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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the quadratic equation ax” +bx+c=0,
_ —bx+b’-4ac

- 2a

Binomial Expansion

n n n n=1 n n=-212 n n=ryr n
(a+b) =a" + R Y AR SR N LR R

7
n!  nn-1).(n-r+l)
r!(n—r)! B r! '

n
where n is a positive integer and ( J =
,,

- 2. TRIGONOMETRY

Identities
sin‘4+cos’ A=1
sec’4=1+tan’ 4
cosec’A=1+cot® 4
sin(At B) =sin Acos B+ cos AsinB
cos(4x B) =cos Acos B+ sinAsin B

tan A+ tan B
1¥ tan Atan B

sin2A4 =2sin Acos A

tan(4+ B) =

cos2A=cos’ A-sin* A=2cos’A-1=1-2sin’ 4

tanzA:ﬂl_;A_
1-tan” 4

Formulae for AABC
a b c

sind sinB sinC

a*=b*+c*—2bccos A4

A= lbcsinA
2

Methodist Girls® School Additional Mathematics Paper 1 Sec 4 Preliminary Examination 2021



Page 3 of 20

1 The diagram shows the graphs of y =2x~-1 and y=/kx*, where k is a positive constant.
The graphs ihtersects at two distinct points 4 and B.

N

B y=2x-1

y =k

@) Show that k<1. [2]

(i)  Describe the relationship between the graphs y =2x—1 and y=hx* for k=1
[2]
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2 It is given that f(x) is such that f'(x) =3sinxcosx and (%,1) is a point on f(x). Find

an expression for f(x). [5]
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3 (a)  Factorise 3x’ —24y° completely. [2]
7x* +19x+15 . :
(b)  Express —————— as partial fractions. [5]
(x+1)"(x+2)
Methodist Girls” School Additional Mathematics Paper 1 Sec 4 Preliminary Examination 202 ]
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4 ()  Show that -:l (2xInx) =2Inx+2. 2]

(ii) A curve is such that the gradient of its tangent is In x and it passes through the
point (€2, 4). Using part (i), find the equation of the curve, leaving your answer
in exact form. (4]
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5 Given that sin 4 = —g— , tanB = —-% and cos 4 >0, where 4 and B are in different

quadrants, evaluate without using calculators, the values of

)  cotd, [1]
() cos(4+B), [2]
(iii) sin@j ) [3]
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6 (a)  Find the range of values of x for which (3x—-2)(x+2)>3x-2. [3]

()  The path of a diver, John, is modelled by the function y = -3x* +4.5x+10, where

y is the height, in metres, of John above the water and x is the horizontal distance,
in metres, of John from the end of the diving board.

@) Find the height of John above the water when he first left the diving board.
[1]

(i) John said that he could reach a height of 12m above the water when
executing his dive. Do you agree? Explain your answer. [3]
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7  (a) Explain why all terms in the expansion of (kx3 +x)12 do not contain any odd

powers of x. [3]

2
(b)~  Given that the coefficient of x'°in the expansion of (l—g) (kx3 +x)12 is 258,

find the integral value of £. [5]
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4x+1
x=2
A line intersects the curve at points P(11,5) and Q(3,13).

8 The diagram shows part of the curve y =

!

0(,13)

P(11,5) _4x+1
x-2
o 1
. 4x+1 . b ;
By expressing 3 in the form g+ —— , where a and b are constants, find, showing
X x=
full working, the area of the shaded region. (7]
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9 The equation of a polynomial is given by p(x) =4x’ +x-5.

()  Find the remainder when p(x) is divided by (2x~1). [1]

(i)  Show that the equation p( x)=0 has only one real root. [4]

(iii) Hence, solve the equation 2***+2* -5=0. [2]
Methodist Girls® School Additional Mathematics Paper 1 Sec 4 Preliminary Examination 2021
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10 The figure shows two circles C; and C> which touch each other and lie in the xy-plane as
shown below. C; has radius 4 units and touches the x-axis at D, C; has radius 3 units and
touches the y-axis at E. The line AB, joining the centres of C> and C, meets the x-axis at

F such that ZBFO=6°.

y
A
E
> X
0 &
(i) Obtain expressions for OD and OF in terms of & and show that
ED? =74+ 56sin8 + 42cosé [3]
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(i)  Express ED? in the form 74+ Rcos(@ — ) where R>0and 0°<a <90°. [3]

(ili)  Find the maximum value of ED and the value of 6 at which this occurs. [2]
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.11 The diagram shows a cat scratch stand which consists of a solid cylinder fixed to a solid
~ cuboid. The cylinder has a radius of x cm and a height of y cm. The cuboid has a square
base of side 3x cm and a height of x cm.

