standardize to find
the probability. They failed to realise this is
questlon on Binomial Distribution, not Normal
Distribution. -
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Required probability = P(X =2)x0.75

= 0.00865 J

(ii) Lt Ybe the random variable denoting *the humber of weeks in which Mr Chua
solves the puzzle at least 4 times out of 8 weeks"

Y ~B(8, P(X = 4))

Y ~ B(8, 0.92944)

P(Y=28) = 0.55690 = 0.557
Or  (0.92944) = 0.55690 = 0.557

10

A bag contains nine numbered discs. Three discs are numbered 3, four discs are

numbered 4 and two discs are numbered —1. h‘wo discs are drawn simultaneouslyl,_
The sum of numbers on them, denoted by X, is recorded.

~{ Commented (CKJ36]: Presentation of Working

1
Many students did not know how to define the |
|

random variable for binomial distribution. ~ -~
ln:appr'oprﬁate letters such asz, Nwereusedin ..
definition of randomvariables. i

-1 Commented [KSX37]: Question Reading

() Find the probability distribution for X, ‘ B3] This means there is no replacement of disc. J
Hence total number of outcomes is NOT 81.
(i) Find E(X) and Var(X). |
(iii) T_wo independent observations of X are taken. Find the probability that the
_ d}ﬁe{ence between these two values is at most 5. E)]
(iv) Fifty independent observations of X are taken. Find the approximate probability
that the sum of these fifty observations is between 250 and 260. (3]

(i) Probability Distribution of X:

x -2 2 3 6 7
PX=x)|2 1 |i4.3_2
) ;XE 2x-’9—x§ inxg }—xl 2xix§
i 98 9.8 | T 9.8
-1 ] -2 2 =L 1
36 9 12 —5

(i) EX) = (‘2X%]+(2x%]+(3x%)+(6x%)+(7x§)+(8x%)

=59£m 5.1111%5.11(3s.1.) ‘ —\

E(X%)= [(-2)2 xglg}u(z’ x%)+(3’ x%)+(62 xfi}u(# %){sl x%)
=29
9

Var (X) = E(X?) - (E(X))*

_ 295 _‘(ﬁ)’
9 9
o iy
81

‘ | Commented [KSX40]: Strategy

(@) P(X, - X,| <5) = 1 - (X, - X[ 2 6)

=1-(2P(=2, 6) + 2P(=2, 7) +2P(-2, 8)+2P(2, 8))

-| Commented [KSX38]: Many students failed to )
consider two cases (-1,3) and (3,-1).

Strategy
Total probability should add up to 1.

| Commented [KSX39]: Careless Mistakes
/| Some students knew the formula but did not find
this value ;orre;tlv.

Listing down all the 28 possible cases is not
recommended. For those who use this method,
few obtain the correct answer,

Using the complementary cases to find the
answer is a better strategy.
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(iv) Since n = 50 is large, by Central Limit Theorem,

3 ;
LetT= X +X,+..+ Xy~ N(SOX%,SOX%) approximatel

2300 26950

T-N[=Z2,
( 9 8l

) approximately

11

Research is being carried out to study the degradation of a herbicide in soil. The
concentration (in percentage) of the herbicide in the soil measured over a period of
120 days is recorded. The observations are listed in the table below. It is given that
one of the observations has been recorded wrongly.

Number of days (d) 20 40 60 80 100 120
Concentration (c) 60 57 41 36 33 31

() Draw a scatter diagram to illustrate the data and circle the incorrect observation,

- Commented [KSX41]: Misconception

Students assume X follow normal distribution.
Strategy

Students know that X can be approximated to
normal distribution but do not know how to
proceed. Students could have considered finding
P(5<X <52).

By central limit theorem, if n is large, when X
follows non-normal distribution,
X, + X, +...+ X, can be approximated to

. | normal distribution as well.

It is thought that this set of data can be modelled by one of the following formulae
after removing the incorrect observation.

Model A: ¢* =a+bd

Model B: ¢ = ge?*

(3]
For the rest of the question, you should exclude the incorrect observation. |
(ii) Comment on whether a linear model would be appropriate, referring both to the Commented [KSX42]: Conceptual
scatter diagram and the context of the question. [2] Understanding

There is not need to do this:
P(T <260)—P(T < 250) because on the GC,
the function allows you to key in lower limit and

upper limit, since T is a continuous random
variable.
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By calculating the product moment correlation coefficients, explain clearly |
which of the above models is a more appropriate model for this set of data. l3]J
Use the model you identified in (iii) to find the equation of a suitable regression ‘

hng and use your equation to estimate the concentration of the herbicide in lhe
soil after 140 days.

L | () Comment on the reliability of the estimate obtained in (iv).
\(‘ﬂ) Give an interpretation of the vertical intercept of the regression line obtamcd

1

in (iv) in the context of the question.

