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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax* +bx+c=0,

_ —b++/b*—4ac

2a

X

Binomial expansion

(a+h)" =a" +[2j a”‘1b+(ga”‘2b2 + o +[:] a"™ b’ + .. +b",

n | _ B
where n is a positive integer and ( ) nt  n(h-1)..(n-r+1) |

r)rnmn-n r!

2. TRIGONOMETRY
ldentities

sin® A+cos” A=1
sec> A=1+tan’ A
cosec’A=1+cot’ A
sin(A+ B) =sin Acos B+cos Asin B
cos(A+ B) =cos AcosBFsin Asin B

tan Attan B

tan(A+B)=———
1xtan Atan B

sin2A =2sin Acos A

cos2A=cos? A—sin® A=2cos®* A—1=1-2sin* A

tan2A= 2ta—n2A
1-tan“ A
Formulae for AABC
a b C

sinAzsinB =sinC
a®=b?+c*—2bccos A

A=£absinc
2
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e pomts an ave coordinates , an , respectlve Y. ow that the
1 ThepointsRand Sh di J3.2/3) and (/5,45 ively. Show that th

gradient of RS can be expressed in the form a+b+/15, where a and b are integers to be
found. [4]
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2 Given that cos@ = p and that @ is acute, express in terms of p,

(@) sing, [1]
(b) tan(90°-0), [2]
(c) cos26. [2]
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12x% +32x+31

3 Express >
(2x-1)(x+2)

in partial fractions. [5]
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4 The expression ax®+bx* +b leaves a remainder of R when divided by (x+1) and a remainder

of 5R—2 when divided by (x+2).

2—-3a

(@) Show that b= [4]

(b) Given further that ab=-8 and a > b, find the value of a and of b. [3]

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/01
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(c) Using the values of a and b found in part (b), explain why the equation ax® +bx? +b =0 has
only one real root and state its value. [4]

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/404/01 [Turn over



(x=3)°
X
of each stationary point. [7]

5  Find the coordinates of the stationary points of the curve y = and determine the nature
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6  The height of a ball above ground, h metres, released by a machine can be modelled by the
equation h=-0.2x* +6x + 3 where x is the horizontal distance travelled by the ball in metres.

(a) State the height above ground at which the ball is being released. [1]

(b) Express h=-0.2x*>+6x+3 in the form a(x—b)2 +c, where a, b and c are constants to
be found. [2]

(c) Using your result from part (b), explain why the height of the ball can never be more
than 48 metres. [2]

(d) Hence, explain if this machine is safe for use in an indoor stadium with a ceiling height
of 45 metres. [1]

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/404/01 [Turn over
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7 (a) Solve the equation 3*(18+3")=40. [3]

(b)  Solve the equation log ,; y =3+log, (y+6). [5]
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Continuation of working space for question 7(b)

(c) In order to obtain a graphical solution of the equation x =2In (4—%) , a suitable straight

X

line can be drawn on the same set of axes as the graph of y=4—e2. Make e? the subject

of x=2In (4—3?)(] and hence find the equation of this line. [3]
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2 —
8 A curve has the equation y = X—X+1 X #1.
5x -5
2 —
(a) Showthat - X =2 [3]
dx  5(x-1)
(b) Explain why the curve is increasing for x > 2. [3]
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oS
9 (a) Given that M = 3 , prove that cosa cos B=7sinasin 3. [2]
cos(a—p) 4
(b) Hence, deduce the relationship between tan« and tan 3. [2]
(c) Given further that « + 8 = 45°, calculate the value of tana +tan 3. [3]
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10  Acircle, whose equation is x*+y? —~10x—8y+16 =0, has centre C and radius r.

() Find the coordinates of C and the value of r. [3]

(b) Explain whether the point (9, 2) lies inside or outside the circle. [2]

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/01
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The line 4y =3x+1 meets the circle at the points P and T, and the x-axis at S.
T lies between P and S.

(c) Without finding the coordinates of P and of T, find the length TS. [4]

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/404/01 [Turn over
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11  The table shows, to 1 decimal place, the mass, m, of a radioactive substance, in grams, after

t days .
t 5 10 15 20 25
m Y 37.0 23.7 15.2 9.7
(@) On the grid opposite, plot Inm against t and draw a straight line graph. [2]

(b) Find the gradient of your straight line and hence express m in the form m.e'“, where m,
and k are constants. [4]

The half-life of a radioactive substance is the length of time it takes for half of the substance to
decay.

(c) Inorder to determine the half-life of the radioactive substance, a suitable straight line can
be drawn on the same set of axes as your graph. Find the equation of this line and hence
determine the half-life of the radioactive substance. [3]

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/01



17

r TT 1} r T T —-r = = = i TT ) o |
L) L) L) L) L) L) L) L) L) L) L) L) 1
L] L} L] 1 L} T L} L) L] 1 L} L] 1
I 1 T T 1 T T 1 T T 1 T 1
L 1o L LL J L J Lo do L 15 L L)
1 1 1 1 [} 1 1 [} 1 1 [} 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 Il 1 1 Il 1 I Il 1 I 1 1
| 1 'l 1 1 1 1 1 1 1 1 1 1
' 1 } } 1 } } i } } 1 } 1
i 1 t } 1 t } i } 1 I } i
1) L L) L) L) L) L) L) L) L) L) L) L
L) L) L) L) L) T L) L) L) L) L) L] L]
T T T il 1 r 1 r= - - T T wl
] 1 1 1 1 1 1 1 1 1 1 1 1
[ 1 1 1 ] 1 1 (] 1 1 ] [ | 1
1 1 1 1 1 1 1 1 1 1 1 1 1
L 1l L L4 I L 4 [ a. L s L ]
1 1 1 1 1 1 1 ] 1 1 ] 1 1
| 1 'l 1 1 1 1 1 1 1 1 1 1
' 1 } } 1 } } i } } 1 } 1
i 1 t } 1 t } i } 1 I } i
1) L L) L) L) L) L) L) L) L) L) L) L
n L) L) L) n L) L) n L) L) n L) 1
L] L} T L} L} T L] L} L] 1 L} L] 1

