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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax® + bx + ¢ =0

—b+ b -4ac

2a

x=

Binomial expansion

@+by=a+ U]a"”b+ [")a"-%u ......... + (n]a""b'+ b,
r

. e s n
where 7 is a positive integer and = =
r ri(n—r)! r!

2. TRIGONOMETRY
Identities
sin® 4 +cos?4 =1
sec’ A=1+tan’ 4
cosec’ A=1+cot* 4
sin(4 + B)=sin 4 cos Bt cos Asin B
cos(4 £ B)y=cos A cos B F sin4sin B

+
tan(d + B) = nALtn B
1Ftan Atan B
sin 24 = 2 sind cosd
cos 24 =cos? A—sin?Ad=2cos*A—1=1-2sin’ 4
tan
1-tan“ 4
Formulae for AABC
a__ b _ ¢
sind sinB sinC

a=b+c*-2bccos A

A= —l—absinC
2

2022_PSS_Prelim_AM_P1

PartnerinLeaming
514



BP-~515

1 The volume of a rectangular block with a square base is (6\/:/ —2\/5) cm’. The length of each
side of the base is (\ﬁ —ﬁ)cm. Find, without using a calculator, the height f the block in
the form (a\ﬁ +b\/§)cm, where g and b are integers. [4]
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2 Solve the simultaneous equations

2% +y+9=10x. [4]
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C

¢ 11 —-2x ’

The diagram shows a design of a paper weight in the shape of a trapezium prism. It is given
that 4BCD is a trapezium where 4D is parallel to BC, 4D = (x - 2) cm, BC= (11 — 2x) cm,

AE=(x+2)cmand AB=CD.
() Given that R is the area of the trapezium 4ABCD, show that

R==12+Tr40 [2]
27 2

(ii) Express R in the form a(x+b)2 +c, where a, b and ¢ are constants. Hence state the

maximum value of R and its cotresponding value of x. [4]
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4  Integrate %(4x +3)3 +—42— with respect to x. [3]
p
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2 — —_—
5  Express é)%—}% in partial fractions. [6]
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6 (a) Factorise 27x° —8 and hence prove that x* :—28; has only one real solution. 3]

() 2x*+ax-3 is a quadratic factor of 2x’ —x* —13x—6. Find the value of the constant a.
[3]
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7 (a) State the value, in radians, between which each of the following must lie:

(i) the principal value of cos x, 1]
(ii) the principal value of tan”' x. 1]
b
®) y
1= -7, |
\ (3 J
[}
1 x
0 2n
2+ P 0 (27,-2)
The diagram shows the graph of the function y=acos bx +c. The coordinates of Q are
(27,-2).
(i) Explainwhyc= —% . [1]

(i) Explainwhy b= —;— . (2]
(ili) Hence find the equation of the curve. [1]
(iv) Find the coordinates of P. [1]
(v) State the range of values of k for which acos bx+c=k has three solutions. 1
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8 The regular cross-section of a triangular prism is an isosceles triangle whose sides are 5x cm,
5x ¢cm and 6x cm. The length of the prism is / cm.

() Given that the volume of the prism is 240 cm®, shown that / =zg. [2]
x
" . . N 320 2
(i) Given that the total surface area is 4 cm®, show that A=—+24x". [2]
x
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11

(iii) Find the value of x for which A4 has a stationary value, giving your answer to 2 decimal
places. (4]

(iv) Find this stationary value of 4, giving your answer to 3 significant figures. [1]
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A7, =2) 0 c(6,-1)

B(h,-8)

The diagram shows a trapezium 4BCD, where 4 is (=7, —2), B is (b, —8) and C is (6, —1).
Point D (0, k) lies on the y-axis such that AB is parallel to CD and the y-axis bisects angle
ADC.

