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Mathrematicnl Formiulae

1. ALGEBRA

Quadratic Equation

For the equation ax* +bx4-c=0,

_=bx~Nb - dac

B 2a

Binomial expansion

(atby =a"+ (?11) a™h -t{);) 4" ht e -{{n) a™ht 4.
2 r

where 51 15 2 posilive integer and [

ii) @A np-n-r+l)

v} (= ;-!

2. TRIGONOMETRY
Ldemities

sin® A+cos® A=1
sec? A=14tan* 4
cosec’ A =1+cot® 4
sin{4+ B)=sindcosB+cosdsinB
cos(4k B)=cosAcos BFsindsin B

tanAtian B

tan{Ad By=m —m——
1Ftan Aan B

sin24=2sinAcosAd

cos2d=cos’ A—sin®* A=2cos? A-1=1-2sin* 4

2tan A

tan 24 = ————m0—
1—tan~ A

Formulae for AdBC
« b«
sind sinB sinC

o =87 +¢&* —2bccosd

A= jwbcsin A
2

+ 8",



1 (a) Eachside of an equilateral triangle measures (2 ) cm. Find, without using a calculator,

+/6
the area of the equilateral triangle, in em?, in the form (a/3 + b+/2), where @ and b are
q g

rational numbers. 4]




1 s 3
Jx+3 67 3]

(b) Solve the equation \fx + 3 =



2 (a) Differentiate x> Inx® with respect to x, where x > 0. 2

(b) Hence, find [ x*Inxdx. 3]



3 (n) Bxpress —9 —2x% —4x in the form a(x + )2 + ¢ and hence state the maximum value
of =9 — 2x? —~ 4. [3]

(b} Hence, or otherwise, determine the range of values of k for which k — 9 — 2x% — 4y = —2
has two real and distinct roots. 2]




3x342
(x+1)(x2—1)

4 Express in partial fractions. 6]




5 (a) Solve the equation logy x -+ log,e x? = 6. 31

(L) Given y =lg(x* + Bx -+ 15) — lg(x + 4), state the range of values of x for which y
exists. [2]



6 Giventhatsind = ¢ and 90° < 9 < 180°,

(n) express sin28 intermsofle, 2]

(b) express cos(f +30°) interms of e, 3]

(¢) find the principal value of sin~1(~c) in terms of 6. (1]




10

4sinB+4sin% @
secf+tan @

7 {n) Prove the identity = 2sin 28. {41



13

4sinf-+4sin? g
secf+tan g

(b) Hence, solve the equation =07{or—m <6 <. f3]




8 The diagram shows a rectangle ABCD with A (2, —18) and C (1, 9). DC makes an angle of
45° with the positive direction of the x-axis,

(a}  Show that the coordinates of B is (15, —35).

(5]




13

{1 Given that £ is a point on DB produced such that DB = BE, find the area of triangle
ACE. (4]




14

9 Asolid of height x cm has a volume of V cm®, 1t has g uniform cross-sectional area given by

(px* + qx) em®, where p and g are constants,

Corresponding values of x and V are shown in the table below.

x i 2 3 4

{2} Using suitable variables, draw, on the grid below, a straight line graph and hence

estimate the value of p and of 4. 51
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Continued working space for {a)

) Using your values of p and g obtained in (a), calculate the value of x for which the

solid is a cylinder with height half the length of its base radius. 2]

(c) Explain how another straight line drawn on the same grid as {n) can lead to an estimated

value of xx for which the solid is a cylinder with height half its base radius.

Draw this line and hence verify your value of x found in part {b}. E1N




1o

10 Jean trains physically by running along a straight track. At time ¢ seconds after leaving a fixed

point 0, its velocily v m/s ig given by v = 2.5 sin (% t). She makes the first torn back to 0

when she reaches point A.

. . I
() Find the acceleration when t = 7

(2]

{(b) Find the distance 0A. [4]




17

When Jean returns to fixed point O for the fourth time from A, her subsequent velocity towards

point 4, v m/s is given by v = 0.25¢ — 4w for £ > I, where k is a constant.

{c) Show that it = 16m and explain why Jean did not return to 0 subsequently, 2]

{(d) Find the total distance covered during the first 60 seconds. 4]



18

1.
11 The equation of a curve is y = 3x2e~ 7"

(8) Find the range of values of x for which ¥ is increasing.