(i) Given that the total volume of the wood material needed to make the scratch stand is
1300 cm®, express y in terms of x. [2]

(ii)  Show that the total surface area, 4 cm’, of the scratch stand is given by

4=2600 10. [2]
X
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Given that x can vary,

(iii) find the stationary value of 4, [3]

(iv) determine whether this stationary value of 4 is a maximum or a minimum. [2]
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2sin3x
2co83x+5

@) Find the value of a and of b for which

12 A curve has the equation y =

(_i)_z__ a+bcos3x

T (3]
(2cos3x+5)
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(i)  Hence, find the x-coordinates, where 0< x < 7, of the points at which the normal
to the curve is parallel to the y-axis. [5]
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13 In the figure, BC is a diameter of the circle with O as the centre. H is the midpoint of CF.
ABC is a straight line and 4G is a tangent to the circle at point . The line EF intersects
OH at point X and E is the midpoint of CO.

G F A

(i) Prove that triangles ABF and AFC are similar. (2]
(i)  Show that AF’ = AB*+ ABxBC. [2]
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(iii) Provethat OX: XH =2:1. : [4]

End of Paper.
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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the quadratic equation ax” +bx+c=0,
-bt~b* —4ac

2a

Binomial Expansion

(a+b) =a" +(’;ja"’1b+[ga"'2b2 +...+[n]a"”b’ +...4+b",

7
n!  nm-1..(n-r+1)
r!(n—r)!_ r! '

n
where n is a positive integer and ( j =
F

- - 2. TRIGONOMETRY

Identities
sin®4+cos® 4=1
sec’A=1+tan’ 4
cosec’4 =1+cot> 4
sin(4+ B) =sin Acos B+ cos Asin B
cos(A+x B) =cosAcos B Fsin Asin B

tan A+ tan B
1¥tan Atan B

sin2A4 =2sin Acos A

tan(At B) =

cos2A4=cos’ A—sin* A=2cos’ A-1=1-2sin* 4

l1-tan® 4

Formulae for AABC
a b c

sin A - sinB - sinC

a?=b*+c* - 2bc cos A

= lbc sin 4
2
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1 The diagram shows the graphs of y =2x—1 and y=kx?, where k is a positive constant.
The graphs intersects at two distinct points 4 and B.

A

(i)  Show that k<1. [2]
o =2x—-1
? —2x+1=0

Discriminant > 0
(-2)* —4(k)(1) > 0

4-4k >0
k<l

(i)  Describe the relationship between the graphs y =2x~1 and y =kx* for k =1
[2]
[Method 1]
When k =1, discriminant =0
The line y =2x—1 is a tangent to the curve y = kx’ or

The line y =2x—1 touches the curve y = kx*

[Method 2]
When k=1, x%—2x+1=0
x=1,y=1

The line y =2x—1 is a tangent to the curve y =kx” at (1,1)  or
The line y =2x-1 touches the curve y =kx* at (1, 1)
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2 It is given that f(x) is such that f'(x) =3sinxcosx and (_;ﬁ 5 1) is a point on f(x) . Find

an expression for f(x). [5]
f'(x) =3sinxcosx
f(x)=[@3sinxcos x)dx
3 ..
= I 5 (2sin xcos x)dx

=I%sin2x dx

3 cos2x
f(x)==(-
(x) > ( >

At [1,1),
2

3
l=—=(-cosz)+c
4( )

1
C:_

4

3 1
= ~—COS2X +—
f(x) 40 X p

)+c

Methodist Girls’ School Additional Mathematics Paper 1 Sec 4 Preliminary Examination 2021



Page 5 of 20

3 (a) Factorise 3x° —24y* completely. [2]

3 —24y°= 3(x* -8y?)
=3[(x)* - (2y)*]
= 3(x—2y)(x* + 2xy +4y?)