LA L +F - I " I+ n
1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 ] 1 1 ] 1 1
L E T L = o o | = = | | ST - - o b L e
I I I 1 I I 1 1 I 1 1 I 1
i 1 t } 1 t } i } 1 I } i
1) L L) L) L) L) L) L) L) L) L) L) L
n L) L) L) n L) L) n L) L) n L) 1
L] L} T L} L} T L] L} L] 1 L} L] 1
] 1 ] 1 1 ] 1 ) ] 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 [} 1 1 [} 1 1 [} 1 1
1 1 1 1 1 1 1 ] 1 1 ] 1 1
1 1 Il 1 1 Il 1 I Il 1 I 1 1
1 I I 1 I I 1 I I 1 I I I
[ ++ b o 4 ETS - - -~ - ++ b -4
i i 1 1 i 1 1 1 1 I 1 1 1
1) L L) L) L) L) L) L) L) L) L) L) L
n L) L) L) n L) L) n L) L) n L) 1
L) L) L) L) L) T L) L) L) L) L) L) 1
] 1 ] 1 1 ] 1 ) ] 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 [} 1 1 [} 1 1 [} 1 1
1 1 1 1 1 1 1 ] 1 1 ] 1 1
1 1 Il 1 1 Il 1 I Il 1 I 1 1
1 I 1 I I I I I 1 I I 1 1
i i 1 1 i 1 1 1 1 I i 1 1
[ += b o 1 = - = - - T+ b -4
n L) L) L) n L) L) n L) L) n L) 1
L) L) L) L) L) T L) L) L) L) L) L) 1
] 1 ] 1 1 ] 1 ) ] 1 1 1 1
I 1 T T 1 T T 1 T T 1 T 1

[Turn over

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/404/01



18

12 A particle travels in a straight line so that its velocity, v cm/s, t seconds after passing through

a fixed point O, is given by v =t*—kt +5, where k is a constant. The particle first comes to an
instantaneous rest at the point P and then at the point Q.

(a) Given that the particle reaches a minimum velocity at t =3, show that k =6. [2]

(b) Find the distance PQ. [6]
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(c)  With working clearly shown, explain whether the particle will pass by O again, after the first
7 seconds. [2]
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Answer Key
Qns | Ans Qns | Ans
1 7-315 10(a) | C(5,4),r=5
22) | \f1i—p? 10(b) | since distance to centre = /20 <5 (radius)
,(9,2) lies inside the circle.
2(b) P 100) 1E units
1- p? 3
2(c) | 2p*-1 11(a) I e
3 8 . 2 B 3 l.nrfa‘ 4055 3.61 316 mn 227 | 4 i ;il;:ﬁ:)g::dmmmu :
2x=1 x+2 (x+2) i
4(a) | Show gns
4(b) | a=4,b=-2 S
4(c) | For 2x*+x+1=0,
discriminant =1° —4(2)(1) =-7<0
- 2x% +x+1=0 has no real roots.
Only 1 real root of x =1.
5 (3,0) is a minimum point
(-3,—12) is a maximum point
6(a) | 3 metres
6(b) | —0.2(x-15)"+48 : .
6(c) —0.2(X—15)2 1+48<48 11(b) | Gradient = —0.09
_ —0.09t
Since max height = 48m, it will never exceed m=90.0e
48m.
6(d) | Not safe, maximum height of 48 m > 45 m. 11(c) | y = 3.8, half-life = 7.75 days
7(a) [ x=0.631 (3s.f) 12(a) | Show gns
7(b) |y=6 12(b) PQ:10§ m
)|, _3x 12(c) | att=7, szzé, v=12
2 Since s >0, v> 0 and there are no more turning points after
8(8-) Show ans t =5, the particle will not return to O after 7 seconds.
8(b) | x>2, x-2>0,x(x-2)>0
2 —
since (x—1)° > O,X—ZX2 > 0.
5(x-1)
Since % >0, the curve is always increasing.
9(a) | Show gns
9(b
(b) tanatan,B:lor =/tana
7 tanp
9(c)

tana+tanﬂ:$
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax*+bx+c=0,

_ —b++/b?—4ac

2a

X

Binomial expansion

(a+h)" =a" +(2] a”‘1b+(ga”‘2b2 + o +(:j a"™"b" + .. +b",

n I _ _
where n is a positive integer and L (-1 ...(n=r+1) .
r) ri(n-r)! r!

2. TRIGONOMETRY
ldentities

sin* A+cos® A=1

sec’ A=1+tan® A

cosec’A=1+cot’ A
sin(A+B) =sin Acos B £ cos Asin B
cos(A+ B) =cos Acos BFsin Asin B

tan Attan B

tan(A+B)=———
lxtan AtanB

sin2A=2sin Acos A

cos2A=cos’ A—sin® A=2cos* A—1=1-2sin’ A

tan2A = 2ta—n2A
1-tan® A

Formulae for AABC
a b C

sinA:sinB :sinC
a? =b?+c*—2bccos A

AzlabsinC
2
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1 The points R and S have coordinates (\/§ 2\/§) and (\/g 4\/5) respectively. Show that the

gradient of RS can be expressed in the form a+ b/15, where aand b are integers to be found.

423 \B+3
NN RN I o

(45-23)5 -8
(V5) -(+3)
zzo—mﬁg—zﬁE—G

2

_14-6415

2
2(7-—3456)

Gradient of RS =

2
=7-3J15

a=7b=-3

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/404/01

[4]
45-243
J5-+3

J5+3
J5+3

M1 — either numerator or
denominator expanded correctly

Bl

M1 —+

Al
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2 Given that cos@ = p and that @ is acute, express in terms of p,

(@ sing,

2

1-p

(b) tan(90°-0),

(c) cos26.

c0s20 =1-2sin’ 0

~1-2(1- p2)2
=1-2(1-p?)
=1-2+2p°
=2p*-1

[1]
Bl

[2]

their tan @

Al

[2]
M1 — uses any cos26 formula correctly
Al
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12x% +32x+31

3  Express -
(2x-1)(x+2)

in partial fractions. [5]

2
12X +32X+31 A B C . M1 — realising the form of partial
(2x-1)(x+2)" 2x-1 x+2 (x+2) fractions

12x* +32x+31= A(x+ 2)2 +B(2x-1)(x+2)+C(2x-1) M1 — realising the need to eliminate

1 the denominator
Iet X= E,

50— 22 A
4

A=8

let x = -2,
15=-5C
C=-3

let x =0,
31=4A-2B-C
31=32-2B+3
2B=4

B=2
A=8,B=2 C=-3 Al, Al, Al —do not award last
12x% +32x+31 8 2 3 Al if not expressed in partial

(2x—1)(x+2)2 _2X—1+x+2_(x+2)2 fractions

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/404/01 [Turn over
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4 The expression ax®+bx* +b leaves a remainder of R when divided by (x+1) and a remainder

of 5R—2 when divided by (x+2).

