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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the quadratic equation ax? +bx+c=0,

‘- —b++b? —4ac

2a

Binomial Expansion

n n n n-1 n n-2p2 n n-=riar n
(a+b)" =a" + L a"b+ ) a"ht 4.+ ) a"'b" +...+Db",

nt n(n-1)..(n-r+1)
ri(n-r) r! '

n
where n is a positive integer and (r} =

2. TRIGONOMETRY

Identities
sin?A+cos” A=1
sec’A=1+tan’ A
cosec’A=1+cot* A
sin(A+ B) =sin Acos B #+ cos Asin B
cos(A+ B) =cos Acos B ¥sin AsinB

tan A+ tan B
1xtan Atan B

sin 2A = 2sin Acos A

tan(A+B) =

c0s2A4=c0s* A-sin* A=2cos® A-1=1-2sin’ 4

tan ZAZﬂ
1-tan“ A

Formulae for AABC
a b C

sinA:sinB :sinC

a’?=b%+c?-2bccos A

A= 1bcsinA
2
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1 A calculator must not be used for this question.

D

In the diagram, AB is parallel to DC, and AC meets BD at X.
Given that AB = (1+3\/§) cm, CX = (5—\/§)cm and CD :(6+2\/§) cm, find the
exact length of AX. [5]
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2 A curve has the equation y = 31_2)( :
e —ZX
Q) Show that the curve is an increasing function of x for x < g [5]

(i)  Given thaty is decreasing at a constant rate of 2 units per second, find the rate of
change of x when x = 0. [2]
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3 The function f(x) = 2x* +ax® +bx+6, where a and b are constants, is exactly divisible
by x + 2. When f (x) is divided by x — 2, the remainder is —12.
Q) Find the value of a and of b. [4]
(i) Factorise f (x) completely and hence solve f (x) = 0. [3]
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4 It is given that y =1-3sin4x, for 0° < x<180".
Q) State the amplitude and period of y. [2]
(i) Sketch the graph of y=1-3sin4x. [3]
(iii)  Hence, state the number of solutions for 3sin4x=2. [1]
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5 (@) The equation of a curveis y = % In(px +3), where p is a constant to be
determined. The gradient of the tangent to the curve at x = —% is parallel to

3y = x. Find the equation of the normal to the curve at x = —% :

[4]

(b) (i)  Express —2x*+4x-5 inthe form a(x+ p)*+q. [2]

(i)  Hence, determine, with explanation, if the graph of y=-2x"+4x-5
will intersect the x—axis. [2]
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6 (@) In the expansion of (2 + X)n , Where n > 0, the coefficient of x? is twice the

coefficient of x. Find the value of n. (4]

(b) Find the value of the term that is independent of x in the expansion of

1 15
(ZX_HJ | [3]
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7 Itis given that y =log (px)+2log,(4x—3)—1, where p is a positive integer.
Q) Write down the set of values of x for which y is defined. [1]
(i)  Show thaty can be written as log (16x° —24x* +9x). [3]

(iii)  Find the value of x for which y =

: [3]
log,, p
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The figure shows a circular lake, centre O, of radius 2 km. A duck swims across the
lake from A to B at 3 km/h and then walks clockwise around the edge of the lake from
B to C at 4 km/h. If angle BAC =@ radians and the total time taken is T hours,

B
0
A —@——
S C
. 1
(i)  showthat T = 5(4c059+30), [4]
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8 (i) find the maximum value of T. [5]
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9 (@) Itisgiventhat f (x) = (2x—3)°+4.

Find f'(x) and hence, determine the nature of the stationary point for y = f (x).

[5]
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9 (b) The gradient function of a curve varies directly with the square of (x — 2) .

Given that the gradient of the curve at (1, 9) is 6, find the coordinates of the
point at which the curve meets the y—axis. [5]
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10 (@) If cos56° = p, express sin 28° in terms of p. [2]

COSX+SinX €oSX—sin X

(b) Q) Prove the identity - -
COSX—SINX COSX+SinX

=2tan2x. [4]

(i) Determine the values of x in the interval 180" < x < 360" for which the
identity is not valid. [2]
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11 E

In the diagram, the diameter AB is produced to C and the line CD is the tangent to the
circle at D. The line AD is produced to E such that a circle can be drawn passing
through B, C, E and D. The foot of the perpendicular from A to CD produced is F.

Prove that
Q) triangle CDE is isosceles, [4]
(i)  AE bisects angle FAB. [3]
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12 In the diagram, the points A, B and C have coordinates (2,4), (7,9)and (8,2)
respectively. The point M lies on AC such that the line BMD is perpendicular to AC.

y
? B (7,9
A(2,4)
M
C82)
> X
@)
D
Q) Show that AB = BC. [2]
(i) Find the equation of BD. [3]
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(iii)  Given that the ratio of DM : MB = 2:1, find the coordinates of D. [2]

(iv)  Find the area of quadrilateral ABCD. [2]

End of Paper.