(4}

(b} Show that the origin (0, 0} is a minimum point of the curve. (2]




19

A pomt, P, lies on the curve such that the normal to the curve at P has a negative gradient,

(¢} State the range of values of x-coordinates of P.

(1]

(@) Find the equation of the normal at P, given that the x-coordinate of P js 1.

[4]




() Show that ADFE is atrapezivm.

(1) Show that triangle DF is similar to triangle EFC

3]




(e) Prove that =% AC x EC = py x EF, [2]

End of paper




Answer Key:

7

= -

7, max vale

g
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5
—2(x + 1)

#=0.179,1.39, ~1.75,-2.96

AS proven
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b
[#5)

i
2 =Pxtg

gradient = p

9 |0.105
9¢

¥
draw =5 = dmy
x
From graph,» = 9.1
This is close to the x valye obtained in pare .

0a|0884m s
or —-\/—711/32

2
8

s*
10b | 10m
10¢ | As shown and any valid argument &g, Prov:’m
10d | 91.8m T

e e O

Hajo<x<4

11b | P or 2% derivative test or justitying components of expressions clearly, with proving of y-coordinate

le|0<x <4
1
lid 2e? +2€2+3 _,_;_
T T Tg Tt 3e

ory = —0.366x +2.19

12a Midpomt thearem

12b | cppe = LFAE(alt segment thearem)
LFAE = 2£AFD(alt 25, DF I AEY
S LEFC = LARD

180° — 2ADF = 2pE A (s inopp segment)
LFEC = 180° — LFEA(adf 25 on a str. line)
= 180° ~ (180° — £4pF)

= LADF

L ~ADFA Is similay to AEFC (A4 Similariey test)




D - : fi ; 1
'z?:ci - Ef:i (corresponding sides of similar teiangles are proportional)

DF X EC = DA % EF|

1
By midpt theorem, DF = 5 AC

el

1
EACTXECEDA}(EF




NCHS 2023 AM Prelim P1 solutions for students

Ql(a) Q1(b)
) Mtd 1
Area of triangle -
i g lety = vx+3
_1/7 1 . o 1 5
_z(zwé) sin 60 y:;—g
_1 1 V3 5
_5(4+6+4\/_)( ) yZ:l_gy
5
= 2-1+-y=0
( 0+4f)( ) y 6)’
6y?+5y—-6=0
_ (1
- (E) (5+2«F)( ) By - 2)(2y +3) ?, 0
_ y=-ory= —=
_(5+2\/_)( ) 2 3 2 3
:(ﬁ)( 1 )((5-2@)) \/x+3:§ or\/x+3:—§ (rej)
5+2v6 5-26 3 4
+3=—
(5 ) A
25-24 23
25) )
5-2
=()( or
:T‘T 6x+ 18— 6= —5Vx + 3
_5V3 _ 342 (6x +12)? = (—5Vx + 3)2
8 4 36x?% + 144x + 144 = 25(x + 3)
> 36x2+144x + 144 = 25x + 75
36x2% + 119x + 69 = O
(4x +3)(9x +23) =
23
xX=—= (re])or -5
Q2(a) 2(b) Method 2
:—x(x5lnx2) = x> (x—lz) (2x) + 5x"inx? j 10x*Inx + 2x*dx = x°Ilnx? + ¢
— — 4
= 2x4 =+ 5x4lnx2 — 2x4 =+ 10x lnx 1ojx4lnxdx + j2x4dx — xslnxz +c
2x°
2(b) Method 1 . 10 | x*lnxdx = x5Inx? + ¢ — = +cl
jx‘*lnx dx = 1—0j 10x%inx + 2x* — 2x*dx 0ys
X
= x%lnx? ——+¢2
1 S 2x5 . 5
=10 x>Ilnx 5 c j N (x5Inx?) x5 ea
) xtlnxdx = —- ETC
T 5 — a5
_5x Inx 25x +c R (Slnx) x5 '
or —¢ T