(@) Show that b= 2-3a
when x = -1,
a(-1)’+b(-1)° +b=R
—a+2b=R (1)
when x = -2,

a(-2)’ +b(-2)"+b=5R -2
—8a+5h=5R-2 - (2)
sub (1) into (2),
—8a+5b=5(-a+2b)-2

[4]

M1 — realises f(-1)=R

M1 — realises f (—2)=5R -2

DM1 — award only if both M1 above

~8a+5h=-5a+10b—2 Is achieved
10b-5b=-8a+5a+2
5b=-3a+2 Al
b=2=2 (shown) AG
(b) Given further that ab=-8 and a > b, find the value of a and of b. [3]
ab=-8
o8
a
B _36:;2 M1 — allow slips only for LHS
a
—40=-3a’ +2a
3a®°-2a-40=0
(3a+10)(a—-4)=0
a= _10 or a=4
3
b=2.4 b=-2 VM1 - finding ‘b’
(reject)
sa=4,b=-2 Al

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/01
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(c) Using the values of a and b found in part (b), explain why the equation ax®+bx*+b =0 has

only one real root and state its value. [4]
43 —-2x*-2=0
2x*—x*-1=0
when x =1,
2(1)’-1*-1=0
<. By factor theorem, (x —1) is a factor. B1 - factor
(x=1)(2%* +cx+1)=0 M1 — correct method to find
by comparing x2 terms quadratic (division or inspection)
-2+c=-1
c=1

(x=1)(2x* +x+1)=0
For 2x* +x+1=0,

discriminant =1° —4(2)(1) =-7 <0 M1 — realising the need to find
- 2%2 £ x+1=0 has no real roots. discriminant / solve quadratic equation

4x% —2x? -2 =0 has only 1 real root of x =1. Al-noreal roots + x =1

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/404/01 [Turn over



5  Find the coordinates of the stationary points of the curve y =

of each stationary point.

For stationary points, g—y =0
X

At (3,0),
dy _18_2
dx* 3 3
~.(3,0) is a minimum point
At (-3,-12),

dy_18 2,

d* (-3 3

~.(-3,-12) is a maximum point

>0

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/01

(x-3)'

X

and determine the nature

[7]

Bl

M1 — sets d_y to0
dx

Al —for (3,0)
Al —for (-3, -12)

M1 — their 2" derivative or use of 1%
derivative test

Al

Al
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The height above ground, h metres, of a ball, released by a machine can be modelled by the

equation  h=-0.2x*>+6x+3 where x is the horizontal distance travelled by the ball in

metres.

(a) State the height above ground at which the ball is released. [1]

3 metres

(b) Express h=-0.2x*+6x+3 in the form a(x—b)2 +c, where a, b and ¢ are constants to

be found.
h=-0.2(x"-30x)+3
=-0.2(x* —30x+15" 15" ) +3
= -02[ (x~15) - 225|+3

[2]

= —0.2(x—15)2 +48 B2, 1:-1 for each error

(c) Using your result from (b), explain why the height of the ball can never be more than 48

metres.

For —0.2(x~15)" +48,
(x-15)" 20,
-0.2(x-15)" <0
~0.2(x~-15)" +48<48

Since the ball reaches a maximum height of 48 m, it
will never reach a height of more than 48 m.

[2]

\ M1 - their square term

Al

(d) Hence, explain if this machine is safe for use in an indoor stadium with a ceiling height

of 45 metres.

Since the ball can reach a maximum height of 48m
which exceeds the ceiling height of 45 m, this
machine is not safe for use in the indoor stadium.

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/404/01

[1]
B1 —to have comparison of

maximum height with ceiling
height.
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7 (a) Solve the equation 3*(18+3")=40.

3*(18+3*)=4o
(3) +18(3*)-40=0

Lety=3"
y’+18y-40=0
(y+20)(y-2)=0
y=-20 or y=2

3=2

In3*=In2

3*=-20 (rej..»3*>0) or xIn3=In2
_In2

X=—
In3
=0.631 (3sig. fig.)

(b)  Solve the equation log , y =3+log, (y+6).

log ; y=3-+log, (y+6)
log ; y—log, (y+6)=3
log, y
—==—lo +6)=3
00, 42 g,(y+6)

log, y
12 —log, (y+6)

2
2log, y—log, (y+6)

y2
log, | ——
o )

Comparing,
2

Y _3
y+6

3

3

3

y? =3y +18
y?—-3y-18=0
(y—6)(y+3)=0
y=6 or -3 (rej...y>0)

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/01
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M1 — solving of quadratic equation

M1 — taking In

Al

[5]

B1 — change of base law

M1 — power law

M1 — quotient law

M1 — removal of log/comparing

Al
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Continuation of working space for question 7(b)

(c) In order to obtain a graphical solution of the equation x =21In (4—3—2)(), a suitable straight

X X

line can be drawn on the same set of axes as the graph of y =4—e2 . Make e2 the subject

of x=2In (4—%) and hence find the equation of this line. [3]
x=2In (4—3—)()
2
X 3X
5= (4—?] M1 — attempt to make In(4—3?xj the subject
: 3x
et =4-= Al
X _4_e
2
. _ 3X Bl
Equation of line: y = >

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/404/01 [Turn over
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2 P—
8 A curve has the equation y = X—X+1 X #1.
5X—5
2 P—
(@ Show that dy :X—ZX2 .
dx 5(x-1)

dy (5x=5)(2x-1)-(x* —x+1)(5)
dx (5x-5)°
_ 10x* —5x—10x+5-5%* +5x -5
‘ [5(x-1)]
_ 5% ~10x
52(x—1)2
~ 5(x2 —2x)
25(x—1)°

X2

—2X
=—— (shown)

5(x—1)

(b) Explain why the curve is increasing for x> 2.

Alternative solution X* = 2x = X(x—2)
Where the curve is increasing, K52 X—250
dy >0, x(x-2)>0
dx ,

%2 _2x since (x-1)" >0

7 >0 X2 —2x
5(x—1) X=X o
Since 5(x—1)2 > 0, for all real 5(x-1)
values of x, Since g—y >0, the curve
X
x?—2x>0 . . .
is always increasing.

x(x-2)>0
x<0orx>2
. for x> 2, the curve is always
increasing.