Methodist Girls’ School Additional Mathematics Paper 1 Sec 4 Preliminary Examination 2023



Page 18 of 18

Answer Key
1] 2343-27
2 (i) |-1.09
3 |() |a=3.b=_11
B X=-2, 1 or3
2
4 (i) Amplitude = 3
Period = 90°
(i) T 1 ||
[\ ]
VA",
(iii) 4
5 |
y:—3x—§+lln2
2 3
(b) | () -2(x-1)"-3
(i) | Since coefficient of x*<0, graph has maximum turning point at (1, —3).
Maximum value of y is —3 which is less than 0.
6 (a) 9
(b) | —29120
7 (i) <> 3
4
(i) (o3
2
8 | (i) |173h
9 | (@ 10(2x—3)* , point of inflexion
(o) (0,5
10 | () (i) 1-p
2
(i) | 225,315
12 | (i) y=3x-12
(iii) (1,-9)
(i) | 60 units®
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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the quadratic equation ax? +bx+c=0,

‘- —b++b? —4ac

2a

Binomial Expansion

n n n n-1 n n-2p2 n n-=riar n
(a+b)" =a" + L a"b+ ) a"ht 4.+ ) a"'b" +...+Db",

nt n(n-1)..(n-r+1)
ri(n-r) r! '

n
where n is a positive integer and (r} =

2. TRIGONOMETRY

Identities
sin®A+cos” A=1
sec’A=1+tan” A
cosec’ A=1+cot* A
sin(A+ B) =sin Acos B + cos Asin B
cos(A+ B) =cos Acos B Fsin AsinB

tan A+ tan B
1¥tan Atan B

sin 2A = 2sin Acos A

tan(A+B) =

c0s2A4=cos’> A-sin® A=2cos®* A-1=1-2sin> 4

tan ZAZﬂ
1-tan“ A

Formulae for AABC
a b C

sinA:sinB :sinC

a’?=b%+c?-2bccos A

A= %bcsinA
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1 A calculator must not be used for this question.

D

In the diagram, AB is parallel to DC, and AC meets BD at X.
Given that AB = (1+3\/§) cm, CX = (5—«/5) cmand CD :(6+2\/§) cm, find the
exact length of AX. [5]

AX 1433

5-J3 6+243

AX
1+3
S
 5-4/3+153-9
- 6+2\/§
1443-4
- 6+2\/_

_ W3- 2 3- J3
" 3443 343
_21\/_—21—6+2\/_
9-3

_ 23J§6—27 or %J'__
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e

(i)

(i)
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—X
2x "

Show that the curve is an increasing function of x for x < g [5]

ﬂ ~ e1—2X (_1) . (3_ X)el—ZX (_2)
dx (el—Zx)z

_ —1+6-2X

e1—2x

_5-2x

e1—2x

For x<g, el2X50

5
X<—
2

2x—-5<0
5-2x>0

.'.ﬂ>0forx<E
d 2

X

. . . . 5
Hence, curve is an increasing function for x < E

Given that y is decreasing at a constant rate of 2 units per second, find the rate of

change of x when x = 0.

dy _dy dx
dt dx dt
,_5=2x dx

e1—2>< dt
,_5, &

e dt
dx —2e
—=—=-1.09(3s
dt 5 (3s1)

[2]
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3 The function f(x) =2x>+ax’*+bx+6, where a and b are constants, is exactly divisible
by x + 2. When f (x) is divided by x — 2, the remainder is —12.
Q) Find the value of a and of b. [4]
f(-2)=0
-2(-2)°*+a(-2)* +b(-2)+6=0
4a-2b=10
b=2a-5 --—---- 1)
f(2)=-12
2(2)° +a(2)’* +b(2) +6=-12
4a+2b=-34
2a+b=-17 - (2)
(2) into (2),
2a+2a-5=-17
4da=-12
a=-3
b=-11
(i) Factorise f (x) completely and hence solve f (x) = 0. [3]

2x° —3x? —11X+6 = (X +2)(2X* + px+3)
compare coeff of x°,

p+4=-3

p=—7

(Xx+2)(2x* =7x+3) =0
(x+2)(2x-1)(x-3)=0

X=-2, 1 or3
2
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4 It is given that y =1—-3sin4x, for 0" <x<180".
Q) State the amplitude and period of y. [2]
Amplitude =3
Period = 90°
(i) Sketch the graph of y =1-3sin4x. [3]

vt

(ili)  Hence, state the number of solutions for 3sin4x =2 where 0" <x<180".  [1]
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5 (@) The equation of a curveis y = % In(px+3), where p is a constant to be