Sohmon

1
(20, 60)
60 X
50
40 x
x (120,31)
30 X

>

o 20 40 60 80 100 120

17 (iii) [From! the scatter diagram | (after removing the outlier), as  d increases, «

¢ decreases. \
at a decreasing rate. 4\
Also, the concentration of the berbicide will not decrease indefinitely and become a \
negative percentage.
Hence a linear model should not be used to model this set of data.

\

[Turn Over

{ mmmted [SH43]: Recommendation

1. Appropriate scale and labelmg of the axes
| 2 Correct plot with coordinate of the end point
| must be labelled.
| 3.Correct identification of the outlier - by
| circling as per question requirement
I

1 Student who did not draw/ use the space weil (3

| of the space provided) to draw a well scaled

! diagram faced difficulty in identifying the outh
correctly.

l For this topic, good graphing skills is imporan

| minimize potential mistakes early.

i This must be done well. Easiest way to score
| marks.

|

l

Commented [SH44]: Conceptual
understandm

Referring to the scatter diagram

1 Describe the trend of the scatter diagram
establish the difference when it is a linear
model.
\Aany students described the scatter diagrar
“as d increases, ¢ decreases.”. A linear mod
also described in the same manner (one wit
negative gradient). So, to show distinction
between the 2. We should describe it as
decreasing in a decreasing rate.

Re(err'mﬂ_ to the context of the question
2. Do not predict the trend of the scatter
dlamm as we do not have the data poin
out of the data range. So, we should kee
answers to establishing if it is a linear 1w
then it should be decreasing indefinitely
will generate negative values for conce
Which is not possible based on the con
the question.
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(iif) 'psinﬁ GC, 1, =092958 while ,==09782L.

Since the rva]uefor modelBlscloserto _]1 than model A, model B is more

appropriate for modelling this set of data.

@iv) ¢ = ae*

lnc=Ina+bd|

FomGC. mc=d1696-00066478d

Inc=4.16—0.00665d

When d =140, lnc=4.1696—0.0066478(l40)

¢=25.5059~25.5

) 'I'he estimate is unreliable because the data substituted is outside the data range
[20,120] fand so the linear relationship between d and In ¢ may not hold. }

(i) Initially, the concentration of herbicides in the soil is$4.7%. | ... .. ]

{ Commented [SH45): Question reading

" | correct model with |r| is closet to 1. Well done!

: Commented [SH47]: Things to note

For calculation of (iii)

1. Outlier/ incorrect observation must be
removed before calculating the r value for each
of the model.
Many students did not omit this (40,57) from
their calculation thus providing incorrect r-values
for their models. Show your GC answers up to 5sf
then give final answer to 3sf.

Majority of the students did well in choosing the

—

{ Commented [SH46]: Things to note

Many students did not know how to linearise
(c=ae™ ) to Inc=Ina+bd . And calculating
the value of ¢ posed a problem for many.

1.State the date range clearly for the examiner
and add on to say that the trend may not hold
and thus the estimate is not reliable.
2.Extrapolation is a process — of using a data
point(out of the data range) to calculate an
estimate. It doesn’t warrant as an answer for
marks to be awarded.

Commented [SH48]: Things to note

1.Initial concentration of the herbicide in
percentage

2. Finding the y— intercept when d=0.
3. Give your interpretation is required to show
understanding. Giving answer alone is not
sufficient.

|
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Scaling parallel to the x-axis by a scale factor of 2.
A

2

1 |(@ For positive real constant c, state a sequence of three transformations in terms

of ¢, that will transform the graph with equation of the form y=f(2x+3)+c¢
onto the graph with equation y = f(x).

(ii) The point with coordinates (=2,0) that lies on the curve with equation of the
form y=f(2x+3)+c is mapped onto the point with coordinates (0,—1) thatis
on the curve with equation y = f| (x). State the value of c.

'| Commented [SH1]: Question reading /

Presentation / Conceptual understanding. -

Solution

i) A translation of ¢ units in the negative y direction.

translation of 3 units in the

sitive x-direction.

i) c=1

Fﬁ(ﬂ\\— £(x) AN i ﬁ
J (ii) Coordinate; (0,-1)
] ) ~oordinate: (0,-1) |
f(x+3) 1 f(x+3)
A trlnsl.mon ©f 3 units in the A translation of 3 units /\
negative y-direction in the positive x-
| | || | direction
T@x+3) : 25 f@2x+3) :
Scalmg parallel to the x- Scaling parallel to the
direction by a scale factor of x-direction by a scale
l factor of 2.
2° 3
f(2x+3)+¢ f2x+3)+c
A translation of ¢ units in the A translation of ¢ units
positive y-direction @ in the negative y-
direction
(if) Coordinate; (-2,0)
S

2
The complex numbers 21, 22 and z3 are given by z,= (1 - sﬁn) s

6
z, =[~/§(cos%+isin%)] and z;=-1+f3{.

() Using an algebraic method, find L the form re'”, where r > 0 and 6 is an
4
exact real constant such that -7 <0< 7.