(i) Express the gradient of AD and CD in terms of k. [2]

(ii) Hence show that k=35. [2]
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13

(ili) Find the value of 4. [2]

(iv) Find the area of trapezium 4ABCD. [2]
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14

cos@ 1-sind
+

~2sech.
| _snd  cos® 41

10 (a) Prove the identity
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cos3f . 1-sin3f
1-sin3f8  cos3f

(b) Hence solve the equation =4 for 0° < B <180°. [5]
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11  (a) Solve the equation7” (5 2‘) =x". [3]

(b) Given that 2log b— =3, find an expression for b in terms of a. 3]

log,a
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[Volume of a cone of height / and base radius 7 is %ﬂrzh 1

The diagram shows a container in the shape of an inverted circular cone of radius 6 cm and
of height 12 cm.

(i)  Show that the volume of water, ' cm?, in the container is V=é7zh’. [1]

The water in the container was initially full. When water is poured into this container at a
rate of 3 cm?/s, it leaks at a rate of 5 cm?/s through a small hole at the vertex.

(i) Calculate the rate of change of height of the water at the instant when the depth of
the water is 3 cm. 31
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18

(iii) Calculate the rate of change of area of the horizontal surface of the water at the instant
when A = 3. [4]
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13 +y
A J,:l
2x+1
\ Sy=x-1
\ //
\\ C //
MM
0 B *

The diagram shows part of the curve yzﬁ and part of the line Sy=x-1.
+

The curve m.ets the y-axis at point 4. The line meets the x-axis a: point B. The line and
curve intersect at point C.

(a) (1) Find the coordinates of 4 and B. [2]
(ii) Show that x-coordinate of Cis 2. [2]
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20

(b) Find the exact area of the shaded region. [4]
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14 X

Y

V4
.

\‘"k
Y \_/ B

In the diagram, AX is a tangent to the circle at point X and 4X is parallel to BY.

Prove that
(i) AXYZis similar to AXBY, [3]
(i) XY? = XBxXZ [2]
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation
For the equation ax* + bx + ¢ =0

_ —~b+b* - 4dac

2a

X

Binomial expansion

n! _ n(n-1)..(n-r+l)
ri(n—r)! r!

n
where # is a positive integer and [ ] =
¥

2. TRIGONOMETRY
Identities
sin?4+cos?4 =1
sec?4=1+tan’ 4
cosec’ 4 =1+cot’ 4
sin(4 £ B) =sin 4 cos B % cos 4 sin B
cos(4+tB)=cosAcosB F sindsin B

+
tan(4 + B) = tan A+ tan B
I¥tan Atan B
sin 24 = 2 sin4 cosd
cos 24 =cos? A —sin?4=2cos’4—1=1-2sin’ 4
tan 24 = __2tan2A
1—tan“ 4

Formulae for AABC

a b ¢

sin A - sin B B sinC

a*=b+c*—2bccos A

= lab sin C
2
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1. Giventhat y=2(7")-3(7"")+19, find the value(s) of x when y = 30. [5]
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2 The polynomial p(x)=mx’ —29x* +39x+n, where m and n are constants, has a factor 3x—1,

and remainder 6 when divided by x - 1.
(i) Find the value of m and n. [5]
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(ii) Hence solve the equation p(x) = 0. [4]
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6
3 (a) Differentiate, with respect to x, y=f Inx. [2]
(b) Hence find the exact value of E(xlnx) d. ' [4]
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4 Edwin runs along the straight line paths in the park from 4BCD as shown in the diagram
below. D is a point on the straight line EC. It is given that AB =25 m, AD = 16 m,

angle BCD = 90° and angle ADE = angle ABC = 6, where § is an acute angle in degrees.

B

A%
16m

BN
D

E

C

(i) Show that the total distance L, in metres, of the path ABCD that Edwin runs is
L=25+9cosf+41sind. {31
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(i) Express L in the form 25 + R cos (f — o), where R >0 and « is an acute angle. 3]
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9
(iii) Find the value of € for which L = 50 m. [3]
(iv) Is it possible for Edwin to run 70 m using this path? Explain your answer. 2]
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10

5  The equation of a curve is y=2x> +x—6.

(a) Find the set of values of x for which the curve lies above the line y = 9 and represent this
set on a number line. (4]

The line y = 3x + k is a tangent to the curve at the point H.
(b) Find the coordinates of H. [31

(¢) Find the value of the constant k. [2]
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6 (i) Write down and simplify the first three terms in the expansion, in ascending powers of

x [
x, of (2—1} . [3]

6
(ii) In the expansion of (4+loc+ xz)(Z—E) , the sum of the coefficients of x and x* is — 4.