. . 1.
determined. The gradient of the tangent to the curve at x = -5 is parallel to

3y = x. Find the equation of the normal to the curve at x = —%. [4]
dy 1f 1 1 1
dx_3(px+3]p X= 2’ y—3ln2
p 1 grad of normal = -3
1 3 1 1

3[—p+3) ——In2=—3£x+—j
2 73 2
1

P=-3 p+3 y=—3x—§+lln2

2 3

g p:3

2

p=2

(b)y () Express —2x° +4x—5 in the form a(x+ p)* +q. [2]

—2X> +4x-5

= —Z(XZ —2x+%}
:—2[(x—1)2—1+g}

=-2(x-1)"-3

(i)  Hence, determine, with explanation, if the graph of y =-2x*+4x-5
will intersect the x-axis. [2]

Since coefficient of x*<0, graph has maximum turning point at (1, —3).
Maximum value of y is —3 which is less than 0.

OR The maximum point is below the x-axis.

Hence, graph does not intersect x-axis.
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6 (@  Inthe expansion of (2+x)", where n > 0, the coefficient of x? is twice the

coefficient of x. Find the value of x. [4]

. n n
(2+x) =2" +(J2”‘1x+[zj2”‘2x2 +...

ot

-1 n-2 n-1
A (2)-2n(2)

o l2)
on

n>—n=8n

n°-9n=0

n(n-9)=0

n=0 or n=9

(NA)

(b) Find the value of the term that is independent of x in the expansion of

1 15
2X——— | . 3
( 4x4] 3]
general term
18) s 1Y
= 2X -
220 (-
— 15 215—rX15—r (_l)r X—4r
r 4

_ 15 o15-r (_ljr 1551
4

15-5r=0

15 3
value = 2t (—lj =-29120
3 4
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7 It is given that y =log(px)+2log,(4x—3) -1, where p is a positive integer.

Q) Write down the values of x for which y is defined.

3
X>=
4

[1]

(i)  Show thaty can be written as log, (16x° —24x* +9x). [3]

y=log,(px)+2log,(4x-3) -1

=log, (px)+log, (4x—3)’ —log, p
pX(4x —3)?

"op

=log, [x(lze —24x+9)]

= log, (16x* — 24x* +9x)

=log

1
log, p-

(iii)  Find the value of x for which y =

log, (16x° — 24x* +9x) =
log,, p

Tog, p
log, 9x
log, (16x° —24x* +9x) = log , 9x
16x% —24x% +9x = 9x

16x° -24x* =0

8x*(2x-3)=0

log, (16x° —24x* +9x) =1+

x:O(NA) or Xx=

N w

[3]
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8 The figure shows a circular lake, centre O, of radius 2 km. A duck swims across the
lake from A to B at 3 km/h and then walks clockwise around the edge of the lake from
B to C at 4 km/h. If angle BAC = @ radians and the total time taken is T hours,

(i)  showthat T = %(4 cos6+36), [4]

ZABC :%(angle in semicircle)

cosf = ﬁ
2(2)
AB =4cos@

/BOC = 26(angle at centre = 2xangle at circumference)
arc BC =2(260) =40

time

_ 4cosé N 40

3 4
4cosd

+0

=%(4c039+36')
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8 (i) find the maximum value of T. [5]

T :ﬂcose+0
3

9T _ 2 Csing)+1
40 3

—ﬂsin¢9+1: 0
3

siné?:§
4

0 =sin™ % =0.84806

2
d f :—ﬂcose
do
6 = 0.84806,
d’o 4

de?
T is a maximum.

= —5005(0.84806) =-0.8819<0

Max T = gcos 0.84806 +0.84806
=1.73 h (3sf)
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(@) Itisgiventhat f(x) = (2x—3)° +4.
Find f'(x) and hence, determine the nature of the stationary point for y = f (x).