1| of questions. -

(ii) Hence find 2242, in the form pe*,
Z
constants such that >0 and -7 <8< 7.

where both r and 0 are exact real

3]

Solution

e Standard phrasing must be followed.
: Siu_de‘nvt's' should make it a point to memorise,

* _the phrasing for Translation / Reflection/

Scaling: Marks should not be'lost in these kin

Commented [SH2]: Conceptual -~
Understanding .- s R
Coordinate (-2,0) undergoes the only 1
transformation which affects the y-axis of whi
isthe Trgnslan"on'of‘c'uniits‘ the negative y-
direction to Coordinate (0;-1) :
Therefore: ¢ =1 :

—— i SN




X —-x+
It is given that the curve C has equation y =

l
,XER, x#2. ‘
x=2
() Without using a calculator, find the set of values that y cannot take. [ 3]
(ii) Sketch C, stating clearly the equations of any asymptotes, the coordinates of
the stationary points and the point(s) where the curve crosses the axes. [3]
l
Solution |
X —x+7
j) y=2 X+ 7
@y =
2
Method 1: > —x+7=y(x—2)
(14 y)x+7+2y=0

For the equation to not have real solutions, discriminant < 0

[-(+»)] -4(7+2)<0

Y =6y-27<0

HiEN

(y-9)(»+3)<0

-3<y<9

<. The set of values that C cannot take is {yeR:—3<y<9}.

[Turn Over
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/| Commented [LT3]: Misconception |
'| Did nct obtain the correct exponential form for \
the complex numbers given. \
1
|
i

Recommendation

1. Locate the point in the Argand Diagram before
evaluating its argument.

2. Whenever possible, use exponential form to {
perform any simplifications. Using polar form for |
l any simplification is strongly discourage.

.
.| Commented [LT4]: Question Reading |

‘\It is important to have the habit of leaving the

final argument value of the complex number to \
be within the principal range. }
1

i Commenfqd [LT5]: Misconception

Did not obtain the correct exponential form for
Z3 4,

/| Commented [LT6]: Recommendation

Majority could not remember the'properties
learnt in the lecture. it is important to remember

them.

'| Commented [LT7]: Presentation of Answer

Final answer has to be in the simplest form - |
whenever possible;




Method 2:

9
y=x+l+——
x—

dy 9 . .
—==]~——= = 0(for station ts
o G-2¢ (for stationary points)
x-2=30r-3

x=5o0r -1

y=9%or-3

dy 18 )
@ (x-2)

d’y 2 N :
When x =5, P = 3 >0=>(5,9)is a minimum point

o = -3 <0=>(~1,-3)is a maximum point

‘When the dlfferentlahon method is used and a
\ algebralc method is required, you must explam
the shape of the curve inall regions of x. Just -

showmg the existence of stat:onary pomt_s is
msuff cient.

1 ) icbﬁlmen't'e‘d [KSM8]: Strategy
|

2
\ (ii) y=ﬂ=x+l+
x-2

%

T




angle ACB is 6 radians (see diagram).

. ~Zero terms of the
given by 6+ 3 6’. You may use the standard

results given in the List of
Formulae (MF26 i

o —=—%n

b NS

1 — H
“‘x\ﬂ.

In the right-

angle triangle OBC shown above, point 4 lies on OB such that O4=1,

OB=x, where x> 1 and OC=1.1t s given that angle COB is % radians and that

(ii) Show that 4B= 21206

1-tan§
(iii) Given that 8 is a sufficently small angle, show that
AB ~af+b6" +c6°
for exact real constants a, b and ¢ to be determined.
Solution
©
tang= sin @
cos@
=sin6(cos6)”

| Commented [KSX9]: Presentation

Use approximate sign if you are writing down
first few terms of the series only.

Misconception

9!
\ 0-—
[ 3!) 0
& @ . =9-Z
z0+;-—§ L L 01] 3
=0 +-l§6’
x | Commented [KSX101: due to 1ack of
tan= +tan@ practice, many students did not know they have
(i) tan (_+ 9) T to do this step.
itk 4 tan @ | Commented [KSX11]: Method
1+tanf } Students can also approach this question using
= 1-tand &ine rule,
_ltnd l
1-tan@

[Turn Over



AB = 2tan @
1-tan@

(i) 4B = 21an6(1-tang)’

a

G

/| Commented [KSX12]: As the question asked
to show first three term of the series, students
3

n

e

" 6
should approximate tan 6 to 9-0—? .

s

[294»%—}(1 +0+ 02)

~20+20*+ 83

-| Commented [KSX13]: Presentation

Students who managed to get to the correct
answer did not state the values of a, band c.

o= n(n +1)(n+2)(n+3)

8
=2,b=2,c==!
a=2, c 3
1
@) , where y, =——
________________ D)
R S SR A O ;
d z—l—-—mterms of N.

| Commented [ABK141: A Approach
When a question states “by considering...”
must use the approach by Iookmg atthe

N+3
r otherwise, find Z;
ws n(n—1)(n-2)(n-3)

(i) H_cn

3] L i i uﬁ and work from

- Commented [ABKlS] Approach/ Strate

is less than 11_8 . Show your workings clearly.