7x* +19x+15

(x+1)*(x+2)
7x*+19x+15 A4 B C

e = = + >+
(x+D)"(x+2) =x+1 (x+1)°* x+

(b)  Express as partial fractions. [5]

5 [M1]

7% +19x +15 =A(x+1)(x+2)+B(x+2)+C(x+l)2

Let x=-1 -
7-19+15=B
B=3
Letx=-2,
28-38+15=C
C=5
let x =0,
15=ADQ2)+3(2)+ 5(1)2
24=4
A=

7x2+19x+15_ 2 3 5

= + +
(x+D*(x+2) x+1 (x+1)° x+2
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4 @) Show that ad; (2xlnx)=2Inx+2. [2]

%(2xlnx) =2x (§)+(ln x)(2)
=2Inx+2

(i) A curve is such that the gradient of its tangent is In x and it passes through the
point (¢, 4). Using part (i), find the equation of the curve, leaving your answer

in exact form. [4]
Q =lnx
dx

—(—1—(2xlnx) =2lnx+2
dx

i(xlnx) =lnx+1
dx

j. (1+Inx)dx = xInx+c¢ , where c is an arbitrary constant.

I Inx dx=xInx—x+d , where d is an arbitrary constant.

Equation of curve: y=xlnx—x+d
At (€2, ),

4=e’Ine*-e*+d

d=4-¢?

y=xlnx—x+4——e2
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Given that sin4 = —g , tanB = —155 and cos A>0, where 4 and B are in different
quadrants, evaluate without using calculators, the values of
@) cot A, [1]

4 is in the 4™ quadrant and B is in the 2™ quadrant

tand=—2
3 .

cotA=—3
4

(i) cos(4+BhB), [2]
cos(A+ B) =cos Acos B —sin Asin B
_(3)[-12 4\ 5
-CIEHE)E)
16
65

. (B
(1iii) sm(EJ. [3]

cos B =1-2sin? (—g)

sin (-) =,/— (rej negative value since 0° < g <90°)
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6 (a) Find the range of values of x for which (3x—-2)(x+2)>3x-2. [3]
(Bx-2)(x+2)>3x-2
Bx-2)(x+2)-(3x-2)>0

Bx-2)(x+2-1)>0 or 3x*+x-2>0
(Bx-2)(x+1)>0

2
x<-1x>—
3

(b) The path of a diver, John, is modelled by the function y =-3x+4.5x+10, where

y is the height, in metres, of John above the water and x is the horizontal distance,
in metres, of John from the end of the diving board.

(i) Find the height of John above the water when he first left the diving board.
(1]

When x= 0, y= 10
Height of John above the water = 10m

(ii) John said that he could reach a height of 12m above the water when
executing his dive. Do you agree? Explain your answer. [3]

2
Method 1:  y=-3 x2—1.5x+(§) +10+27
I 4 16
3 2
y=—3[x—ﬂ +11.6875

I do not agree as his max height above water is 11.6875 < 12 m.

Method 2:  —3x*+4.5x+10=12
-3x*+4.5x-2=0
Discriminant = (4.5)2 —4(-3)(-2)=-3.75<0
Since there are no real roots for x, I disagree with John as he will not reach 12.

Method 3 : y=-3x"+4.5x+10
Y =—6x+4.5
dx

For max or min y, gy; =0=>x=0.75

4y
dx*
When x = 0.75, max y= 11.6875 < 12, I disagree with John as he will not reach 12.

=—-6<0=>max y
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7 (a) Explain why all terms in the expansion of (ch3 +x)12 do not contain any odd
powers of x. [3]
12 12—
General Term = ( j(kx3) x
r
_(12) 12 36-3r4r
’
{12} 127 208-7)
r

Since the index of x is a multiple of 2, the expansion will not contain any odd powers of
x.

2
« (b) Given that the coefficient of x'®in the expansion of (1—%) (kx3 +x)12 is 258,

find the integral value of k. [5]

[1—%)2(/@3 +x)12= [l—x+f43J(...+..x14....+...x16+...)

2(18-7)=14 2(18-7)=16
r=11 r=10

12} 14 12}, 16
T, = |k T,=| |k
. [11) 1 (m)
12/ = 66k

(12k)Gj +66k% =258

66k? +3k —258 =0

22k% +k=86=0
(22k-43)(k+2)=0

k=—g—§-(rej) k==-2

Methodist Girls® School Additional Mathematics Paper 1 Sec 4 Preliminary Examination 2021
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8 The diagram shows part of the curve y = . +21 .
x —
A line intersects the curve at points P(11,5) and Q(3,13).
Y a
0G,13)
PUL5)  4x+l
x=2
X > x
. 4x+1 . b .
By expressing - in the form a+—— , where a and b are constants, find, showing
x— x—
full working, the area of the shaded region. P [73
4x+1 44 9
x=2 x=2 - x‘z ’“1-‘ )