[3]
f'(x) =5(2x-3)*(2)
=10(2x - 3)*
10(2x-3)* =0

X==
2

<
VR
N W

|

ol N|w
7 N\

N | W
~;

f'(x) >0 >0

sketch of / — /
tangent

At G4j it is a point of inflexion.
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(b)  The gradient function of a curve varies directly with the square of (x - 2) :

Given that the gradient of the curve at (1, 9) is 6, find the coordinates of the
point at which the curve meets the y-axis. [5]

dy 2
—L =k(x-2
I (x=2)

Atx =1, ﬂ:6
dx

k=6

dy 2
&:6(x—2)
y=j6(x—2)2dx
:6<X_3—)2>3+C
=2(x-2)°+c
9=2(1-2)°+c
c=11
y=2(x-2)°+11
Atx=0,y=-5
coodinates are (0,-5)
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10 (@  If cos56° = p, express sin 28° in terms of p. [2]
c0s56 = p
c0s2(28) = p
1-2sin*28 =p

sin? 28" = -p
2

sin28°:,/1_—p o - /1—_p (NA)
2 2

(b) (i)  Prove the identity S2XFSINX_COSXZSINX _ 5 anox. [4]

COSX—SinX COSX+Sinx

COSX+SINX COSX—SINX

COSX—SINX  COSX+Sin X

_€os® X+ 2€0s Xsin X +sin® x — (cos® x — 2¢0s Xsin X +sin” X)
- cos® X —sin’ X

_ 2(2sinxcos x)
COS 2X
_2sin 2x

COS 2X
= 2tan 2x

(i) Determine the values of x in the interval 180" < x <360" for which the
identity is not valid. [2]

2x=90",270",450,630°
X =45,135",225",310°
For 180" < x <360,

x =225",315

Methodist Girls’ School Additional Mathematics Paper 1 Sec 4 Preliminary Examination 2023
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11 E
F
D
A o) B C
In the diagram, O is the centre of the circle. The diameter AB is produced to C and the
line CD is the tangent to the circle at D. The line AD is produced to E such that a circle
can be drawn passing through B, C, E and D. The foot of the perpendicular from A to
CD produced is F.
Prove that
Q) triangle CDE is isosceles, [4]
Let Z/ADF =x
ZADF = ZABD = x (alt seg thm)
Z/ADF = ZCDE = x (vert opp )
/CED = ZABD = x (ext Z,cyclicquad)
.. ZCED = «CDE
.. ACDE is isosceles.
(i)  AE bisects angle FAB. [3]
ZADB =90" (rt £ in semicircle)
ZDAB =180"-90"-x=90"—x (£ sum of A)
ZAFD =90 (given)
Z/FAD =180"-90" —x=90"—x (£ sum of A)
.. ZFAD = ZDAB
.. AE bisects ZFAB.
Methodist Girls’ School Additional Mathematics Paper 1 Sec 4 Preliminary Examination 2023
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12 In the diagram, the points A, B and C have coordinates (2,4), (7,9)and (8,2)
respectively. The point M lies on AC such that the line BMD is perpendicular to AC.

y
A B (7,9

A(2,4)

C (8, 2)

Q) Show that AB = BC.

AC =/(7-2)* +(9-4)* =50

BC =/(7-8)*+(9—-2)* =+/50
.. AC = BC (shown)

(i) Find the equation of BD.

grad of AC _4-2 1
2-8 3

grad of BD =3

Eqgn of BD is

y—9=3(x-7)

y=3x-21+9

y=3x-12

v
>

[2]

[3]

Methodist Girls’ School Additional Mathematics Paper 1
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(iii)  Given that the ratio of DM : MB = 2:1, find the coordinates of D. [2]

coord of M = (%%j =(5,3) B(7,9)

x—coord of D=5-2(2) =1
y —coord of D =3-2(6) =-9
coord D is (1,-9)

OR
L= (2
translation BM :[ 6}

S -4
translation MD =
-12

e
()

coord D is (1,-9)

(iv)  Find the area of quadrilateral ABCD. [2]

12 1 8 7 2
24 -9 2 9 4

:%[—18+2+72+28—(4—72+14+18)]

=60 units?

End of Paper.
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1. ALGEBRA

Quadratic Equation
For the quadratic equation ax? +bx+c=0,

\ = —b++/b? —4ac

a 2a

Binomial Expansion

(a+b)" =a" +Gja“b+[g]a”2b2 +...+(:ja”'br +...+b",

nl n(n-1)..(n-r+1)
ri(n—r)! r! '

n
where n is a positive integer and (rj =

2. TRIGONOMETRY

Identities
sin? A+cos? A=1
sec? A=1+tan? A
cosec’A=1+cot* A
sin(A+ B) =sin Acos B +cos Asin B
cos(A+ B) =cos Acos B ¥sin AsinB
tanAttan B
1xtan AtanB
sin 2A = 2sin Acos A

tan(A£B) =

cos2A=cos? A—sin? A=2cos? A—1=1-2sin? A

tan2A = Zta—nf‘
1-tan“ A
Formulae for AABC
a b c

sinA:sinB :sinC
a?=b?+c?-2bc cos A

A= 1bcsinA
2
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1. ()  Aprism hasavolume of (3x*+8x+1) cm®and a cross-sectional area of

(x2 + 2X +1) cm?. Write down an expression for the height of the prism, in the

form A+ B + ¢ [4]