"""""""""""" 131 " | With a statement like “hence”, typically this

approach is the best way to solve the probler
The suggested * ptherwnse approach canals
used but often, it may not be the most effici
method to adopt under examination time
constraint. So this has got to do with exam

strategy. For the “hence” approach, use of t

Solution

.| previous result is necessary.

@

Commented [ABK16): Approach
With a statement like “deduce”, we must s!
use the earlier results to prove this part of 1
question. We must relate clearly how this

the question use the previous results to ar
the final solution.




u, —uM = 1 - 1

n(n+1)(n+2) (n+1)(n+2)(n+3)

_ (n+3)-n

n(n+1)(n+2)(n+3)

Su, Uy =._3—
n(n+1)(n+2)(n+3)

& 1
; n (n + 1) (n+2)n+3) ' '-(‘_dis,’c_o!'l'rhgédﬁ

= —Z[u -u,,]

nxl

=%[ s
llz— 5 B
+ £ 1 |
+. /4
+u 2 Ay
FU, Uy, SEERE L |
e ; .)gzv'r%z)<~:'+sﬁ}

| of D:fference, avoid substltutlng values for each
; term in this case. The approach is clear that we.

1
=§[“| '“)m]

_1f 1
"3 [(1)(2)(3) (N+1)(N+2)(N+3)]

; Commenied [ABK18]: Technique -
‘| We have solved thIS inpart (i)

Oommented [ABK17]: ggraach
| In ‘evaluating this summation using the Method

are using U U, If we jnsist in evaluatlng each
value, do note that the method is not wrong but
itis NOT EFFICIENT under exammanon tlme 5
constraint.

L 1 e .. For

= 1 1 Z,:n(nﬂ)(nﬂ)(n&}) ls 3(N+l)(N+’)(N+3)
18 3(]Y "’D(N +2)(A( +3) part (ii), taking the “hence” * approach, we are to
() ByTeplacg s With (FE3)) ..o\ oooeoeeeceeece e use the above result.
f 1 n+3=N+3 1 For such a quesl:on the technique is to use
—_—= replacement of n”, We should alw art
s n(n=1)(n— ZX{"-S) ni3=s (” * 3’)'(;: + ? -D(n+3-2)n+3-3) fro:l the quesuon that we arg mrgaetmag)s lsttl this
1 case we are “replacing n with (n+3)”. Why
“n+3"? The simple reason is that we want to
A e make the current expression looks the same as
- Z L Z 1 ‘ that found in part (i) so that we can use its result.
2=l (m)(n +1)(n+2)(n + 3) nel (’1)(" +)n+ %X" +3) e ted [ABK19]: Continuation from
|1 1 1 above:
it E AN+ 1)(N+2)(N+3) N (l)(2)(3)(4) At this juncture, the expression within the
= - = summation is now the same as that of part (i).
= ._]______]____ Now, we need to split the limits to apply the
72 3(N+1)(N+2)(N+3) result in part (i) correctly. Remember the
i) _ For positive integers n “cutting the cake” method — basically counting

[Turn Over

the terms.




n’+3n<n’+3n+2

n(n+3)<(n+1)(n+2)
n(n+])(n+2)(n+3)_ (n+1) (n+2) »
b oo L
l n(n+l)(n+2)(n+3)_:

. Commented [ABK20]: Method

N

1
° Z n+1)2(n+2)’ <zn(n+1)(n+2)(n+3)

n=l n=l

N
1
As— — e —
AT 20’ """z(nﬂ) (n+2)
1
<li _—
"E;n(n+l)(n+2)(n+3)
|1 1
=lim|l——
oo 18 3(N+1)N+2)N+3)
_1
18
Thus L-r ]

1 1
LI D I
6 128 20° g o)

This inequality must be established before we
can'proceed with the next step. To even think
about this inequality we must first identify the
expression for this sum to infinity:

L, 1 1 SRS | 4
——— =y ———
F W ;(n+l)'(n42)'

Looking at the RHS, that means we need to
establish a link between (1)’ (n+2)° and
n(n+1)(n+2)(n+3) which is found in our original
expression. This is the start of our thinking
process.

‘Also, we know that we need to show
(LI & Ic.
BT Pt e b m Y e G
GRS g.(m)-(,.u)- s

The only L that we can find is fmm part (i).

This would give us more clue to establish a lmk
(inequality) between (,,”) (n+2) and

n(n+1)(n+2)(n+3)-

(a) Find J‘“7 3

= df‘for 0<x<l. 3]

(b) (i) Sketch lhe graphs of y= 'x - 7| and y=x+35 on the same diagram.