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/01

[3]

M1 — quotient rule performed
correctly, allow for numerical slips

B1 - for 5%(x—1)° / 25(x—1)’

Al — factorisation must be seen

AG

[3]

Bl1- x>2,x-2>0, x(x-2)>0

Bl (x-1)">0
2
B1- X;ZXZ >0 + conclusion of
5(x-1)

curve is always increasing. Award
only if B1,B1 has been achieved.
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. Ccos . .
9 (a) Given that M:E , prove that cosa cos B =7sinasin 5. [2]
cos(a—pB) 4
4[cosa cos B —sinasin B]=3[cosa cos B +sinasin ] M1 — attempt at addition formula
4cosa cos f—4sinasin f=3cosacos f+3sinasin f
4cosacos f—3cosacos B =4sinasin f+3sinasin Al
Cosa cos f =T7sinasin B (shown) AG
(b) Hence, deduce the relationship between tan« and tan 3. [2]

cosacosf=T7sinasin g
1 sinasin g

7 cosacosf

M1 — realises the need

to divide
1
tanatan B =— or =7tana
p tan g Al
(c) Given further that o + 8 = 45°, calculate the value of tana +tan S . [3]
M1 — tan45° or realises the
tan(aJrﬁ):ltarlaanﬂ tan o +tan
—tana tan g need for %
—tana tan
tan 45° — tan o +:tLan y/j atan g
1—? M1- their tan o tan g
tana +tan S
l=———
6
7
6
tana+tanﬂ:7 Al

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/404/01

[Turn over



14

10  Acircle, whose equation is x* +y?—~10x—8y+16 =0, has centre C and radius r.

(@) Find the coordinates of C and the value of r.

—2a=-10

a=5

—-2b=-8

b=4

a’+b’-r?=16
r?=5+42-16

r=>5

~.C(5,4) and r is 5 units.

Alternative Solution

x* +y?-10x-8y+16=0

X —10x+5° -5% +y* -8y +4° -4 +16=0
(x=5)" +(y—4)" =25+16-16

(x=5)" +(y-4) =5

C(5,4) and r =5 units.

[3]

M1 —theiraand b

B1-(54), Al -5 units

M1 — attempt to complete square

B1-(54), Al -5 units

(b)  Explain whether the point (9,2) lies inside or outside the circle. [2]

Distance from (9,2) to C

= J(9-5) +(4-2)°
=+/20 <5 (radius)
=.(9,2) lies inside the circle.

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/01

M1 — realises the need to find distance
from (9,2) to C

Al —need to indicate < 5 (radius) and
therefore inside the circle
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The line 4y =3x+1 meets the circle at the points P and T, and the x-axis at S.
T lies between P and S.

(c) Without finding the coordinates of P and of T, find the length TS. [4]

AtS,y=0 M1 — realises thaty = 0 for S
3x+1=0

(39
3

Subst x =5 into 4y =3x+1, B1 — shows centre lies on line
4y =3(5)+1

4
~.(5,4) lies on the line 4y =3x+1

Distance from C to S

2
= \/(5_(_%D +42 M1 — distance from their Cto S
= 6g units
3
S TS = 62—5
3
:12 units Al

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/404/01 [Turn over
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11  The table shows, to 1 decimal place, the mass, m of a radioactive substance, in grams, after t

days.
t 5 10 15 20 25
m 57.7 37.0 23.7 15.2 9.7
(@) On the grid opposite, plot Inm against t and draw a straight line graph. [2]

(b) Find the gradient of your straight line and hence express m in the form m.e", where m
0 0

and k are constants. [4]
. 2.25 . .
gradient = T =-0.09 B1 — finds gradient correctly
Inm=-0.09t+ 4.5 M1 —finds Inm="m't+c with their gradient +
m = @-00%+45 y -intercept
m = e—0.09t '64'5
m = 90.0e**" AlAl

The half-life of a radioactive substance is the length of time it takes for half of the substance
to decay.

(c) In order to determine the half-life of the radioactive substance, a suitable straight line can
be drawn on the same set of axes as your graph. Find the equation of this line and hence

determine the half-life of the radioactive substance. [3]
m = 9O.Oe—0.09t
whent =0,
m = 90.0 (inital mass) M1 — attempt to find original mass
half of original mass =45
In 45 = 3.80.
line to be drawn :
y=38 Al
Half-life = 7.75 days Al

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/01
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12 A particle travels in a straight line so that its velocity, v cm/s, t seconds after passing through

a fixed point O, is given by v=t*—kt+5, where k is a constant. The particle first comes to an
instantaneous rest at the point P and then at the point Q.

(@) Given that the particle reaches a minimum velocity at t =3, show that k =6. [2]
v=t*—kt+6 ,
v=t"—-kt+6
kY K2 q
:(t‘gj -7 | Bl d—‘t’=2t—k B1
minimum velocity occurs dv dv
k when t =3, EZO VM1 - recognises — =0 when t=3
whent——=0
2 2(3)—k =0
3—5 =0 VM1 6-k=0
- AG
6_k=0 k =6 (shown)
k =6 (shown)
(b) Find the distance PQ. [6]

AtPandQ,v=0

t? —6t+5=0 M1 — equates v to 0
(t-1)(t-5)=0

t=lort=5 Al

g = lta _3t2 45t +¢ M1 — realises the need to integrate

whent=0,s=0, ..c=0

1

s:§t3—3t2+5t Al

whentzl,s:zé

M1 —sattheirt=1ort=5

whent=5,s :—8%

Distance PQ = 21 +81
3 3

:10z m Al
3

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/01
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(c)  With working clearly shown, explain whether the particle will pass by O again, after the first

7 seconds.

Att=7, 822%, v=12

Since s >0, v >0 and there are no more turning points after
t =5, the particle will not return to O after 7 seconds.

Alternative solution

1t~°’—3t2+5t=o
3

t*—ot> +15t =0
t(t2—9t+15)=0

9+(-0)’ - 4(1)(5)
2
=6.79 or 221

Since the last time that the particle is at O is 6.79s,
which is before 7 seconds, the particle will not
pass by O again after 7 seconds.

t=0o0rt=

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/404/01

[2]

M1 —findssorvatt=7

Al - explains no turning points
particle will not return to O

M1 — Attempt at solution for
s=0

Al — explains that last time
that the particle is at O is
6.79s , which is before 7s and
hence does not return to O
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax® +bx+c=0,

_ —b++/b?—4ac

X
2a
Binomial expansion
n n n
(@a+b)"=a"+| |a"tb+| |a"%b%+..+| |a""b"+..+b",
1 2 r
: e n ! -1 ...(n—-r+1
where n is a positive integer and S = (-1 ... (n=r+1) .
r) ri(n-r)! r!