(x+1) (x+1)"

.. . B C
(i)  Find IA+(X+1)+(X+1)2 dx . [3]

Methodist Girls’ School Additional Mathematics Paper 2 Sec 4 Preliminary Examination 2023
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2. A circle C passes through the point P(4,—3) and has the same centre as the circle
X* +y>+4x-2y-1=0.
0] Find the equation of the circle C. [3]
(i) Find the equation of the tangent to the circle C at the point P(4,-3). [2]

(i) Another point Q(4, q) which lies on the circle C, is the same distance from the
y-axis as the point P. Find the coordinates of the point Q. [2]
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. : dy 6x-1
3. i Giventhat y =(x—-1)+/4x+1, show that — = . 3
2 6x-5
i Hence, evaluate dx. 4
) Il Jax+1 4]
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4. (a) Express 2sin@—1.5cos@ in the form Rsin(6—«),where R>0and O0<« <z

[3]

(b)  John models the height of sea water level, H metres, on a particular day by the

equation H :6+25in£%j—1.5005(%) 0<t<12, where t hours is the

number of hours after midday. Using this model, calculate

(1 the maximum possible height of sea water level and the value of 7, to 2
decimal places, when it occurs. [3]
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4 (b) (i) the first time when the height of the sea water is 7 metres, leaving your
answer correct to the nearest minute. [4]
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5. The temperature, € °C, of an oven t minutes after it was switched on is given by
0=300-280e°® t>0.
0] State the initial temperature of the oven. [1]
(i) Find the value of t when the temperature of the oven reaches 160 °C. [2]

(iii)  Determine, with justification, the maximum temperature that this oven can
approach. [2]
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5. The temperature, € °C, of another oven t minutes after it was switched on is given by
0=250-230e", t>0.
(iv)  Assuming that both ovens are switched on at the same time, find the time when
both ovens will have the same temperature since they were switched on. [5]
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6. (i)  Prove that sin( A+B)sin(A—B)=(sin A+sinB)(sin A—sinB). [3]

(i)  Giventhat sin A= % find all the values of B for —z < B <z that satisfy the

equation sin(A+B)sin(A-B)=0. [4]
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7. (@) Find the range of values of k for which y = (k -6) x* —8x+k cuts the x — axis
at two distinct points and has a minimum point. [4]

(b) Given that the line y =5X+C is a tangent to the curve y = 2x” +bx, show
that c is never positive. [4]
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The table below shows experimental values of two variables, x and y, which are

8.
connected by an equation of the form y = ib’ where a and b are constants.
X+
X 0.1 0.4 1.0 2.0 3.0
4.0 2.6 1.9

y 8.0 6.0

. 1 : .
() Draw the graph of x against ; , using a scale of 5 cm to 1 unit on the x-axis and

1
a scale of 2 cm to 0.1 unit on the g -axis on the graph paper in the next page. [3]

[4]

(i) Use your graph to estimate the value of a and of b.

An alternative method for obtaining a straight line graph for the equation y = b is to
X+

plot y against xy.

(i) Using answers of a and b in part (ii) estimate the gradient and vertical intercept
of the graph of y plotted against xy.
[3]
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9. A particle moves in a straight line so that t seconds after passing through a fixed point
0, its velocity, v cm/s, is given by v=3t* -7t +2.
0] Find the value of t at the instant when the acceleration is —1 cm/s?. [2]
(i) Find the values of t at which the particle is instantaneously at rest. [2]
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9. (ili)  Find the total distance travelled by the particle during the first 2 seconds. [3]

(iv)  Find the time(s) when the particle returns to O. [3]
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10.  The diagram shows part of the curve y =4—+/2x and the line y = x. The curve cuts the
X — axis at the point P and the line intersects the curve at the point Q.

Y4

0] Show that the x- coordinate of the point P is 8. [2]

(i) Find the coordinates of the point Q. [3]
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10.  (iii)  Find the area of the region A, bounded by the curve y = 4—+J2x , the x axis and
the line x=8 and x=10. [3]

(iv)  Find the area of the region B, bounded by the straight line x—y =0, the curve
y=4—\/5 and the y — axis. [4]

10
v) If Ik (4—\/5)dx =0, where 2<k <8, explain what this result implies about
the curve y:4—\/§. [2]