Indicate clearly the x-intercepts and the values of x where the two curves

intersect. Hence solve the inequality Ix‘ - 7| 2x+5. [4]

(if) Hence, fora> 5, ﬁndI | Ixz —7|-x- Sl dxin terms of a. Leave your answer
3

in exact form. [3]
Solution
(a)

e ————— e

Commented [KW(W21]: Question ReadlngT
sin™ (2x— l)d (indefi I)f l
x (indefinite integral) for |
\/—
0<x<lis not equnvalentto :
'sin™ (2x~ 1)
——=—=—=dx (definite integral).
\/_.
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Commented [KW(W22]: Techniques
/| There were many mistakes observed for this

sin” (2x = =1)
de=-2T=xsin™ (2x—-1)+ [ 2% ——2 - _4x
I T )+ m
2;—1)+4J' Tx«/ﬁ
s -2\/1-; sm"(2x 1)+2J'(x) dr
—~2\/l—-xsm'(2t l+4J;+C

——2~) —=x-sin”

- Some students did not know that they need
to use integration by parts.

- Others were not able to choose u and dv/dx
correctly.

-'Some others were not able to differentiate

sin™' (2x—1) and/or integrate

and/o

ﬁ-
~

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, L l
8 —= correctly.
=x+5 k = \/; = . e -
Commented [KW(W23]: Presentation
} | The graph of y = lxz = 7l is symmetrical about

the y-axis. Some students could not draw the
graph correctly for x < 7 and x>+7.

“1:C

nted [KW(W24]: Concept/Presen
tion
Some students do not know when to use ‘or’

19 ‘and’. Others use *," instead of ‘or’.
Commented [KW(W25]: Method

] A i ; |
=2+ x’—7dx—_[ x+5 dx L
4 b Students should use part (ii) to determine how

3 2
L. SRV
3 6
A curve C has parametric equations 1

19 [ £ " [x? ) split the interval from 3 to a and the sign of
=2 x| | Eesx ! YAl i
6 3 . L2 R \ lx —7l—x—5l in the respective intervals.
3 2

. r
x=sin’t, y=cos’t, _E<’<0'

The tangent at the point P(sin’ p,cos p), —% < p<0, meets the x-axis and y-axis

at O and R respectively.

(i) By finding the equation of the tangent at the point P, show that the area of the
triangle OQR is _]%Sin p (2+cos? p)*.

(6]
(ii) Find a cartesian equation of the locus of the mid-point of QR as p varies. You
need not indicate its domain. [5]

Solution

[Turn Over




~ dQ

/| Commented [CKJ26]: Observation l
Many students did a conversion using double
angle formula before differentiation. Some

students continue to modify the expression using
factor formula which was not necessary.

Students should know how to differentiate the
given expression directly.

Commented [CKJ27]: Common Mistake

10
@
x=sint y=cost
E=3sin’zeost Q:—Zsintcost
dr dt {
dy _ -2sintcost __2
dr _ 3sin’fcost  3sint
At the point P, x =sin® p
y=cos’ p
__ 2
dx  3sinp
Equation of the tangent at the point P:
y=cos® p=——"(x—sin® p)
3sin p ‘ I
Wheny =0, —cos® p=— 2 (x—sin® p)
3sinp

Ly B
x=sin’ p+=sin peos’ p
x=%sinp(2.«sin2 p+3cos? p)

x= %sin P(2+cos? p)

Some students did not know that they had to |
find the gradient at the point P. Some students
gave the equation of tangent at P as

2 . i
y-cos’ p= ———(x—sin® p) which was
3sint
incorrect.

1.
Q(Esm P2+ cos? p),O)
When x =0, y—cos? p=— 2 (0-sin® p)
3sinp
=2 gn? 2
—3 ptcos® p

y=%(2$in2p+3cos’ p)=-§(2+cosz P)

R(O,§(2+ cos? p))

Area of the triange OQR
1

==x0QxO0OR
2x 0x

=]El5in p(2+cos? p)]x]glz-t—cosz pl
= ]izlsinp[(2+cos’ p)2

———ll—z-sinp(2+cosz p)z (sinp< 0+ —-72£<p <0)

Commented [CKJ28]: Common Mistake

/| Many students did not realise the x coordinates
' | of Qis negative or sin p < 0. To remove the
modulus sign, students need to introduce a
minus sign in front.

(if)
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1
) —sin p(2+cos? p)+0 0+~ (2+ cos?
Mid point of QR = | 2 3 i

| Commented [CKJ29]: Observation
This question was poorly attempted. Many

2 ’ 2
1. ! 5 ‘
= zsmp(2+cos p),g(2+cos p) \
x= %sin PR+cos? p)————m e )
1
y=g@+eos’p)  ——ommmeee 2
o . W
——gives
2
1 5
£_zsmp(2+cos p)
y %(2+coslp)
i—ésim
y 22
sin _2_x
P=3

1
}’=g(2+¢°52 P)

y =%(2+(1 —sin® p))

—1—(27y1 —4x2)

Y =54y

54y* =27y —4x*

Cartesian equation of the locus of the mid-point of QR is 54y* =

27y — 44

[Turn Over

students did not attempt the question.