Find the value of the constant £. [4]
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7 (a) The variables x and y are known to be connected by the equation y = ax(x + b) where a
and b are constants. Values of x for different values of y have been collected. Explain
how a straight line graph can be drawn to represent the formula, and state how the
values of a and b could be obtained from the line. [3]

(b) The table below shows experimental values of two variables x and y.

x 2 4 6 8
y 8.48 5.99 4.90 4.24

It is known that x and y are connected by the equation yx" =k, where k and » are
constants.

(i) Plot Iny against Inx, using a scale of 4 cm for 1 unit on both axes, for the given
data and draw a straight line graph on the grid on next page. [2]

(ii) Use your graph to estimate the value of n and of &. [3]
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13

(iii) Use your graph to estimate the value of x when y =e’.

(iv) On the same diagram, draw the straight line representing the equation y = X

and hence find the value of x for which x**" =k.

(2]

B3]
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8  An object, moving along a straight road, passes a point 4 and, 10 seconds later, the object
passes a point B. The object’s speed at B is twice its speed at 4. For the journey from 4 to B,
the object’s speed, v /s, # seconds after passing 4, is given by

v=15ek’+%t, 0<1<10,

where £ is a constant.

(i) Find the value of £. {3]

(ii) Find the distance between from 4 to B. (4]
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Continuation of working space for question 8.

(iii) Find the acceleration of the object when ¢ = 2. [3]
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9  Points A(—2, 3), B(3, 0) and C(6, 5) lies on the circumference of a circle with centre D.

(a) Show that angle ABC =90°, [2]
(b) Hence, by giving the reason, state the coordinates of D. [2]
(¢) Find the equation of the circle. [2]

2022_PSS_Prelim_AM_P2
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17

The point E lies on the circumference of the circle such that BE is a diameter.
(d) Find the equation of the tangent to the circle at E. [4]
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10
|
y
M
y=2sinx —x
-
0 7 X
2

The diagram shows the curve y=2sinx—x for0 <x < 2 radians. The point M is the

maximum point of the curve and OM is a straight line.
(10]

Show that the area of the shaded region is 1—?7r units?,
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19

Continuation of working space for question 10.

**% End of Paper ***
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Qn

gugge. sted solution

g

&@—éé\fﬂﬂ
R Yy
(&T-2F) 0=

T ST

_ BT —20J3 + 84,3

00— 43

=‘48.“5-?‘-641,;§
M}._

[ 2]

x=y+3

L+ y+¥=Rix 2}
Subst (17 wte (2).

I 420340 =@
USRS P -IN
P *5 =4
(21} -0

When x ='i;:};‘:='1
Whenxr=3,y=3
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Qn Suggested solution
3(3) 1
R=-2—[(x—2) +(11-2x) ](x+2)

=2 (9-)(x+2)
:%(18+ 7x—x2)

R=—1x24—7x+9 (Shown)
2 2

3@ LI
2 2

.. the maximum value of R = 1—? when x =3 3 (or—;— )

4 j§(4x+3)3dx+j%asc

2 (4x+3)* | 4 .
=213~ |——+¢ where ¢ is a constant
31 16 x
= —1—(4x+3)4—3+c
x
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Suggested solution

5

x2—2x-3)5x2—11x—4
(5 —10x—15)
-x + 11
and X’ —2x-3=(x-3)(x+1)

S —1lx-4 L M-x
X -2x-3 ¥ —-2x-3

11-x _ 4 N B
#-2%-3 x-3 x+1
= 11-x =A(x+1)+B(x—3)

Let

Substx=3, 8=44
A=2

Subst. x=-1, 12=-4B
B=-3

5¢ ~11x—4 2 3
. =54+ -~

T -2x=3 T x=3 x+l

6 (a)

27x° ~8=(3x—-2)(9%" +6x+4)
For 27x° ~8=0

(3x—2)(9¢" +6x-+4)=0
3x—2=0, 9 +6x+4=0

x=§, Discriminant for 9x + 6x +4 =36 —4(9)(4)

D <0 has no real roots.