End of Paper
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Answer Key
L0 Height, h=3+ 2 -4 o /B=->F T T 5T
x+1 (x+1) 6 6 6 6
(i) 3x+2In(x+1)+ ~+C (@) b<k<8
(x+1)
Qn2() | (x+2)+(y-1)’ =52 or (b) since (b—5)" >0
X2+ Yy +4x-2y—47=0 —-8c>0
c<0
(i) 3 9 8(ii) b = vertical intercept =0.8
y= EX_ Range: {0.74t00.84 }
a = gradient =7.27
Range: {7.0to 7.4}
(i) [Q@.5) (iii) oLy 2
b b
Gradient = - 1.25
Vertical intercept = 9.025
Range: {9.025t0 9.1}
Qn 3(ii) | 1.47 9 (i) t=1
Qn4(@) 23in¢9—1.50056’=gsin(9—0.644) (i t:% ort=2
4b)() | t=441 (i) Total distance = 2%0!’ 2.63
4(b)(ii) | First time = 14 06 or 2.06 pm (iv) t=0(NA), 2.78 or 0.719
Qn5 (i) | 20°C 10(i) X=8
(i) t=13.9 mins (i) ~.Q(2,2)
(iii) As t increase, e ** approaches zero. | (iii) A=0.481
Hence, maximum temperature that
the oven can reach = 300°C
(iv) t=305s (iv) 31
3
(V) The area bounded by the curve x

=k, x = 8 and x-axis lies above
the x axis and it is equal to the
area of region A, which is area
bounded by the curve x =8, x =
10 and x-axis. This is area below
the X axis.
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1. ALGEBRA

Quadratic Equation
For the quadratic equation ax? +bx+c=0,

\ = —b++/b? —4ac

a 2a

Binomial Expansion

(a+b)" =a" +Gja“b+[g]a”2b2 +...+(:ja”'br +...+b",

nl n(n-1)..(n-r+1)
ri(n—r)! r! '

n
where n is a positive integer and (rj =

2. TRIGONOMETRY

Identities
sin® A+cos? A=1
sec’ A=1+tan’ A
cosec’A=1+cot’ A
sin(A+ B) =sin Acos B + cos Asin B
cos(A+ B) =cos Acos B Fsin AsinB

tan A+ tan B
1xtan AtanB

sin 2A =2sin Acos A

tan(A+B) =

cos2A=cos? A—sin® A=2cos? A—1=1—-2sin? A

tan2A = Zta—nf‘
1-tan® A
Formulae for AABC
a b c

sinA:sinB :sinC
a’®=b?+c?—-2bc cos A

A= lbcsinA
2
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1. Q) A prism has a volume of (3x2 +8x+1) cm?® and a cross-sectional area of

(x2 + 2x+1) cm?. Write down an expression for the height of the prism, in the
B C
form A+ + = [4]
(x+1)  (x+1)
3x* +8x+1 2x -2
2 =3+
X +2x+1 X +2x+1

Height, h= Bl

x-2 __ B __C
X +2x+1 (x+1)  (x+1)

x=-1 x=0 M1

2(—2)=C -2=B-4
Bl

Height,h:3+—2 . 5
X+1 (x+1) Bl

.. . B C
(i)  Find IA+(X+1)+(X+1)2 dx . [3]

2 4
-[3+(x+1) _(x+1)2 dx

4
>+C B1
(x+1)

B1 B1 where C is an arbitrary constant

=3x+2In(x+1)+
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X* +y° +4x-2y-1=0.

(i)

(i)

Find the equation of the circle C.
X2+ Y2 +4x-2y-1=0
(x+2)" —4+(y-1)"-1=1
(x+2)2 +(y—1)2 =6

Centre of circle = (-2,1) Bl

Radius of circle = \/(4+2)2 +(—3—1)2 ~-52 | Bl

Equation of circle is (x+2)" +(y—-1)" =52 or | Al
x>+ Y2 +4x-2y—47=0

Find the equation of the tangent to the circle C at the point P(4,-3).

Gradient of P to the centre = :13 1_4_ 2

. _3
Gradient of tangent = > | M1

Equation of tangent at P is

3
3=2(x-4
y+3=2(x-4)

3
=—X-6-3
Y 2

3
==—x-9 | A1
y 2

[3]

[2]
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(iii)  Another point Q(4, q) which lies on the circle C, is the same distance from the

y-axis as the point P. Find the coordinates of the point Q. [2]
4 Subs x = 4 into equation of circle
1Q 4 Q) (4+2) +(y-1) =52
1P =52_
M1 (y ) 52-36
y-1=44
AP (4,-3) y=5 or y=-3
Q4,5) | Al

Alt Mtd : Since perp bisector of chord passes through centre of circle,

a-3_,
2
Sg=5
Q(4, 5)
3 Q) Given that y—(x—l)\/4x+l show that ﬂ: ox-1 [3]
' ’ dx J4x+1

dy

(X—l)#
dx 24J4x+1

2(x-1)  4x+1
= +
Jax+1  +Jax+1

x4+ax+1 | Ml

M1

6x-1
= Al

Vax+1
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[4]