Approach

The idea is to find the mid point of QR. Exp
and y in terms of p. Then think of a way to
of the parameter p.
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8 | (8) Functions fand g are defined by
fixba?l,  x<0,
g:le, x>0,
x

L | () Explain why the composite function gf exists.

(i) Find the exact value of f™'g" (3). Show your workings clearly.

(1]

(3]
(b) For real values a, the function h is defined by
h :xr—)ax—l, x<0.
B
@ If a is negative, explain clearly with a }w ed diagram, why h™ | | -| Commented [LT30]: Question Readmg‘
does not exist. 4] Many did not comprehend what it means to be a
(i) Ifa=1,findh™ in similar form. 3] well-labelled diagram. Some bad examples are
shown below. One needs to indicate the key
Solnts

i i Commented [LT31]: Presentation of Answer
Vil dtis lmportant to tell the marker what the'

1| individual range and domain were before making
L the conclusnon

: __(Eomment d [LT32] Mlsconcegtuon a 1

features of the curve like turning point(s),
asymptote(s) intercept(:
ey

if any. .

| Some did not indicate the. equal'signin this . .

| statement made.

Commented [LT33]: Recommendation ﬁ
f»lg—l (3)

g (3)=1(k) =g'()=K
So one need not find the composne function to do

this question.
Misconception

£g7 (x) % (fe)" (x)

Infact £'g™ (x) = (gf)™ (x) j




[Turn Over

Comr;;;ed [LT34]: Misconception
Many forgot that k must be in the domain o
equation (1) to work.

—
Commented [LT35]: Misconception
A number did not identify the correct x val
Lthe turning point.

‘| Commented [LT36]: Presentation

A number did not simplify the answer.
—\2
thesthat ol WG ( —a) =J-a
V-a -

i Commented [L137‘]:Presentation of |
and Question Reading

Many failed to indicate the key features c
curve (turning point, asymptotes) and sor
not even draw the required curve within
domain stated. One such bad example is
shown below.

e

elshelled dingra, why h-

w

v;nrt fa>»

Commented [LT38]: Misconceptior
To disprove that it is a one-one functior
sufficient to suggest one particular hori
line that violates the horizontal line tes
Many wrote “for all lines y=k, k is a rea
the line cuts the curve more than once
is not true for line y=0.
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(i) Let y=h(x)= Jr—l

| Commented [LT39]: Misconception

A numbeér did not select the correct equation
that is based on the domain of h(x).

(a) An arithmetic progression has first term a and common difference d , where

a>0and d # 0. The eighth, third and second term of the progression are the
first three terms of an infinite geometric progression.

() _Find the common ratio of the geometric progression.

[3]

(i) Find the exact sum of the odd-numbered terms of the geometric
progression in terms of a.

[3]

(b) A programmer coded a program involving a rabbit-fox chase along a straight
path to model the actual hunt for a rabbit by a fox.

The rabbit first hop is 1.75 m. In each subsequent hop, the distance covered is

1% less than its previous hop. The fox first leaps 3 m. In each subsequent leap,
the distance covered is 0.02 m less than its previous leap. Initially the rabbit is
60 m ahead of the fox and assume that the rabbit and the fox start and end each
hop and leap at the same time.

(1) By finding the total distance travelled by the fox and the rabbit after n
leaps and hops respectively, find the minimum number of hops and leaps
for the fox to catch up with the rabbit.

[4]

(i)  Find the number of leaps the fox takes before it comes to a stop. Hence,
find the minimum starting distance, in metre, between the fox and the
rabbit such that the fox will never catch up with the rabbit. Leave your
answer to the nearest integer.

[2]

Solution

(ai) Let b and r be the first term and common ratio of the G.P.

b=a+7d ————
br=a+2d -- --(2)
br=a+d e (3)

From (1) and (2) gives

LB Y e — )\
From (2) and (3) gives

et il e — {3

(4) divides (5) gives

- Commented [LT407: question Reading

A number did not express the answer in the
similar form. It ‘must be written in the form as
how the question has presented. 4




. 4
(ii) From (5), —b=d.
) (5) 55

And from (3), b=—2—35a

e

.| Commented [KSM41]: Question Reading

1

I

Question specified that the G.P. is infinite. Many “
did not read this and proceed to find Sn. i
Interpretation : :
Majority who got this wrong mistook the first &
tefm of G.P. to be that of the A.P. j

—

- 1.75.'1‘-‘0:99"
(8,) = —1[_(“)—9] =175(1-0.99")

[For the fox to catch theabl

7(3.01-0

Let ¥ =n(3.01-0.01n)-175(1-0.99")

From GC.
n Y
53 59.171 <60
54 60.084 > 60
55 60.987 > 60

=54

For the fox to never catch up with the rabbit,
k> Max [n(3.01 -0.01n)-175(1-0.99" )]

(ii) Let k be the starting distance between fox and rabbit.