Area = —21—(13 +5)(8)—
9

=4(18)—j;1[4+ 2de

I114x+1
3 x-2

4%-§
a1

-

cm]

dx [MIl]

=72-{[4x];1 +[9 m(x—z)]él}

=72-[(44—12)—(91n9-9In1)]

=202 units2 or 40-9In9
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9 The equation of a polynomial is given by p(x) =4x* +x-5.
()  Find the remainder when p(x) is divided by (2x-1). [1]

3
P(';‘) = 4[%} + (%j ~5=-4 Remainder= -4

(i)  Show that the equation p(x)=0 has only one real root. - [4]
By trial and error,
p()=4(1)* +1-5=0
(x-1) 1s a factor.
P(x) = (x—1)(4x* + 4x + 5) [show long division ]
0=(x—1)(4x> +4x+5)
0=(x-1) 0=(4x?+4x+5)
x=1 Discriminant = 16 — 4 (4)(5)
—_64<0
Therefore no real roots.

Hence, p(x) has only 1 real root, x =1.

(iii) Hence, solve the equation 2> +2¥ -5=0, [2]

22427 -5=0

2922427 -5=0

427) +27-5=0

(22 -1)[ 42’y +4@2)+5]=0

27 =1 (42 +4(2)+5]=0 (rej)
y=0
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10 The figure shows two circles Ci and C2 which touch each other and lie in the xy-plane as
shown below. C) has radius 4 units and touches the x-axis at D, C; has radius 3 units and
touches the y-axis at E. The line 4B, joining the centres of C; and C1, meets the x-axis at
F such that ZBFO=6°.

y
A

> X
o .
(i) Obtain expressions for OD and OFE in terms of 6 and show that
ED? =74+ 56sin0+42cos@ [3]

ED? = EO? +OD?
EO=AG+4=7sinf+4
OD=3+GB=3+7cosf0

ED? =[7sin6+4] +[3+7cos 6]

=49sin2 0 +56sin O +16+9+42 cos @ +49cos 6
=49+ 56sin@+25+42cos
=T74+56sin6+42cos b
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(i)  Express ED’ in the form 74+ Rcos(6 —a) where R> 0 and 0° < <90°. [3]

42cosf+56sinf@ = Rcos@cosa + Rsin Osin o

R=+/562+422 =70

56
tanay =—
42

o =53.1°

ED’ =74 +70cos(f—-53.1°)

(iii)  Find the maximum value of ED and the value of # at which this occurs. [2]

maximum ED when cos(@-53.1°) =1
6-53.1°=0°

8=33.1°

Max ED* =74 +70 =144

Max ED =12
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11 The diagram shows a cat scratch stand which consists of a solid cylinder fixed to a solid
cuboid. The cylinder has a radius of x cm and a height of y cm. The cuboid has a square
base of side 3x cm and a height of x cm.

(i) Given that the total volume of the wood material needed to make the scratch stand is
1300 cm’®, express y in terms of x. [2]

1300 = (3x)%(x) + 7x2y
1300 =9x" + 7x%y

_ 1300-9x°

7Z'x2

(i) Show that the total surface area, 4 cm”, of the scratch stand is given by

2000 | 12x2. [2]

X

A=x(3x)(4) +2(3x)* +27(x)()

A=

_0+3
A=12x2 +18x2 +27(x) @29—"
X
A=30x2+@q—18x2
X
A= 2600+12x2
X
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Given that x can vary,
(iii) find the stationary value of 4, [3]

A=2600x" +12x2
A 600x72 +24x
dx

0=-2600x"2 +24x

2600 =24x>
3 2600
X =—
24
x=4.767098

2
Stationary Value of 4 = 818¢mM" (3sf)

(iv) determine whether this stationary value of 4 is a maximum or a minimum. [2]

2
d A=5200+24

ax? %

At x=4.767098 ,
2

d—A =72>0

dx2

2
A=818¢M isamin value.
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2sin3x

12 A curve has the equation y = ————.
2cos3x+5

dy a+bcos3x

(i) Find the value of a and of b for which =
(2cos3x+5)

[3]

dy _ (2cos3x +5)(6cos3x) —(2sin3x)(—6sin 3x)

dx (2cos3x+5)°
dy _ 12cos’ 3x+30cos3x)+12sin’ 3x
dx (2c083x+5)"