2 6x-5
(i)  Hence, evaluate.[ dx
1 J4x+1

IZ 6X — 5 J'26X—l—4dx

\/4x+ 1 Jax+1

M1

2dy

2 4
=| —=—dx- dx
1 dx Il Vax+1

:[(x—l)MLZ{%ZmI M1

(-] 8-
=2J5-3

=1.47

Al

€)] Express 2sind—-1.5cos @ in the form Rsin(f0—«), where R>0and O0<a < % .
[3]

2sin@-1.5c0s@ = Rsin@dcosa — Rcos@sin o

2=Rcosa
15=Rsina

2= 2 2

R er(l'S) Bl tana:%

R=2 o=0644 | Bl

2sin@—-1.5cos 0 = gsin (6-0.644)

Al
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John models the height of sea water level, H metres, on a particular day by the

equation H =6+23in(42—7;[J—1.5cos(42—7?], 0<t<12, where t hours is the

number of hours after midday. Using this model, calculate

() the maximum possible height of sea water level and the value of 7, to 2
decimal places, when it occurs. [3]

H :6+23in(ﬂj—1.5005(ﬂ)
25 25
max H = 6+§sin ﬂ—0.6435
2 25

=6+§
2

Bl

=8.5m

sin (ﬂ—o.643501j _1 | M1
25

It occurs when Art _0.643501="
25 2
t =4.405204
t=4.41 Al

(i) the first time when the height of the sea water is 7 metres, leaving your
answer correct to the nearest minute. [4]

7:6+§Sin ﬂ—0.64’3501) M1
2 25

2 :sin[ﬂ—o.mssolj M1
5 25
t = 2.00889

=125.933 mins | 54

=126 mins

First time = 14 06 or 2.06 pm B1
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5. The temperature, @ °C, of an oven t minutes after it was switched on is given by
6 =300-280e ™, t>0.
0] State the initial temperature of the oven. [1]

Initial temperature = 300—280 = 20°C B1

(i) Find the value of t when the temperature of the oven reaches 160 °C. [2]

300-280e**" =160
280e %' =140

g 005t =1 M1
2
—0.05t =1In [lj
2
t=13.8629

=13.9 mins Al

(iti)  Determine, with justification, the maximum temperature that this oven can
approach. [2]

Bl

—0.05t

As tincrease, e approaches zero.

Hence, maximum temperature that the oven can reach = 300°C

Al
Alt Mtd :
-0.05t *
e >0 300 feessssresssrnnnsannnnsens
~280e % <0
-0.05t or
3002806 < 300 280
.0 <300 _

Since 6 =300 is an asymptote, &
approaches 300 as t increases.
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The temperature, & °C, of another oven t minutes after it was switched on is given by

0 =250-230e"", t>0.

(iv)  Assuming that both ovens are switched on at the same time, find the time when
both ovens will have the same temperature since they were switched on. [5]

250 — 230e % =300 — 280e !
280e %% —230e " =50
—28e 0% ;23,50 | M1

Lete ™ =p
23100 _28e 0% 450 | M1
23p*-28p+5=0
(23p-5)(p-1)=0 M1

5
goost _ 5 g0t =1 | Al
23 ~0.05t=0
t=30.5211| A1 (NA)

=305
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6. (i) Prove that sin( A+ B)sin(A—B)=(sin A+sinB)(sin A—sinB). [3]

sin(A+B)sin(A—B)=(sin Acos B +cos Asin B)(sin Acos B —cos Asin B)

=sin? Acos? B—cos® Asin’B | M1

=sin? A(l—sin2 B)—sin2 B(l—sin2 A) M1

=sin? A—sin® Asin®> B—sin? B +sin? Asin’ B

=sin? A—sin’B Al

=(sin A+sinB)(sin A—sinB)

(i) Given that sin A= % find all the values of B for —z < B < r that satisfy the

equation sin( A+ B)sin(A-B)=0. [4]

sin(A+B)sin(A-B)=sin> A-sin’B | M1
=0
From (i), sin? A=sin’?B

sin’ B _1
4

sinB:i1 M1

N

Angle B lies in all 4 quadrants
. T
basic angle, a:E

Lo 5 _xx b
6 6
or —2.62,—0.524, 0.524, 2.62

T r
66"

Al Al
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Find the range of values of k for which y =(k —6)x*—8x+k cuts the x — axis at
two distinct points and has a minimum point. [4]

b’>—4ac >0

M1

(-8)° —4(k—6)(k)>0

64 —4k?+24k >0

k? -6k -16 <0 M1
(k-8)(k+2)<0

—2<k<8 _2 X

k—-6>0

For curve to have minimum point,
k>6

sb<k<8 Al

Given that the line y =5x+c is a tangent to the curve y =2x* +bx, show
that ¢ cannot be positive. [4]

5X+C = 2X° +bx

2x* +(b-5)x-c=0 ML
Since line is a tangent,
b*—4ac=0
(b-5)"-4(2)(-¢)=0 | 1
(b—5)2 =-8¢c
since (b—5)2 >0 [ w1
-8c>0
c<0
Al

Hence c cannot be positive.