To find n for which the fox stop moving, T, =0

3+(n-1)(-0.02)=0
n=151

The fox takes[150 1eaps pefore it stops moving,

From GC, for 0<n<150, T ‘

[Turn Over

| Commented [KSM42]: Strategy

There is no need to deduce the general term
from scratch here, and many wasted time to do
so.”

| Commented [KSM43]: Presentation’

Students should express this in inequality form tc
explain why the n obtained is the least.

-| Commented [KSM44]; Presentation

Those who fail to show either the graph or table
will not be awarded full credit.

| Commented [KSM45]: Interpretation and

misconception

Here, at the 151th leap, the fox would have
stopped its movement. So it’s at the 150" leap
before it stopped. Hence, we should analyse th
graph of the difference in the distance travelle:
within the animals’ first 150 leaps. Almost all
who did this part assumed that the minimum ¢
between the two animals occurred at the 151t
'or 150" leap. Do take note the Maximum or

minimum point of a graph may not occur at its
end points.
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k> Max[n(3.01—0.01n)—175(1—0.99")]=94.827 \ \
Hence minimum £ is 95 m (to the nearest integer) —[“
The production team of a

fo

g point, go up a ramp and press a buzzer to complete the challenge.

popular variety show, Sprinting Man, is preparing a site l !

T a segment of the show. In this segment, each participant is to sprint from the [ ‘\
startin

[ |

slant wall
H(0,0, 12)

buzzer
cabile (10.5,-10.5, 10..

km

Referring the starting point as the origin O and the horizontal ground as the x-y

plane, the top surface of the ramp has equation x—y—2z=3 (see diagram that is
not drawn to scale). Distances are d in metres.

(i) Find the angle of inclination of the ramp.

| 12] |
A spherical polyurethane foam ball of radius 1 m is suspended from a point H with

coordinates (0, 0, 12) by a cable of length k m, that is taut all the time. The ball will \ \

contact with the ramp, find the range of values that k can take.

3]
The buzzer that the participants are to press is located at the point with coordinates

(10.5, -10.5, 10.5) . This point lies on a flat slant wall which intersects the ramp
along the line / with cartesian equation x=y+20, z=8.5.

be swung in various directions during the challenge to increase the level of
|

(iii) Find a cartesian equation of the slant wall.

=

A camera is to be placed along a line L with equation r =12k +#(i+3j), (R,

(iv) If the camera is at a distance of J254 m from a point P with coordinates
(10, —10, 10), determine the possible coordinates of C exactly, showing your
workings. Hence deduce the point on L that is nearest to P.

difficulty.
Aij

(ii) If the production team wants to ensure that the foam ball will never come in

|
with its position denoted by C. \\
|
Solution |
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|

(@ Angle of inclination of the ramp‘: cos™

Vit

=cos ‘ﬁzss.za =35.3°(1 d.p.)

1\(0
-0} |
-2)\1

(ii) A point on the ramp is A(3, 0, 0). Let the normal to the ramp be n=

Since the diameter of the ball is 2 rT 0<k<

=|-1{.
-2
Shortest distance from H to ramp
=|ﬁ.ﬁ‘
=3\(1
0 |.|-1 |

|
=ﬁ=% (511.0227)"
%-2 for 0<k <9.02 T; s.£)).

1

-2

[Turn Over

.| Commented [TCK46]: Question Reading

The angle of inclination is just the angle between
the two planes of the ramp and the ground.
Identify the normal of these planes and take the
acute angle which means a need to take the
modulus value of the dot product.

Many answers were complicated and showed a
lack of understanding of the question.

Careless mistake

The dot product and the magnitude of the
normal vectors are worked wrongly.

| Commented [TCK47]: Interpretation of

! | question

The length of cable plus the diameter of the ball
(i.e. k+2) must be less than the shortest distance

from H to the ramp if the ball is not to touch the
ramp at all.

Presentation

The quality is generally poor with students not
explaining what they are doing clearly and not
using proper notation, e.g., taking a position
vector and cartesian coordinates of a point to be
the same, taking x to mean dot product.
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|
A vector parallel to the slant wall is|| —10.5 |- =20 (=] 9.5

10.5 8.5 2

1 105 74
1)x| 95 |=|=2].
0 2 -1
2 10.5 2
r|-2|=[-105|.| 2 |=315
-1 10.5 -1

A cartesian equation of the slant wall: 4x-4y-27=63,

Therefore, a normal to the slant wall is froesemmme

0 1 .| Commented [TCK48]: Presentation
)] S ] 0 1
(i")’\’-"‘ N Many still write /=| =20 |+ 2| 1 | and not explain
85 0 - S 8.5 0
; 10.5 0 10.5

what 1 is.

Careless mistake

Many do not convert the equation of / from
cartesian to vector form successfully. This affects
all subsequent working.