9}_ _ 12+30co0s3x

dx (20053x+5)2
a=12 b=30
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(ii)  Hence, find the x-coordinates, where 0 <x < 7, of the points at which the normal
to the curve is parallel to the y-axis. - _ [5]

Gradient of tangent = 0
@ _,
dx

12 +30cos3x

(20053x+5)2
30cos3x=-12

=0

cos3x = —z
5

o =1.15927
x=rn-a,7+a,37—-«

=1.98231, 4.30087, 8.2655
x=0.661, 143, 2.76
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13 In the figure, BC is a diameter of the circle with O as the centre. H is the midpoint of CF.
ABC is a straight line and 4G is a tangent to the circle at point F. The line EF intersects
OH at point X and E is the midpoint of CO.

G F A

(i) Prove that triangles ABF and AFC are similar. [2]
(ii) Show that AF* = AB* + ABxBC. [2]
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(iii) Provethat OX:XH=2:1. [4]

End of Paper.
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Mathematical Formulae

1. ALGEBRA

Quadratic Equation

For the quadratic equation ax’ +bx+c=0,

_ —bx+b* —4ac
T 2a

Binomial Expansion

n n h n-1 n n=212 n n-ryr n
(a+b)" =a"+| _|a'b+| _|a"b*+-| |@"b +--+b"
1 2 ¥

where 7 is a positive integer and (nj B n(n=1)...(n-r+1) .
r r!(n——r)! r!

2. TRIGONOMETRY

Identitiesa.
sin’ 4+cos’ 4=1
sec’4=1+tan’ 4
cosec’4=1+cot’ 4

sin(A+ B)=sin Acos B+ cos 4sin B
cos(Ax B) = cos Acos B Fsin 4sin B

_tanA*tan B

tan(A+B)=—
1¥tan Atan B
sin2A4=2sin Acos A
cos2A=cos’* A—sin* A=2cos’ A-1=1-2sin’ 4

tanzAzﬁn_E’i_
1—tan” 4

Formulae for AABC
a b c

sin4d sinB sinC

a* =b*+c*-2bccos A

A=lbcsinA
2
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1 (a)  Sketch the graph of of y =log, (3x+1)and label the point where x = % . Explain

why x>—%. [3]
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1
() Solve log,(3x+1)+ 5 log ;(3x-1)=1. [4]
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The diagram above shows an arch bridge. The arc AFTEB is part of a circle with centre P, and
AB is a chord 8 m. Point T is 1 m vertically above point M which is the midpoint of AB. CF and
DE are perpendicular to chord 4B. The arc AFTEB can be modelled onto the coordinate plane
below, where C and D are (-3, 0) and (3, 0) respectively; _

ﬂ‘y
T(0,1)
F E
AC40/ | L \B(4.0) >
S €30 M(0,00 DGO
: ‘G
$ %
¥ 3
B ¥
¥ 11
! P ;
] I
3 3
£ 3
3 El
13 ¢
£y s
LY F
\‘ 14'
5 4
'«\ ‘»l
\\ d"
’\‘ " rd
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2 (ii)

(iii)

Page 6 of 22

Show that P is (0,-7.5). [2]

Find the equation of the circle.

Calculate the height of the pillar CF.

[1]

[2]
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(iv)  Find the equation of tangent at point B. [3]
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3 (@ Solve Jax+12—+x+3=2. [3]

- (b) The volume of right circular cone is 47 cm’. The radius of its base is
(1 + «/5 ) cm. Find, without the use of a calculator, the height of the cone in the

form ( a+b\2 ) cm, where a and b are integers. [3]
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4 A particle moving in a straight line, passes through a fixed point O with a velocity of
4 m/s. Its acceleration 7 seconds after passing through O, is (6 —8)ms™. Find

@ the minimum velocity of the particle, [4]
(ii)  the time when the particle first comes to an instantaneous rest, [2]
(iii) the distance travelled in the 2" second. [3]
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5 @) Prove that cosec2x+cot2x=cotx. [3]
(ii)  Hence, deduce the value of cot15° in surd form. [2]
(iii)  Using part (i), solve cosec2x+cot2x=6-5tanx for 0° < x <360° [4]
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6 (2 Itis giventhatg(x)=2¢"~3ve . Solve the equation g(x)+1=0. [4]

(b)  The function f (x) is such that £ (x)=3e"+ e 2x,

(i) Given that f (O) =4 ,.ﬁnd an expression for f (x). [3]

0 '
(i)  Show that f_mf (x)dx =k, where k is a constant to be
determined. [3]
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7 @ (@ An equation of a curve is y=x*+2x. Find the coordinates of the
stationary points and determine the nature of the stationary points.  [5]

(ii)  Explain whether y is increasing or decreasing for —1.5<x <0. [2]
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4
7 (b)  Two variables x and y are related by the equation 8y = (g - lj . Given that both

x and y vary with time, find the value of x at the instant when the rate of change

of y is twice the rate of change of x. [3]
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8 The population P, in millions, of a country was recorded on January of the various years

and the results are shown in the table below.