2. TRIGONOMETRY
Identities

sin® A+cos” A=1
sec’ A=1+tan’ A
cosec’A=1+cot” A
sin(A+ B) =sin Acos B +cos Asin B
cos(A+ B) =cos Acos B Fsin Asin B

tan A+ tan B

tan(A+tB)=———
1xtan AtanB

sin2A =2sin Acos A

cos2A=cos®> A—sin? A=2cos®? A—1=1-2sin’ A

tan2A= 2ta—n2A
1-tan“ A

Formulae for AABC
a b C

sinA:sinB :sinC
a’=b?+c?-2bccos A

Azlabsinc
2

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02
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1 (@) Theline 4x=3y+2 intersects the curve x> —xy+5=0 at the points A and B.
Find the midpoint of AB. [5]

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02 [Turn over
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(b)  Find the least value of the integer h for which hx? +5x+h is positive for all real values
of X. [3]

(c) Given that the line y =3x+ p is tangent to the curve y =x*+5x+q , where p and q are
integers, prove that p and q are consecutive numbers. [4]

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02
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7
2 (a) By considering the general term in the binomial expansion of (x3 —éj , explain why

there are only odd powers of x in this expansion. [3]

,
(b) Find the term independent of x in the expansion of (x?’ —éj (% - 2x2j. [3]

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02 [Turn over
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3 Theexpression 7sin@+3co0sé is defined for 0° < 6 < 360°.

(@) Using Rsin(@+ca), where R >0and 0° < a < 90°, solve the equation
7sin@=5-3cosé . [5]

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02
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(b) State the largest and smallest values of (7sin&+3cos 9)2 —12 and find the corresponding
values of 4. [4]

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02 [Turn over



The diagram shows a circle passing through the points A, B, C, D and E. The straight line FDG

is tangent to the circle at D while FAB and FEC are secant lines.

Given that angle FDA = angle ADB,

(@) show that triangle ABD is an isosceles triangle,

(b) prove that AF xBF = EF xCF .

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02
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5  Anobject is heated in an oven until it reaches a temperature of X °C. It is then allowed to cool
under room temperature. Its temperature, T °C, can be modelled by T =18+62e™, where t is
the time in minutes since the object starts cooling.

(@) Find the value of X. [1]

When t = 10, the temperature of the object is 65 °C.

(b) Find the temperature of the object an hour later, giving your answer to one decimal place.

[5]

(¢) What does the model suggest about the room temperature? Explain your answer. [2]

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02 [Turn over
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6  Theequation of acurveis y= In@x_ﬂ , Where x> % :

(@ Find jy

I expressing it as a single fraction. [3]

(b) Explain why the curve will be almost parallel to the x-axis as x becomes very large. [2]

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02
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(c) Find the value of x at the instant when the rate of change of x is twice the rate of change
of y. [3]

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02 [Turn over
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7 (a) Show that tan A+cot A=2cosec 2A. [3]

(b) Hence, solve the equation 1 1 for 0<A<2n. [3]
tan A+cotA 4

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02
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(c) The diagram shows, for 0 < x<m, the curve y =sin2x and the line y :% .

Showing all your working, find the area of the shaded region. [5]

Ya
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Y A
B(6, 21)
E(8, 17)
A /
C
[ o > X
N O D(3, 0)

The diagram shows a parallelogram with vertices A, B(6, 21), C and D(3, 0). The point E(8, 17)
lies on BC. The line CD makes an angle 6 with the positive x-axis such that tan& =1. A line is
drawn, parallel to the y-axis, from A to meet the x-axis at N.

(&) Show that the coordinates of A are (-3, 12). [5]

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02
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(b) Hence, find the area of parallelogram ABCD. [2]

(c) A point F with y-coordinate of 5 lies on the line CD.
Explain why AEFN is a parallelogram. [5]

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02 [Turn over
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9 (a) Differentiate xInx with respect to x. [2]
. d’y , 16 . .
(b) A curve y=f(x) is such that d—2:24x +=—, where x > 0. The line y=24x—-40is

X X

parallel to the tangent of the curve at P(1, —16) .

By using the result found in part (a), find the equation of the curve. [6]

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02
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Continuation of working space for question 9(b).

(c) Explain why the condition x > 0 is necessary. [1]
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10
A
3x.cm 4x cm
ycm
C
I
3x cm

y cm

The diagram shows a solid prism with right-angled triangular ends that are perpendicular to the
parallel sides AD, BE and CF, which are each y cm in length. The right-angled triangular ends
have sides AC and DF, which are 3x cm, and sides BC and EF, which are 4x cm.

Given that the volume of the prism is 1200 cm?,

(@) find an expression for y in terms of x,

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02
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(b) show that the total surface area of the prism, S cm?, is given by S =12x? +@. [3]
X

(c) Given that x can vary, find the value of x for which the total surface area of the prism is a
stationary value. [3]
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(d) Explain why this value of x gives the smallest surface area possible. [2]
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Answer Key
Qns | Ans Qns Ans
1(a) ! 2 8(a) Show gns
3
1(b) | h=3 8(b) 162 units?
1(c) | g =1+ p, therefore consecutive 8(¢c) Since gradients of lines AE and FN are the
numbers same, the lines AE and FN are parallel.
Since F lies directly below E, the line EF is a
vertical line.
Thus, the lines EF and AN are parallel.
Since there are 2 pairs of parallel lines (or
equivalent), AEFN is a parallelogram.
2(a) | Power of x =21 — 4r. 9(a) 1+Inx
Since 4r is an even number for all
non-negative integer values of r and
21 is an odd number, then 21 — 4r is
always an odd number.
2(b) | —3360 9(b) | y=2x*+16xInx-18
3(a) | #=17.8°0r115.8° (1 d.p.) 9(¢c) In x is defined for x > 0 or In x is undefined
for x <O0.
3(b) | Largest value =46 when 10(a) 200
0 =66.8° or 246.8°(1d.p.) RN
Smallest value = —12 when
6 =156.8° or 336.8° (1 d.p.)
4(a) | Show gns 10(b)
4(b) | Show gns 10(c) | x=4.64
2
5(a) | 80 10(d) d’s 7250
dx?
" minimum
5(b) | Fort=60, T =29.8°C
Fort=70, T = 26.9°C
5(c) | Room temp. = 18°,

62e ™ approaches zero as t
becomes larger.

6(a) 1
(2x-1)(3x+1)

6(b) | Since (2x—1)(3x+1) becomes a very

large number as x becomes very large,

j—i approaches 0, the curve will

almost horizontal, thus it will be
almost parallel to the x-axis.

6(c) [x=1

7(a) | Show gns

17w

7(b) AT St 13n YL
12

T12' 12" 12

0.725 units?