=108

Hence 27x’ —8=0has only one real solution.

6 (b)

Let 20 - ~13x—6=(2¢ +av~3)(x+2)

The term in x:
~13x =2ax—3x
2a=-10,
a=-5
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4
Qn Suggested solution
7 (a) @) 0<cos'x<n
T@a | 7o T
2 2
7O c= % (max value of y + min value of y )
L1+
2
-1
2
7 (b)(ii) . 2n
) peod= 22
4 2z
—.”: —
3 b
p=3
2
TOM |, 3,3, 1
2 2 2
7 (b)(v) P=(2—£ B )
3 3
7 ®) 2<k<l1
8 () . . . _ 2 2
Height of the isoceles triangle = /(5x)” —(3x)
= 4x
Volume = %(6x)(4x)l
240=12x"1
20
{=— (shown
> (shown)
8 (i ]
® A=l(6x)(4x)x2+l6x(%2}
2 x
A=247 28 (shown)
X
8 (i) 4=2427 + 22
x
dA 320
Rl T 3V tantt
dx ¥
Letgé=0, 48x—3—229=0
v x
48
x = 1.88 (correctto 2 d.p.)

8 (iv)

4= 255 (to 3 s.f)

PSS_2022 Prelim Exam_AM_P1(MS)

PartnerinLeaming
560

BP~560



5
Qn Suggested solution
4y Gradient of AD =E—;Z
Gradient of CD =—£i—2i k1l
7 -6
9 (ii) Ck+2 k4l
7 -6
6(k+2)=7(k+1)
k=15 (shown)
9 (iii) Gradient of DC = Gradient of AB
S+1 -2+8
0-6 —7-h
6_ 6
-6 —7-h
=-1
9 (iv)

10 -7 -1 6 0
Area of ABCD = —
28 -2 -8 -1 5§

=%[(0+56+1+30)—(—35+2—48—0)]
= 84 sq units.
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Suggested solution

10 (a)

c:0529+(1—sin¢9)2
cos§(1-sinb)

_cos’@+1-2sinf+sin’ 4§

cos§(1—-sin6)

_ 2-2sind

~cosé’(l—simg)

_ 2(1-sinb)

—cosﬂ(l—sinﬁ)

=2sec § (=RHS)

FromLHS: =

10 (b)

cos3f +1—sin3,8__4
1-sin3f  cos3f

2 -4
cos3p

1
cos3f=—
s/i'z

Basic angle = 60°
3B = 60°, 360° — 60°, 360° + 60°
B =20° 100° 140°.

11 (a)

7% (Szx):xzx
7% (25x):x3x
(7x25) = ()

175=x2
x = 5.59 (correct to 3 5.f.)

11 (b)

2log, b———=3

log,a

=3

5
210g“b—logaa
log b
2log, b—Slog ,b=3
—3log,b=3

log ,b=~1

b=l or b=a"
a

PSS_2022 Prelim Exam AM_P1(MS)
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Suggested solution

12 (1)

r.6

Bo12

r=lh
2

1 ) . .
Vzgm'zh Where V is the volume of water in the inverted cone

3
V:.l.” .].1__
3 (4

V= ’; % (Shown)

12

12 (ii)

ﬁ =—£ or —0.283 eny's
dt 97

12 (iid)

A=r+

i
TN
SIEY
S

1

N

BN

SIS
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Qn

Suggested solution

13 (a) (i)

1
Subst. x =0 into y=—ov, => y=1
IR

A0, 1)

Subst. y =0 into Sy=x-1, => x=1
- B(1,0)

13 (a) (i)

Sy=x~1 —(2)
Subst. equation (1) into (2):

(e
5=(x-1)(2x+1)

2% —x—6=0
(2x+3)(x-3)=0

x=2 or x=—2
2

Hence the x-coordinate of C is 2 (verified)

13 (b)

1
2x+1

1 1]x
=-2-[ln(2x+1):]§ —Gl};——x}g ,

Area of the shaded region = _C dx—% L 2(‘x—l) dx

1 InS - L units?
2 10

14 (i)

ZYXZ = /XBY (Common Angle)
LXYX = /AXZ (tangent-chord theorem or alternate segment theorem)
and ZAXZ = /XBY (Alternate angle)

= /XYX = /ZXBY

(3 pairs of corresponding angles are equal)
Hence AXYZ is similar to AXBY.