Year

2005

2010

2015

2020

P

12.95

14.67

17.52

22.11

Given that P=10+ab', where ¢ is the time measured in years from 2000 and a and b

are constants.

@) Draw the graph of lg(P - 10) plotted against ¢, for 0<¢<25.

lg(P-10)=lga+Igh

[3]
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8 (i)  Use the graph to estimate the values of a and . [4]

(i)  Explain how the graph could be used to find the year in which the population
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9 Solution to this question by accurate drawing will not be accepted.
Y A
D
A(0, 6)
2x+y=6
B(-5,1)
0 | -
\\A/ = X
C

The diagram shows a kite ABCD with 4B = AD and CB = CD. The diagonals intersect at M. It
is given that the coordinates of 4 and B are (0, 6)and (-5,1) respectively and the equation of

ACis2x +y=6. -

Find
(i) the equation of BD. [2]

(i)  the coordinates of M and of D. [4]
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1
9 Given further that the area of the triangle 4BD is 3 of the area of the triangle CBD,

(iii)  find the coordinates of C, ' [2]
(iv)  find the area of the kite 4BCD. [2]
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10 @ Solve the equation 4cos24=3-2sinAfor 0< A<L27. [4]

@ii) Itis given that f(x)=2cos6x —% and g(x) =1-sin3x. State the period of f(x)

and g(x), in terms of 7. [2]
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10  (ili)  Sketch, on the same axes, the graphs of for y =f(x)and y =g(x) for

OstzTﬂ. | [4]

(iv)  Explain how the solutions of the equations in part (i) could be used to find
the x-coordinates of the points of intersection of the graphs of (ii). [2]

~ End of Paper ~
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Mathematical Formulae
1. ALGEBRA
Quadratic Equation
For the quadratic equation ax” +bx+c=0,
~b+~/b* —4ac
x=—
2a
Binomial Expansion
" n h n-1 n n-232 n n-ryr n
(a+b) =a"+| |a"b+| _|a"b +---| " |a@"B 4 4b",
1 2 r
! -1)..(n—-r+l
where » is a positive integer and gl I ) Blnlad) .
r) ri(n-r)! r!

2. TRIGONOMETRY

Identities
sin®? A+cos’ A=1
sec’4=1+tan’ 4
cosec’ A =1+cot* 4

sin( A4+ B) =sin Acos B+cos Asin B
cos(A+ B)=cos Acos BFsin Asin B

tan(A+B)=tan_Aitan_B
B 1¥tan Atan B

sin2A4=2sin Acos A
cos2A =cos’ A—sin’> A=2cos’ A-1=1-2sin> 4

2tan 4

tan24 =
1—tan’® 4

Formulae for AABC
a b c

sin 4 - sin B - sinC

a*=b*+c*-2bccos A

A=lbcsinA
2
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1 (a) Sketch the graph of of y =log, (3x + 1) and label the point where x = % . Explain

why x>—%. 3]

Asymptote — B1

Shape and point (é—,l) -B1

= y=log,(3x+1)

y =log, (3x+1)

2Y =3x+1

v

b
il
|

y
x 27 >0 Al
3x+1>0

td |

xX>—=
3

-

Some students do not know the shape of the curve.

. Students do not know that the curve cuts through the origin
or did not label the point (1/3, 1) clearly.

3. Students did not put in the asymptote.

N =

4. Students do not know how to expl‘ain why x > —%. By
saying x = —é is the asymptote is not enough. Cos the curve

can be on the right or left of the asymptote. By using x = —%

and say this will result in y=0 also does not explain why x
cannot be less than 1/3.
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(b)  Solve log,(3x+1)+ % log ;(3x- D=1. [4]

1
log, (3x+1)+ - log ;3x-1)=1

log,(3x+1)+ 1 1%2_(_3_)6_:_12 =1 M1 — change base
20 log,2’

1og2(3x+1)+G><2J10g2 (3x-1)=1

log,(3x+1)(3x-1) =1
@r+D)(3x-1)=2 Ml

9x* ~1=2
=1
3
xX= l X=- _1. .
x=0.192 (rejected)

Students are confused with logarithmic rules. They wrote Ig a + 1g b = 1g (a+b)
Only a small handful is not able to change the base.
Students forgot to reject negative x value.