Q3(a) Q3(b)
—9 — 2x% — 4x Hence,
:_2x2_4x_9 _ _ 2_ — _
= —2(x%+2x)— 9 9—-2x*—-4x=-2—-k
=-2[(x+1)?>-1]-9 sincemax = —7
— 2 _
=-2(x+1)-“-7 ok <—7
max value = =7 k>5
Otherwise,
—2x2—4x+k—-7=0
discriminant > 0
(-4)?*-4(-2)(k-7)>0
> 16 +8k—-56=>0
8k—-40>0
k>5
Q4 subx =1,
-+ 2 _ e 3
x+DKx*=-1) =x 345_ 3= A(2)?
3 4A =5
x3+x2 —x —1,/3x3 + 0x2 + Ox + 2 5
A=-—
—(3x3+3x%2—-3x—13) 4
—3x2+3x+5 subx = -1,
3x% +2 3x + 5 — 3x2 —3+5-3=0(-2)
=3+
(x+1)(x%2-1) 3 (x+1)2(x—1) -1=-2C
3x +5—3x? A B C 1
= + + C =
(x+1)2(x—1) x—-1 x+1 (x+1)2 2
3x+5—-3x2=A(x +1)2 +B(x — 1)(x + 1) comparing coefficient of x*: —3=A+B
+c(x—1) —3=§+B
4
17
> T4
5 17 1
-3

+4@—n_4u+n+2u+nz




Q5(a) Q5(b)
log, x2
log; x log, 72 x2+8x+15>0andx+4>0
2log, x (x+5)(x+3)>0andx > -4
log, x + =
2 x>-3,x<-5andx > -4
log,x +log,x =6 Wx>—3
2log,x =6
log,x =3
x=73
= 343
Q6(a) Q6(b)
sin20 = 2sin @ cos cos(0 + 30°)
= 2¢(—V/1 = ¢?) = cos 6 cos 30° — sin @ sin 30°
=—2c/1 = c2 3 1
2cVl—c :(—/1—02) £ —(c)(—)
A' 2 2
-1 V3 — 3c?
—2 ¢ 2
Q6(c) —(180° — @) or & — 180°
Q7(a) Q7(b) _
4sin6 + 4sin’ 6 2sin20 = 0.7
secHd +tané@ sinzezzlo
4sinf(1+sind —1 +_sin9 <6<
= = - =7
SiN6(1 +sin6) (cose cos 9) -
_ _ 1+sing —2n <20 <2nm
=4sin6(1 +sinf) + (—)
cosd o1
a=sin"!—
— s 1+ cos @ 20
= 4SOl +sind) 1 Gne = 035757
= 4sin6@ cos o 20 is in the 1st and 2nd quadrant.
= 2(2sin 6 cosh) 20 = 035757,
= 2sin26 —0.35757,—(m + 0.35757), —(2n

v

—0.35757)
6 =0.179,1.39,-1.75,-2.96




Q8(a) Q8(b)
gradient of DC = tan45° =1 midpt AC = midpt DB
+ - +15 -5+
gradient of BC = -1 (2 > 1,9 218) = (x 215, 52 y)
y=9_ 4 3=x+15
x—1 x=-12
9-18=-5+y
— = —yv + y= -4
y-9=x+l D(~12,-4)
Equation of BC: y = —x + 10 B is the midpt of DE
—12+x —4+
y+18 _ (15,-8) = (—5——)
x—=2 2 2
30=-12+x
y+18=x-2 x =42
~10=-4+y
Equation of AB: y = x — 20 y=-6
E(42,—6)
J— + g J—
x+10=x-20 Area=l|2 2 1 2|
1 21-18 -6 9 -18
2x =30 =5(~12+378 18 — 18+ 6 + 758)
— a2
x =15 = 546 units
y=-15+10=-5 . B(15,—5)(shown)
Q9 (a),(graph) v = x(px? + qx)
T .
v =px3+qx?
: ' v
i il 2
S -

plotted points

join with a straight line

gradient =p
_10—1_3
=30 "

q=1




Q9(b)
|74
- =3x+1
X
V = x(38x? +x)
radius = 2x
base area = nw(2x)? = 4mx?
Arx? =3x%+x
(4r—-3)x2—x=0
x[Ar—-3)x—-1]=0

= 0.1045

x:4n—3

= 0.105

Q9(c)
V = x(4nx?)

= Amx3
vV
draw — = 4mrx
x

The volume of the cylinder is expressed in terms of x
and then rearranged into the same linear form as the
equation of the straight line drawn.