Methodist Girls’ School Additional Mathematics Paper 2 Sec 4 Preliminary Examination 2023



Page 12 of 20

The table below shows experimental values of two variables, x and y, which are

i a
connected by an equation of the form y = ab where a and b are constants.

X+
X 0.1 04 1.0 2.0 3.0
y 8.0 6.0 4.0 2.6 1.9

. .1 : .
0] Draw the graph of x against ; , using a scale of 5 cm to 1 unit on the x-axis and

1
a scale of 2 cm to 0.1 unit on the g-axis on the graph paper in the next page. [3]

X 0.1 0.4 1.0 2.0 3.0
1
y 0.125 0.167 0.25 0.385 0.526 M1
(i) Use your graph to estimate the value of a and of b. [4]
a - -
y= b vertical intercept = —0.8
y(x+b) _a b_og Bl Range: {0.74t0 0.84 }
a
X+b:§ M1 gradient:2'4+0'E M1
0.44—
x=a(£]—b a=727 | Al
y

Range: {7.0to 7.4}

An alternative method for obtaining a straight line graph for the equation y = ib is to
X+
plot y against xy.

(iif)  Using answers of a and b in part (ii) estimate the gradient and vertical intercept
of the graph of y plotted against xy.

[3]
!
Y %+
xy+by=a
by =—xy+a
y= —EXerE M
b b
gradient = —% vertical intercept :%
1 122
" 08 " 08 Bl
5 Bl =9.025
4 Range: {9.025t0 9.1}
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9. A particle moves in a straight line so that t seconds after passing through a fixed point

O, its velocity, v cm/s, is given by.

0] Find the value of t at the instant when the acceleration is —1 cm/s’. [2]

V=3t -7t+2
a:d_v

dt M1

=6t—7

~1=6t—7
6 =6t
t=1

Al

(i) Find the values of t at which the particle is instantaneously at rest. [2]

3t*-7t+2=0
(3t-1)(t-2)=0

M1

Wik

Al
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9. (i)

s=j(3t2—7t+2) dt

A 7t?
S =

———-+2t+cC
3 2

M1

Att=0,s=0and c =0

1
3’7 B4 | ML
2

Total distance = 2(%) +2= 2E Al

27

(iv)

Find the time(s) when the particle returns to O

3 2
:i—l+2t:0
3 2

t(tz—guzj:o M1

Et(2t2—7t+4)=0

[

2P -Tt+4=0

+
t=0 | A1 t:7_\/:I7
4
NA

=2.78 or 0.719

Methodist Girls’ School
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Find the total distance travelled by the particle during the first 2 seconds.
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10.  The diagram shows part of the curve y =4-+/2x and the line y = x. The curve cuts the
X — axis at the point P and the line intersects the curve at the point Q.

Y4

0] Show that the x- coordinate of the point P is 8. [2]
AtP,y=0
4-x=0 | M1
16 =2x
X=8 Al
(i) Find the coordinates of the point Q. [3]
x=4—\/ﬂ
J2x =4-x M1
2X=16-8x+x*
2 —_ =
X°-10x+16=0 M1
(x—2)(x—8)=0

x=2 or x=8(pointP)

y=2 .'.Q(2,2) Al
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10.  (iii)  Find the area of the region A, bounded by the curve y = 4-+/2x , the x axis and
the line x=8 and x=10.

e (o) o

= 4X_EM:|
3 2

8

:—_4x—%(2x)%}

8

=—/10.1857 —%}

=0.480926
=0.481

M1

Al

M1

[3]

(iv)  Find the area of the region B, bounded by the straight line x—y =0, the curve
y= 4-/2x and the y — axis.

A=[(4-2x) d -%(2)(2) M1

:[4x—%(2x)%}2 -2

0

05 Tma
3
1

=3=
3 | Al

M1

[4]

10
(V) If _[k (4—\/&)dx =0, where 2 <k <8, explain what this result implies about

the curve y:4—\/§.

Bl

[2]

The area bounded by the curve x = k, x = 8 and x-axis lies above the x axis and it

is equal to the area of region A, which is area bounded by the curve x = 8, x = 10

and x-axis. This is area below the x axis.

End of Paper

Bl
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