14 (ii)

27 22 =22 (Properties of similar triangles
XB BY XY (Prop gles)
- X¥?=XB x XZ (Proven)

PSS_2022 Prelim Exam_AM_P1(MS)

PartnerinLeaming
564

BP~564



Peirce Secondary School
2022 Preliminary Examination 4E/5A Add Math Paper 2 Solutions

Qn Suggested solution

1 y=2(7")-3(7"")+19
y=2(7%)-3(7)(7%)+19
y=2(7)-217")+19
Letu=7"

y=2 -21u+19
Giveny = 30,

28 - 21u+19=30

28 —21u~11=0
(2u+1)(u-11)=0
u=—%, u=11

7"=—%(NA) , TF=11

g7
=123 (to 3s.f))

20 Given p G} =0

3 2 E
p(l) =m(z) - 29(% + 39(1J +n=0
3 3 3 3
im—-zg +134+n=0
27 9

x 27 m+2in=-264 ———— (1)
Given p(1)=6
m(1)’ —29(1)° +39(1) +n=6
m+u=—4 e (2)
Equation (1) - (2):
26n=-260

n=-—10
From (2): m=6

2 (i) p(x)=6x>-29x* +39x-10
Let6x3—29x2+39x—10=(3x—1)(2xz+bx+10)
The term in x: 30x—bx=39x

b=-9
Let 6x° 2927 +39x~10=(3x~1)(2¢ + B +10)
Let p(0)=0, (3x—1)(2¢-9x+10)=0
(3x-1)=0, 2¢-9x+10=0

(2x-5)(x-2)=0
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Qn Suggested solution

=
i

5 1
, x=2, =— 2—, 2.
x X 5 {accept 3 5)

W | —

3(a)

7
5.

Inx

=2x(1nx)+x2(lJ

X

&|&

=2x(Inx) +x

3 () @ =2¥(1nx) +Xx
dx

[y]: =j:2x(}nx) dx+j:xak
[#nx] = 2x(inx) dx{%}
16ln4—4In2 = 2x(Inx) de-+(8-2)
8ind4—2In2= [ x(inx) de-+3

16102 -2In2-3= x(Inx) dr

[[x(1nx) dr=141n2-3

G —

Let X be the foot of perpendicular from 4 to BC.
Let Y be the foot of perpendicular from 4 to DE

BX=25c0os@ and AY=XC=16siné
AX =25sin@ and YD=16cosé

~.DC= 25sinf—16cos@ and
BC= 25c0s0+16sin8
~.L=25+ (25sin@-16c0s6) +(25 cosf+16sin6)

L=25+9cos @+ 41 sin 6 (shown)

4 (i) Let R cos(6—a) =9c0s +41sind

R=(/9 +41* =\/1762
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3
Qn Suggested solution
a=tan" (—(}9—1} =77.61°
5. L=25+1762 cos(6-77.6°)
4 (i) 25+1762 cos(6-77.61°) =50
V1762 cos(0-77.61°) =25
25
cos{ @ —77.61° ) =—m= = 0.59557
( ) V1762
-71.61° =53.44°; 360-53.44° (and include ~ 53.44° angle in
clockwise)
0=53.44" +77.61°; 306.55+77.61°(-53.44° + 77.61° = 24.2°)
6=131.05"; 384.16
=384.16 — 360
=24.2°
Answer: § = 24.2° given 6 is an acute angle.
4 (iv) L=25+1762 cos(9-776")
Max Length =25 ++/1762
= 66.97 m
Hence it is not possible to run the running track of 70 m.
S@ 26 +x—~6>9
2 +x-15>0
(2x-5)(x+3)>0 A
x<=3, x>-§- —'3’ 25
2
0 ¢
I i
25
50m) Gradient of tangent = 3

> Y =3
dx
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Suggested solution

Ax+1=3

2
Jc:l and y=2(l) +1—6=—5
2 2) 2

Hence the coordinates of H= G, —5}

5(c)

%,y=—5mtoy:3x+k
= —5:3(%)+k

Subst x =

> k=62
2

6 (i)

G CEEn

=64 —48x +15%° —...