The x
— coordinate of the intersection therefore gives
the value of x for which the solid is a cylinder with

height half its base radius.

0 05 1
0 6.3 12.6

x2

From graph,x = 0.1
This is close to the x value obtained in part (b).

*verify means to confirm if something is accurate

Q10a
_ 1 1
a= 2.5cos<§t) x >
1 5 1
= 1.25co0s (E t) or Zcos (E t)
_ T
whent = ox

= 1.25008(" x =
a=1. COS (E E)
= 0.88388

. 0884m 52

or m/s
s2or 8

2

Q10b
when v = o,

2.5si L =0
ssin(3e) -

/1

S|n<§t) =0
1 —_
St=m
t=2m

= —oC0s (Et) c

whent =0,s =0,
0= -5co0s(0) + ¢
c=5

1
_ i Y
s = 5cos<2t) 5

whent = 2m,
s = —=5cos(m) +5
=-5(-1)+5=10m




Q10c

When Jean returns for the 4th time,s =0
1
-5 (—t] 5=0
cos |3 +

(1rj—1
) cos|St )=
Et =0.2m, 4m, 6w, B

When Jean returns for the 4th time, t = 2 % 8r = lom.
& k= 16w

Whent = 16m,
0.25t = 4w
025 —4r =0
v=0
Jean will always be moving away from O when t > 16w

dvr
—=025=0
or oy

This implies velocity is an increasing function starting fromv = Qat t

= 16m 50 it will never become zero. Hence Jean will not be turning back towards 0.

Q10d

total distance

=204+

:80+[

0.25¢t2

60
0.25t — 4m dt

16m

60
— 4nt]

16m

1 1
=80+ 3 (60)% — 4m(60) — 3 (16m)? + 4m(16m)

91.845m

=91.8m

Qlla Q11b
. . dy o
fory increasing, >0 1% derivative test
1
Y = gx2ew (‘E) + 6xe 2" whenx =0,y = 3(0)%¢"2¥ =0
dx 2 . 01 0 oF
1 2
=e 2" <— 3 + 6x> dy |<0 0 >0
2 -
dx
1
Sincee 2¥ >0 forx € R, Sketch
3x? 6r >0
———+6x
2 Second derivative test
x —§x+6 =0 Whenx=O,a=0.-'-x=Oisastationarypt.
o < X < 4 dz 1 1 1 3
Qllc d_x};: e_fx(3x+6)—§e_§x <—§x2+6x)
O<x<4
when x = 0,
2
Y _ R
ﬁ—6>0 <~ minpt
whenx =0,y =0
=~ (0,0) isminpt
Q11d 1
—2e2
d 1/ 3 a5 — _
whenx=1,é:e"§<—§+6) y—3e 2= 9 (x—1)
1 1
_9 1 2ez 2z 1
" 2° yE g xt g e
ez or y = —0.366x + 2.19
gradient =
9
1 >

whenx =1,y = 3e 2,




Q12a

Since D & T are the midpts of BA and BC,
by midpt theorem, DF// AC.

Since there is one pair of parallel sides, ADFE is a trapezium
Q12b

£EFC = +£FAE(alt segment theorem)
£FAE = £AFD(alt £5,DF || AE)

S~ LEFC = £LAFD

180° — £ADF = £FEA (45 in opp segment)
£FEC = 180° — £FEA(adj £5 on a str. line)
= 180° — (180° — LADF)
= £ADF
or
£DFB = #DAF (alt segment theorem)
#/DFB = £FCE(corrs £5,AC || DF)

~ LDAF = £FCE

~ ADFA is similar to AEFC (AA Similarity test)

Q12c

DA _ D

F . . .. . .
Pl (corresponding sides of similar triangles are proportional)

DF x EC = DA X EF

1
By midpt theorem, DF = EAC

1
EACXEC:DAXEF




Name: Class:

For Marker's Lise

90

H P Y

Parents’ signature:

NAN CHIAU HiIGH SCHOOL
PRELIMINARY EXAMINATION 2023

SECONDARY FOUR EXPRESS

ADDITIONAL MATHEMATICS 4049/02
Paper 2 23 August 2023, Wednesday
Candidates answer on the Queastion Paper. 2 hours 15 minutes

No Additional Materials are raquired.