P b R

Students did not know as x> has positive and negative values.
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The diagram above shows an arch bridge. The arc AFTEB is part of a circle with centre P, and

AB is a chord 8 m. Point T is 1 m vertically above point M which is the midpoint of AB. CF and

DE are perpendicular to chord 4B. The arc AFTEB can be modelled onto the coordinate plane

below, where C and D are (-3, 0) and (3, 0) respectively.

Ay
T(0,1)
F E
AG-40/7 | | \B(4.0) .
,’ C(-3,0) Mo, 0) D@3, 0)\‘
; ‘i
# %
$ ;Y
¥ 3
i H
: P H
E 2
¥ ¥
% ¥
% ¥
11 3
% z

Methodist Girls’ School

Additional Mathematics Paper 2

Sec 4 Preliminary Examination 2021



Page 6 of 22

()  Show that Pis (0,-7.5). [2]
’ 2 9 Alternative method:
ro=(r-1)"+4 _ Let Coordinate of P be (x, y)
2_.2 Lt X is on the y-axis, hence x= 0
= —2 >
et ~Eel il length of TP = length of BP
2r=17 5 5 5
r=85 JA-3)% ={(4-0)2+0-)
" 1-2y+y* =16+*
. P(0,-7.5) -2y =15
y=-15
P(0,-7.5)

Common errors:
Students randomly used radius as 15 cm to prove coordinates of P.
Students are careless in manipulation.

2 (i)  Find the equation of the circle. (1]
Centre P(O, —7.5) and radius 8.5

Equation of circle is

2 +(y+7.5) =852

2 ( 15)2 289
X+ y+—| ===

2 4 Students did not evaluate 8.52.
15)2 Students must remember to simplify (x— 0)2 as x*
457 +4(y+—2—J =289
(iii) Calculate the height of the pillar CF. [2]
Atx =3,
24 (p+7.52 =2
2 253
+75) =—
(y+7.5)" ==,
, 253
75=%,]—
- 4 Students did not know there are
y=0.453 or y=-15.5 positive and negative values or did

not answer to the question by
stating clearing the height of the
pillar.

.. height of the pillar=0.453 m Al
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(iv)  Find the equation of tangent at point B. 3]
PB is perpendicular to the tangent at point B.
7.5 18

Gradient PB= —=-— M1
4 8

Students are not aware that PB is
perpendicular to tangent at B.
Some used differentiation to find
gradient. waste time

Many students forgot the x in the

Gradient of tangent at point B = —% Mi

Equation of tangent at B is final answer!!!
8
=——(x-4
y=-75(x-4)
8 32 Al
15 15
15y =-8x+32
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3 (@  Solve V4x+12—+/x+3=2. [3]
Jax+12-x+3=2 Jax+12=2+x+3 Mi
JA(x+3)-x+3=2 4x+12=4+4Jx+3 +(x+3)

M1 2Jx+3-x+3=2 3x+5=4yx+3
x+3=2 pg 9x> +30x+25=16(x+3)
x+3=4 : 9x* +14x-23=0

x=1 Al

x=1 or x=—--29—3(NA)
A1l ~ must show both

Common errors:

Students square individual terms to remove square
root. Never do that.

Students who square both sides of the equation must
remember to check for validity of answers.

(b)  The volume of right circular cone is 47 cm’. The radius of its base is
(1 + «/-2_ ) cm. Find, without the use of a calculator, the height of the cone in the

form(a +b2 ) cm, where a and b are integers. [3]

Vol of cone = l nrih

4r =%7r(1+\/5)2 n Mi

12= (l + 2\/5 + 2) h Some students do not know the
volume to find volume of cone.
5 12 (3 -2\2 ) Students must show how they
= X ; ‘ . p
(3 2 \/2-) (3 _9 ﬁ) W1 rationalise the denominator.