7(c)
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax® +bx+c=0,

_—b++b®-4ac

2a

X

Binomial expansion

(a+b)" =a" +(2ja”‘1b+(ga”‘2b2 o +(:Ja”‘rbr +..+b"

n I 1) (n-
where n is a positive integer and __n n(n-1) ... (n—-r+1) |
r) ri(n-r)! rl

2. TRIGONOMETRY
Identities

sin® A+cos’ A=1

sec’ A=1+tan” A

cosec’A=1+cot’ A
sin(A+B) =sin Acos B+cos Asin B
cos(A+ B) =cos Acos B ¥sin Asin B

_ tanAttanB

tan(A+B)=———
lxtan AtanB

sin2A =2sin Acos A

cos2A=cos®> A—sin? A=2cos? A—1=1-2sin* A

tan2A= 2'[61—I’IZA
1-tan“ A

Formulae for AABC
a b C

sinA:sinB :sinC
a? =b?+c*—2bccos A

A:labsinC
2
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(@)

3

Find the midpoint of AB.

4x=3y+2 ..(1)
X*—xy+5=0 .(2)
From (1):
3y=4x-2
4x -2
= (3
y=—3 ©)

Sub. (3) into (2):
X —x(4x_2j+5:0
3

3x* —4x* +2x+15=0

—Xx*+2x+15=0

x> —2x-15=0

(x=5)(x+3)=0
x=5 or —3sub. into (3):

14
=6 or ——
y 3
A(—B, —%) and B(5, 6)
14
—+6
Midpoint of AB = _32+5, 32

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02

The line 4x =3y + 2 intersects the curve x> —xy+5=0 at the points A and B.

[5]

M1 f.t. — substitution

M1 f.t. — solving quadratic

M1 — either correct x or y values

M1 f.t. — midpoint formula

Al
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4

Find the least value of the integer h for which hx® +5x+h is positive for all real values

of x.

For hx?* +5x+h >0,
discriminant <0
25-4(h)h <0
25—-4h* <0
(5—2h)(5+2h)<0

h<—E or h>E
2 2

Since h > 0, h>g.

. Least integer value of h = 3.

[3]

B1 — discriminant

M1 f.t. — factorising quadratic

Al

Given that the line y =3x+ p is tangent to the curve y =x*+5x+q , where p and q are

integers, prove that p and q are consecutive numbers.

y=3X+p .. (1)
y=x+5x+q ..(2)

Sub. (1) into (2):
3x+ p=x"+5x+(q
X’ +5x+0q-3x—p=0
X +2X+q—-p=0

a=1b=2c=k-c

Line is tangent to curve — b* —4ac=0
2°—4(1)(q-p)=0
4-4q+4p=0
49=4+4p
q=1+p

Since g =1 + p, g will always be the next number after p.
Hence, p and q are consecutive numbers (proved).

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02

[4]

M1 — substitution

M1 — forming quadratic

M1 f.t. —any use of discriminant

Al — with explanation



Alternative:
y=Xx"+5X+(

d—y:2x+5
dx

Since line is tangent to curve and gradient of line = 3,

2X+5=3 Ml—equated—ytOS
dx
2X=-2
x=-1 M1 f.t. —finding x
y=3X+p .. (1)

y=x"4+5x+q ..(2)

Sub. (1) into (2) and x =—1:

3(-1)+ p=(-1)" +5(-1)+q
-3+ p=—4+¢
q-p=1
Since the difference between g and p is 1, g will Al —with explanation

always be the next number after p.
Hence, p and q are consecutive numbers (proved).
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,
2 (a) By considering the general term in the binomial expansion of (x3—§j , explain why

there are only odd powers of x in this expansion. [3]
7 1 2Y
T.. = X)) | -= B1- | formul
i [r]( ) ( xj general formula

Power of x = 21 — 4r M1 f.t. — finding powers of x

Since 4r is an even number for all non-negative integer
values of r and 21 is an odd number, .
: Al — conclusion
then 21 — 4r is always an odd number.

Therefore, there are only odd powers of x in this

expansion.
2\ (5
(b) Find the term independent of x in the expansion of (x3 —;j (;— ZXZJ. [3]
Consider 21-4r =1, M1 f.t. — identifying x term
4r =20
r=>5

2Y (5 7 . 5
(x3——j (——2x2)={..+[ j(—Z)5 X 4(5)+..}[——2X2j M1 f.t. — expansion
X X 5 X

:(...—672x+...)(§—2x2j

X

Term independent of x =—672x5
= -3360 Al
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3 Theexpression 7sin@+3cosd is defined for 0° < 6 < 360°.

(@) Using Rsin(@+a), where R >0 and 0° < a < 90°, solve the equation
7sin@=5-3cos6 . [5]

7sin6+3cosé = Rsin(0+a)
=Rsin@cosa + Rcosdsina

Comparing,
7=Rcosa and 3=Rsina

R=72+3 M1 — attempt to find R
_ /58
tana = E
7
4(3
a =tan 7 M1 — attempt to find a
=23.1985...° [only accept tanl(;J or tanl(gj]

+.7sin @ +3cos 0 = /58 sin (6 + 23.1985...°)

7sin@ =5-3cosd
7sin@+3cosfd =5

J58sin (0+ 231085 O) _5 M1 f.t. — substitute R-form

sin(6+23.1985...°) _ >
58
basic angle =sin™ [ij M1 f.t. — basic angle
/58
=41.0359...°
0 +23.1985...°=41.0359...° or 180°-41.0359...°
0=17.8° or 115.8° (1 dec.pl.) Al
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(b) State the largest and smallest values of (7sin 6 +3cos 9)2 —12 and find the corresponding

values of 6.

2

largest value of (7sin&+3cos 9)2 -12= (\/@)Z -12  or (—\/@) -12
=46

occurs when @+23.1985..°=90° or 270°
0 =66.8° or 246.8° (1dec. pl.)

smallest value of (7sin <9+3cos«9)2 -12= (0)2 -12
=12

occurs when @+ 23.1985...°=180° or 360°
6 =156.8° or 336.8° (1 dec. pl.)

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02
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[4]



The diagram shows a circle passing through the points A, B, C, D and E. The straight line FDG
is tangent to the circle at D while FAB and FEC are secant lines.
Given that angle FDA = angle ADB,

(@) show that triangle ABD is an isosceles triangle, [2]
ZABD = ZFDA (alternate segment theorem) Bl
= /ADB

Since ZABD = ZADB, they form base angles of isosceles

. Bl
triangle.
Thus, triangle ABD is an isosceles triangle. (shown)
(b) prove that AF xBF = EF xCF . [3]

/FAE = /FCB (exterior £ of cyclic quadrilateral) | B1
ZAFE = ZCFB (common Z) B1
Thus, triangle AFE is similar to triangle CFB.