READ THESE INSTRUCTIONS FIRST

Write your name, class and index number in the spaces at the {op of this page.
Wiite in dark blue or black pen.

You may use a pencil for any diagrams or graphs.
Do not use staples, paper clips, highlighters, glue or correction fluid.

Answer all questions.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place In the case
of angles in degrees, unless a different level of accuracy is specified in the queslion.

The use of an approved scientific calculator is expected, whare appropriate,

You are reminded of the need for ¢lear presentation in your answers.

The number of marks is given in brackets { ] at the end of each queslion or part question.

The fotal number of marks for this paper is 90.

This document consists of 21 printed pages including the cover page.



O]

Mothemuatical Formulae

1. ALGEBRA

Quadratic Eguation

Tor the equation ax® +bx+e=0,

- ~bx b ~4ac

2¢

Binowmial expansion

(a+b) =a" + (?] a b+ [Z] a" b et [n) a"th’ e b,
,

where n is a positive integer and {

n] _oon pp=-Dan-re)

r} e rl

2. TRIGONONETRY
Identities

si? A+cos® 4=1
sec’ A=1+tan” 4
cosec’d =1+4-cot® 4
sin(d+ B)=sindcosBtcosAsinB
cos{d % B) = cosdcosBFsinAsinB

tan A+tan B

tan{A 3 B) = ——rrerm
5 ) 1FtandtanB

sin2Ad=2sinAcos.d
cos24 =cos® A—sin® A=2cos® A—1=1-2sin* 4

2tan A

tan 2.4 = I T
I-tan" A4

Formudae for AdBC
a b ¢

sind  sinB  sinC

a* =0t +0f = 2becosA

S lbc sin A
2



3 A

_________ /N

¥y = a — bsin{cx)

e e s e - -~
w
1
]

e e e

L
A

I
a1

N T

The diagram above shows part of the curve y = a ~ bsin (cx), where ¢, b and ¢ are constants,

() Write down the values of 4, b and ¢. 3]

The curve passes through the points (p,5), (g, 5) aud (7, 1), where p, ¢ and r are constants.

{b) Find an equation, in terms of 1, conneeting
) p and q, [11

(i} g and 7. (1]




2 (a)  Explainwith the aid of a sketch why J'g AP~ x? dx = %, fora > 0. [2]

) Hence, find, in terms of ¢ and 1,

() fa 4@ ~x2) dx, [2]

(ii) 5 a2 —x? dx. {21



3 Air is being pumped into a spherical elastic ball at a constant rate of 10 cm? per second.
It is assumed that the ball maintains a spherical shape throughout the process.

(2}  Tind the rate of increase of the radius of the ball at the instant when the radius is 5 em.
[The volume of a sphere of radivg r is -;41:7'3.} {3]




(3] Find the rate of increase of the surface area of the ball at the instant when the radius of

P . 5
the ball is increasing at the rate of 7aq O per second,

[The surface area of a sphere of radivs » is 4mr ] I5]




y = 2In{x + 3)

£

«\:.‘\:

1
y=—=(xm3)+6m3
2

Py W e W e bW el Bl ms A b b bt e — = T T e T P

o
it
|
0

The diagram shows part of the curve y = 2In(x + 3) and a line y = ~—§ xIn3)+6In3.

The curve and the line intersect at x = 6. Find the exact area of the shaded region bounded by
the curve, the line and the x—axis. Express your answer in the form aln3 + b, where a and &

are integers to be determined. [9]



Continuation of working space for question <.



5 On 01 January 2010, there were 1300 predators of a parlicular species in a habitat,
Ecologists believe that the population of the predator, P in thousands, can be modelled by the

formula P = N — 3.5(e*"), where N and k are positive constants and / is the time in years after
01 January 2010.

{n) Show that N = 5, 1

(b)  Comunent on the feasibility of the ecologist’s madel for the population of the predator
in the long run. [2




(©

19

The population of the prey, O in thousands, can be modelled by the formula @ = 8e™F,
where £ is the time jo years after 01 January 2010. The population of predator and prey
first becamie equal on 01 January 2020, Find the value of k. 3]



11

(d) A mathematician believes that the population of the predator, P in thousands, should
be modelled by the formuta P =5 ~3.5(e7%%), where ¢ is the time in years after
01 January 2010, instead. Determine the year and month in which the population of the
predator first doubles the population of the prey under this model, fd]
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6 The polynomial f(x) is given by f(x) = 2x* ~ 6x% + Ax -+ B, where 4 and B are constanis.