Commented [TCK49]: Interpretation of
question

This question is about finding the equation of the
plane of the slant wall. To find it, we need a point
on the plane and the normal vector. We have the
point which is (10.5, -10.5, 10.5) but not the [
normal vector. To find the normal, we need two |
direction vectors parallel to the plane. ‘

|

| Misconception
| Many students took the normal vector of the

i o
ramp as one of the direction vectors.
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. 0 1 [ Commented [TCK50]: Careless mistake
(iv) Camera lies along the line with equation|r=| 0 |+/| 3 ,teIR\, 12
12 0 Taking 12k as (()) .

As the camera needs to be sﬁg m from P,
J—10y + (3410 +(12-10)* =+/254
(r’—20:+100)+(9r‘+60:+1oo)+4=254
101 +40t-50=0
@t+5)(t-1)=0
P(10, - 10, 10) =] o ==

) lThe corresponding optimal positions are
l(l, 3,12) and (-5, 15, 12)h

[ commented [TCK51]: Careless mistake
/| Errors in expansion. Students should perhaps use
the GC to solve as a safeguard.

optimal optimal

{ commented [TCK52]: Presentation
Not giving in coordinates form but as column
vectors instead. |

By §ymmetxy, the point along the line closest to P is the midpoint of the two

optimal positions. Therefore, this point has coordinates
1-5 3-15 -
—,—,12|=(-2,-6,12

l( 33" ) ¢ |

{ commented [TCK53]: Presentation

Instead of mid-point theorem, many solved from

scratch for the point on L nearest to P.

[Turn Over
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The cylindrical tank in a research laboratory has a cross-sectional area of 4 m’. To
cool the tank, water is pumped in and out of the tank simultaneously. The volume
and height of the water in the tank at any time ¢ minutes is given by ¥ (litres) and &
(metres) respectively. Clean water is pumped into the tank at a rate that is
proportional to h* and the water is pumped out from the tank at a rate that is
proportional to A.

(i) Assume that the water does not overflow and that there is no change to the height

dh _ kh(h=10)

of the water when / is 10, show that — where k is a real constant.

(4

The tank was initially filled with clean water to a height of 2 metres. When the height
of the water is 5 metres, the volume of water is increasing at a rate of 5.5 litres per
minute.

(i) Find the exact value of k. Hence find / in terms of . [5]

(iii) Sketch a graph of / against ¢. Hence write down the minimum height of the
cylindrical tank that will not result in the overflow of the water. 3]

Solution

ﬁ :

Commented [SH54]: 1.Question reading |
“Clean water is pumped into the tank at a rate that
is proportional to h? and the water is pumped out

| from the tank at a rate that is proportional to A.”

|
[

The above para — refers to Vol of water per unit
) . - dv
time. Thus, the derivative % should be used.

The propértionality of constant must be different
for the rate of Clean water pumped in and for the
rate of water pumped out. Majority of students
used the same constant. ;

2.Presentation / Conceptual understanding

B=104 % = Ah* = Bh (Incorrect).
Since ¥ = zr*h (and given that base area is 4 m*) dh
=l E =0,h=10,h(Ah - B) = 0. Students used
dv -4 dh this derivative to calculate the value of B which is
TR incorrect. ) '
= 4—=Ah*-104h If Students are using the below expression to
’ solve for B, then it is correct.
dh _ kh(h-10) 2 i ]
dt 4 I dh Tgf _ AW*-Bh
(i) e~ dv - 4
LT dh
= 3.1t should be ﬂ’-‘ =Ah*~Bh=0
i 5/:(5—10))(4 dt |,
4 ﬁ‘ _AR-Bh_ o
k= _n ‘ dt |, 4
50
dh_ 1 1h(h-10)
dr 200
1 11 :
] W 10h V= ) 200 ¢ Commented [SH55]: Presentation

Final answer must be shown as given in the
question,




f. 1. 11
oLl
1 (11—5)—5
—In|]~—=22"9].
T _l_

T LR
When r=0, h=2

Commented [SH56]: 1.Conceptual
mistake

Many students, did not use the correct technigue |
to integrate using Variable separable method.

|
Method to solve : By Partial Fractions
Or by Completing the Square

| Commented [SH571]: Presentation

1.Majority of students could not. simplify R
h-10

5 tol- % - If this was done earlier, then

the final answer will be neat and easy to work
with.

el

2. In (function) is defined only when the |
function is positive. In circumstances that you |
are unsure, its always safe to place the
modulus. So for this question, many students

omitted the modulus.

|
3. Removal of Modulus sign must follow \
through in the presentation of the answer.
Many neglected this working and was

2

0

_penalized for not showing the removal of
modulus which will manifest + in the
subsequent line.

| Commented [SH58]: Presentation of
Graphs

LInitial height = 2m must be shown on the
graph

2.Sketch the graph h= 0 7 to check the
|

1+de ™
\ shape of the curve. Graph should only be

drawn on the positive axis due to the context
of the question,

Minimum height of the cylindrical tank = 10 metres

3.Height = 10 must be captured as horizontal

asymptote and graph sketched must not touct
the asymptote

4. Many overlooked and lost 1 mark for not

stating/ writing the min. height such that the
water will not overflow,
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