AF EF . ) .
——=—— (ratio of corresponding sides are equal
CF ~BF ( p g qual) | B1

AF xBF = EF xCF (proved)

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02 [Turn over
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Alternative:

/FBE = ZFCA (£s in same segment)

/EFB = ZAFC (common Z)

Thus, triangle EFB is similar to triangle AFC.

AF

=—— (ratio of corresponding sides are equal
EE  BE ( p g qual)

AF xBF = EF xCF (proved)

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02
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An object is heated in an oven until it reaches a temperature of X °C. It is then allowed to cool

under room temperature. Its temperature, T °C, can be modelled by T =18+62e™, where t is

the time in minutes since the object starts cooling.

(@) Find the value of X.

Whent =0, T=X
X =18+62¢
=18+62
=80

When t = 10, the temperature of the object is 65 °C.

[1]

Bl

(b) Find the temperature of the object an hour later, giving your answer to one decimal place.

When t = 10, T = 65.
65 =18+ 62¢ (10
47 _ o1k
62
Inﬂ =Ine
62
Inﬂ =-10k
62
1., 47
=——In—
10 62
=0.0276986...
When t = 60, Whent =70,

(14 1, 47
T =18+62¢ [t J T=18+ 626_(_5% Joo

=29.765... =26.9193...
=29.8 °C (1 dec. pl.) =26.9 °C (1 dec. pl.)

[5]

B1 —sub. 10 and 65 correctly

M1 — Take In on both sides

M1 — finding k

M1 f.t.—sub.t=60or 70

Al

() What does the model suggest about the room temperature? Explain your answer. [2]

Sincee™ >0, then 62e™ >0.

Thus, as t becomes larger, 62e ¥ approaches zero.
Therefore, T will approach 18 °C as t becomes larger.
Hence, the room temperature is 18 °C.

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02

B1 — explanation

B1 — temperature

[Turn over
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6  Theequation of acurveis y= In[gx

(@) Find j—i expressing it as a single fraction.

y- In(ZX—lj
3x-1

=In(2x-1)—In(3x-1)

dy 2 3

dx  2x-1 3x+1
~2(3x-1)-3(2x-1)
B (2x-1)(3x—1)
B 1
(2x-1)(3x +1)

Alternative:
2(3x—-1)-3(2x-1)
dy_ (3x-1)
dx 2x-1
3x-1
1
()
2x-1
3x-1
1

- (2x—-1)(3x+1)

j 1
, Where x>Z=.,
1 2

[3]

B1 — quotient law of logarithms

M1 f.t. — differentiate either term

Al —single fraction

G
f(x)

M1 — apply quotient rule to numerator.

B1 — differentiate In in the form

Al —single fraction

(b) Explain why the curve will be almost parallel to the x-axis as x becomes very large. [2]

Since (2x—1)(3x+1) becomes a very large

number as x becomes very large, j—i approaches 0,

the curve will almost horizontal, thus it will be
almost parallel to the x-axis.

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02

M1

Al
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(c) Find the value of x at the instant when the rate of change of x is twice the rate of change

ofy.
dy _dy o
dt dx dt
dy__ 1 xz(d_yj
dt  (2x-1)(3x-1) dt
1- 2

—~
>
|
[IEN
~—
—
(@]
>
+
H
~—
Il

1 . 1
Xx=1or —— (rej.... x>—
5 (rej 2)

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02

[3]

M1 f.t. — substitution

B1 — substitute % = Zﬂ
dt dt

Al
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7 (a) Show that tan A+ cot A= 2cosec 2A.

Alternative: LHS =tan A+cot A
LHS=tan A+cot A sinA  cos A
= +
=tan A+ CoOsA sinA
2 tan A _sin” A+cos” A
_fan” A+l sin Acos A
tan A 1
_sec’ A ~ sin Acos A
tan A 2
_1 ~ 2sin Acos A
_ cos’ A 2
sin 2 sin2A
cos ] = 2cosec 2A (shown)
B sin Acos A
B 2
2sin Acos A
= 2cosec 2A (shown)

(b) Hence, solve the equation ————
tan A+cotA 4

1
tan A+cotA 4
tan A+cotA=4

2cosec2A=4
COSeC2A=2
sin2A=1
2
basic £ =sin™ (lj
2
_r
6
oa_Z 57 13 17x
6 6 6 6
57 137 17«

B

12 12° 12 12

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02

[3]

sin A 1
— or
cos A tan A

M1

M1 — for sin® A+cos®> A=1
or for tan? A+1=sec? A

Al —award only if last 3 steps are shown

_1foro<a<on. [3]

B1 — substitution of (a)

M1 — for finding % and %”

Al
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(c) The diagram shows, for 0 < x <=, the curve y =sin2x and the line y =% .

Showing all your working, find the area of the shaded region. [5]

y“

> X
12 12
Area bounded by curve, x-axis and lines x =0 and x = 12
= fsin 2x dx
_[—cos ZXTZ M1 — integrate sin 2x
2 0

cos
B 6 {_ coso}

2 2 DM1 — evaluate with either
- limits O to % or on to X or
= —£+l units’ or 0.066987... units® T
4 2 — to —
2 12
Area of rectangle = om w1 M1 — area of rectangle
12 12) 2
=T units?
6
Area of shaded region = 3x[—§+%} +g M1 f.t. —area under curve x 3
=0.725 units® (3 sig.fig) Al

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02 [Turn over
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Y A
B(6, 21)
E(8, 17)
A /
C
[ o > X
N O D(3, 0)

The diagram shows a parallelogram with vertices A, B(6, 21), C and D(3, 0). The point E(8, 17)
lies on BC. The line CD makes an angle & with the positive x-axis such that tan& =1. A line is
drawn, parallel to the y-axis, from A to meet the x-axis at N.

(a8 Show that the coordinates of A are (=3, 12).

Mpg = Mep

=1
Eq. of AB: y—21=(1)(x—-6)

y=x+15 ..(2)

Mpp = Mge

_17-21

8-6

=-2

Eq.of AD:  y-0=-2(x-3)

y=-2X+6 ..(2)

Sub. (1) into (2):

X+15=-2x+6
3x=-9
X =-3 sub. into (1):
y=12

= A(=3, 12) (shown)

[5]

B1 - gradient = tan 4

B1 — gradient formula

M1 f.t. — substitution

Al (A.G.)