Find the values of A and B such that

(m)  x*—9isafactor, 4]

() %+ 9isafactor, f4]
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{c) the curve y = f(x) cuts the x-axis at ¥ = —1 and just touches the x-axis at ¥ = 2. [3]
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- g
7 (a) (i) By considering the peneral terni in the binomial expansion of (%xz + %) > explain

why there are no terms with odd powers of x. [3]

o
(i) Find the term independent of x in the expansion of (—;:::3 -+ fvf-) Bx—-N% 3]
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(b)  In the binomial expansion of (1 + 3{:::)”, the coefficient of X fx is 7 times the
cocfficient of x.

@  Show that 3 @ =7 (721) 3]

(if)  Hence, find the value of 7, 2]
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=
0 A

[
B

In the diagram, triangles OBC and OAD are right-angled triangles such that OC = 9 cm and
0D =11 em. Angles BOC and D4 are cach equal to 8°, where 0° < 6 < 90°,

{a)  Dxpress AR in the form R cos(8 + @), where R > 0 and 0° < & < 99°, [4]




(b}

(¢)
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Find the minimum value of AB and the corresponding value of 8,

Find the range of values of @ for which 4 is befween 0 and B.

31
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7 The equation ol a circle is x% + y* — 10x — 4y + 19 = 0.

(n) Point P lies on the circle, and the fangent to the circle at point P has a gradient of <3,
Find the possible coordinates of point P. I5]
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(h) Another two tangents to the circle intersect at the origin. Find the gr

adients of these
two tangents,

[51
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A L rm

i
In the dingram, 4 and B are two fixed points on a horizontal gro’%md and a projector is
positioned on the ground at Z which is x m away from B. The projector casts a beam of light
on a screen CD, of fixed height @ m. C is the bottom of the sciéén, wfgerc BC =% m.

Angle CLD is 8°. Assume that the thickness of the screen is negligible, o

(1)  Express tan(4DLB) and tan(<CLB) in terms of a, b:orfand,
ax

x24abpb2

x.., [ence, show that

[ {4]

tanéd =
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{» Given that x ean vary, find, in terms of ¢ and b, the value of x for which tan @ is
stationary. [4]

() Given that @ = 10 and b = 3, find the value of & whicl gives the stationary value of
tan & found in part (b). 2}

End of Paper




3]
38

Answer ey

1{3) amaibz;l,lcr_é
b)) [p+g=2n
o) | g+ =47
2(a} y4
a
[
o2
- O a X
{Q
[ Ja? ~x? dx
4]
= Area of quarter circle
_ma?
T4
2{b)h) _ na*
2
2{bi{ii} | Tra?
2
3(a gr 3
@ = an/s
Accept: 0.0318 em/s (3 s.f.)
3(b) f45_10 2
( w5 om /s
Accept:3.33 cm?/s (3 s.f)
3 (60In3 ~ 16) unijts?
5{a)} | N =S5 (shown)
5(b) | P =535k
Ast—co, 350"y~ o0 for k>0
WP = —m
Since the number of predator become
negalive in the long run,
the ecologist’s mode! mav not be feasible
i the long run,
5(c} 0.0357 (3s.f)
5{d) Year 2011, March
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6{a) B =54, A=—18
6{b) =54 A=18
6(c) B=8, A=0
7(a)l]) | Sincel6 — 41 = 4(4 —r) is a multiple of 4
/even for all real values of r, 0 < v < B,
{here are no terms with odd powers of x.
7(a}ii} | 857.5
7{b}{i} | Shown Question
7{!3){") n=29g
88} | . AB = 14.2 cos(d + 50.7°)
8{b) minimum value of 48 = 0
when @ - 50.7° = 90°
8 =389.3° {1d.p.)}
e | Loc<o <3030
Jta) »P(2,1) or P(83)
9{b) 1.59 or -—-0.252 (3s.f)
16{a + b
@ tan{«DLBY} = 2 *‘
b
tan{<CLB) = "
Wh) | x=+fab+5Z (xr>0)
10{e)

38.7° (1 d.p.)