6 (i)

(4+kx+x2)(64—48x+15x2 —)

The term in x = —192x + 64kx
= (192 + 64k)x

The term in ¥ = 60x° — 48kx*+ 64x>
= (124 - 48%) X"

Given that =192 + 64k + 124 - 48k =—4
16k =64
k=4

7 (a)

y=ax(x +b)
—X=ax+ab
x

Plot £ against x, a straight line graph can be drawn.
X

Gradient of the straight line is a and ab is the vertical intercept

Alternative solution.
y=ax (x + b)
y=ax’ +abx

BN

X x
Plot 12 against 1 , a straight line graph can be drawn.
x x

Gradient of the straight line is ab and q is the vertical intercept
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Suggested solution

7() ()

yx"=k
Iny+nnx=mhk
Iny=-nlnx+Ink

X=Inx 0.7 14 1.8 2.1

Y=1Iny 2.2 1.8 1.6 1.4

¥ = Iny

L

s

[ SIS RS
e
“ e
L e e et Maatate s

811

7 (b)(ii)

From graph, gradient= %5-;—1
-n= —0.4833 (range + 0.03)
Ink=245
k=ez45

= 11.6 (correct to 3 s.f.) (range + 0.5)

7 (b)(iii)

From Graph, Inx=0.925
x=e"? =252 (to 3s.£) (x0.03)

7 (b)(iv)

Iny=3lnx

(3+n)lnx=lnk

3inx=-nlnx+mnk

From graph, Inx =0.7

x=e" =201 (to3s.£)
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Qn Suggested solution

8@ v=15ek’+%t
Whent=0, v=15m/s

When 7 =10, 30=15¢'" +%(10)

k= —-l—lné or = 0.0405 (to 3 s.f)
10 2

8 i) o on(we(%)mg)r N % t)dt

r 10
1.3

15e[ﬁh5} 3,
s=| 20— +2f
143
102 .
[ 3

>
15¢ 2 3, 2
§= T—3+§(IO)

L1072

_150
3

222 m (correct to 3 s5.f)

8 Gii T,
a v=156(1°mz) +%t

a=—

/Lln}_‘.
Y _is —l—lng}et«“’ )3
ax \10 2 4

, (L1n2)2)
When =2, d—‘zz[ln}— e\ 2) +2
dx 2 2

= 1.41 m/s? (correct to 3 s.f.)
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Qn Suggested solution

'@ Gradient of 4B, my = ——0———3-\
3-(-2)

-3

<

Gradient of BC , mgc =

wlwv

o LABC=90°

wl
(94

=)

9 (b) D@2, 4)

AC is the diameter of circle, Zs in semi-circle)

9 (c)

=4/17 units

Radius of circle = (3~ 2)° +(0—4)’

~. the equation of circle is { x—2')2 +( y—4)2 =17

9(d) LetE=(x, y)
(225,220
27 2 ’
~ E=(1, §)
{—
]_

H

Gradient of DE =

[ 3]

4

= Gradient of tangent at £ =

~4

1
e

Hence the equation of tangent is y—8 =:11-(x -1)

131 1 3
p=—x4-— ory=—x+7~ or 4y=x+31
7 4 Y 4 4 ¥
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On Suggested solution

10 —az=2005x—1
dx

Let b

= =0,=> 2cosx—-1=0
dx

.. Area of the shaded region

- Er(Zsinx—x)dx—%[!—r)(\/g —f)

3 3

e )

=(—2008—7£——7£2—j—(—2)——\/——3~7r+i
3 6 18

k]
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