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02

M1 f.t. — finding equation of AD or AB
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Alternative:

Eq.of CD:  y-0=(1)(x-3)
y=x-3 ..(1
Mpe = Mg
17-21
~ 8-6
=2
Eq.of BC:  y-21=-2(x—6)

y=-2x+33 ..(2)

Sub. (1) into (2):
X—3=-2x+33

3x =36
x=12 sub. into (1):
y=9
- C(12,9)

Midpoint of AC = Midpoint of BD
(x+12 y+9j_(3+6 0+21]

2 2 2 2
x+12 y+9) (9 21
52
Comparing,
x+12 9 y+9 21

2 2 22
Xx+12=9 and y+9=21

X=-3 y=12

<. A(=3, 12) (shown)

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02

B1 — gradient formula

M1 f.t. — finding equation of BC

M1 f.t. — substitution

M1 f.t. — equating midpoints

Al (A.G.)
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(b) Hence, find the area of parallelogram ABCD.

area of parallelogram ABCD = 2 x area of triangle ABD
1-3 3 6 —3‘

:2)(—
2112 0 21 12

= 2x%[(63+ 72)—(—63+36) |

=135+ 27
=162 units®

Alternative:
If students have found the coordinates of C in part (a),

13 12 6 -3 3
area of parallelogram ABCD ==
20 9 21 12 0

:l 27+252+72)—(36-63+54
2

1
=~ (351-27)

=162 units®

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02

[2]

M1 — allow clockwise
direction

Al

M1 f.t. — allow clockwise
direction

Al
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(c) A point F with y-coordinate of 5 lies on the line CD.
Explain why AEFN is a parallelogram.

y-0=(1)(x-3)
y=x-3 ..(3)

Eq. of CD:

Let coordinates of F be (x, 5).

Sub. (8, y) into (3):
y=8-3

=5
- F(8,5)

Coordinates of N = (-3, 0)

/ length of AN = \/(—3+ 3)2 +(12- O)2

=12 units

length of EF = /(8-8)° +(17-5)’
=12 units

Since F lies directly below E, the line EF is a vertical line.
Thus, the lines EF and AN are parallel.

And that the lengths of AN and EF are equal (i.e., 12
units),

they form a pair of parallel and equal opposite sides.

KThus, AEFN is a parallelogram.

_/

Alternative 1:

gradient of AE = 1r-12 gradient of FN = >-0
8-(-3) 8-(-3)
_5 _5
11 11

Since gradients of lines AE and EN are the same, the lines
AE and FN are parallel.

Since F lies directly below E, the line EF is a vertical line.
Thus, the lines EF and AN are parallel.

Since there are 2 pairs of parallel lines, AEFN is a
parallelogram.

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02

[5]

Bl

M1 f.t. — substitution

M1 f.t. — finding either lengths

Al — vertical lines are
parallel

Al — conclusion

M1 f.t. — finding either gradients

Al — vertical lines are
parallel

Al — conclusion
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Alternative 2:

Midpoint of AF = (3+8 12+5j
%)
2 2
Midpoint of NE = (3+8 0+17j

1%

Since the diagonals intersect at the same point, AEFN is a
parallelogram.

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02

M1 f.t. — midpoint of AF

M1 f.t. — midpoint of AE

Al — conclusion
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9 (a) Differentiate xInxwith respect to x. [2]

C?—X(xln X) = X(1j+(1)ln X

X
B1, B1 — for each term

=1+Inx
. d’y , 16 . :
(b) A curve y=f(x) is such that F:24x +=—, where x > 0. The line y=24x—40is
X X
parallel to the tangent of the curve at P(1, —16) .
By using the result found in part (a), find the equation of the curve. [6]
dy _ IZ4X2 + 16 dx
dx X
3
= 24x +16Inx+c B1, B1 — for each integral

=8x®+16Inx+c, where ¢ is a constant.

When x =1, ﬂ=24.
dx

24=8(1)’ +16In(1)+c M1 f.t. - finding ¢
c=16

.'.d—y:8x3+16ln X+16
dx
y:.f8x3 +16Inx+16 dx or y:18x3+16(1+ln x) dx

4
=81+16(xln x—jl dx)+16x+(:1 M1 f.t. —reverse
4

8x*
:T+16(xln X—X+C,)+16x+c,

=2x* +16xIn X —16Xx+16X +C,

2x* +16xInx+c,, where ¢, ¢, and c, are constants.

Whenx=1,y=-16.
~16=2(1)" +16(1)In(1) +c, M1 f.t. — finding cs
-16=2+c,

c,=-18

sy =2x"+16xInx-18 Al

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02 [Turn over



22

Continuation of working space for question 9(b).

(c) Explain why the condition x > 0 is necessary. [1]

In x is defined for x > 0. B1
or

In x is undefined for x < 0.

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02
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10

3x.cm 4x cm
y cm

3xcm

y cm

The diagram shows a solid prism with right-angled triangular ends that are perpendicular to the
parallel sides AD, BE and CF, which are each y cm in length. The right-angled triangular ends
have sides AC and DF, which are 3x cm, and sides BC and EF, which are 4x cm.

Given that the volume of the prism is 1200 cm?,

(@) find an expression for y in terms of x,

Vol. of prism = %(3x)(4x) y

1200 = 6x°y
200
N

2023 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/02

[2]

B1 — volume formula

Bl
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(b) show that the total surface area of the prism, S cm?, is given by S =12x* +

AB = /(3x)" +(4x)’
=/25%?
=5x cm
Total surface area = 2x %(3x)(4x) +3Xy +4Xy +5xy

=12x* +12xy

=12x? +12x(2—020)
X

=12x* +—— (shown
( )
X

(©)
stationary value.
as_ 24x — 2480
dx X

For S to be stationary, g—s =0
X

2ax- 220 _
X

24X = 249
X
x® =100
X =3/100

=4.64 (3sig. fig.)
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Given that x can vary, find the value of x for which the total surface area of the prism is a

2400
— B
X

B1 - finding length of AB

M1 — at least 3 correct surfaces

Al (A.G.)

[3]

B1 — differentiation

M1 f.t.

Al
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(d) Explain why this value of x gives the smallest surface area possible. [2]
d’s 4800
PCER ML f.t. — differentiation or

1%t derivative test

When x =3/100,

d’s _,,, 4800

" (3200)
=72 >0 ->minimum

. d’S :
Since — >0, the surface area is the smallest Al - conclude > 0’ (must

when x = 4.64. show ‘72”)
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