12(3-2&)
B

=12(3-2J§)

=36-2442 Al
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4

A particle moving in a straight line, passes through a fixed point O with a velocity of

4 m/s. Its acceleration ¢ seconds after passing through O, is (6 —8) ms™. Find

) the minimum velocity of the particle, [4]
a = (6t —8) Generally well done but some
students forgot to add the arbitrary
V= I 6t -8 dt constant.
e - ; Some students do not know that at
=3¢“ -8t +c, c is an arbitrary constant M P10l p= . Thiey sy =0 fstea
_ Question asked for min velocity,
Att=0,v=4..c=4 good to do second derivative to
v=3t* -8t +4 M1 prove that it is min velocity.
in velocity when a = 0. £ = g8 4 Students did not know that min
Min velocity when a =0, £= 6 3 Ml velocity happens when a =0 and
4 22 they should use this to find the
At ft=— ,__23 =6>0 value of ¢ in order to find velocity.
3 ar
2
.. minimum velocity, v=3 [g) — 8(%} +4= —g-m/s Al
(i)  the time when the particle first comes to an instantaneous rest, [2]
v=0 Very well done as many know that v
32 —8t+4=0 M1 = 0 when particle is at instantaneous
, rest.
(3t - 2) (£- 2) =0 However, students did not answer
2 _1 the question. They must either rej t
= 3 or 1= =2 or show clearly that the answers
5 as required is ¢ = % as question
.. it first comes to rest at ¢ = 3 s Al L —
(iii)  the distance travelled in the 2™ second. [3]
2 } i
s=j1 3t -8t +4dr Ml s=P 4 1dr+c Ml
. 2 t=0,5s=0..c=0
3 =1, s=1-4+4=1
=| " -4t +4t] I att=1, s "
': [ ML OT =2 s=8-16+8=0 M!
=(8-16+8)-(1-4+4
[( i )=( )] .. distance travelled = Im Al
= 1 A
Quite badly done.

unknown c, too much effort.

Some students did not know they have to integrate velocity to find displacement function.
Many integrate velocity without using definite integrals hence they have to calculate the

Students did not know how to find distance travelled in the 2°¢ second. They find
displacement‘at l= % and ¢ =2 or they use =2 and ¢ =3.

Distance travelled in the 2™ second is the distance travelled between t =1 and t =2.
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()  Prove that cosec2x+cot2x =cotx. [3]
cosec2x+cot2x = — L c?s 2%
sin2x sin2x
_1400s2x  pgy A small handful of students wrote
sin2x COSeC x as .
5 Cos X
__2c05x M1 Students rewrote as sin, cos and tan
2sinxcosx but did not know how to simplify
_Cosx further.
sinx Al
=cotx
(ii) Hence, deduce the value of cot15° in surd form. [2]
cot15° = cosec30°+cot30°
1 1 Students did not notice this is a
S - M1l “Hence” question and did not use
sin30°  tan30 part (i). Zero immediately.
- 1 n 1 Careless for some students.
57,
2/
=2+43 Al
(iii)  Using part (i), solve cosec2x+cot2x =6—5Stanx for 0° < x <360° [4]
basseZp-onl Zn=6— 31X Pretty well done. Only a small
cotx=6—5tanx M1 handful needs to revise this topic
1 of solving trigonometry equations.
e 6—5tanx But it was horrifying to see:
2 —_ —
St w—B e 1=0 M1 Stanzx 6tanx+1=0
(Stanx-1)(tanx~1)=0 Stan” x—6tanx =1
' . ) tanx(Stanx—6) =-1
tanng or tanx=1 tanx=-1 or Stanx-6=-1
a =11.30993 x= j_i&ggé,
x=11.3°191.333 Al
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6 (a)  Itis given thatg(x)=2e" - 3Ve* . Solve the equation g(x)+1=0. [4]
2¢" -3\e" +1=0
1 _ Most glaring error: Students
Letp=e?, square individual terms to remove
2 _ _ Mi square root. WHY WHY
2p"-3p+1=0 WHY???
(2p-1)(p-1)=0
1
p=3 p=1 M1
eéx - _}_ elix =]
2 0
— =
Zx=In (l) 2 Al
2 2 x=0
x=-139 Al
(b)  The function f (x) is such that f (x)=3€" Y
) Given that f(0)=4, find an expression for f (x). [3]
4 _a.X , “2x
f (x) =3¢ +e Student integrate wrongly. Did not
f(x)= J' 3¢ +e ¥ gy divide by -2. Or forot to add
constant c.
_3e" e M1 Did not calculate ¢ value
Sl T8 accurately
£(0)=4
4=3¢° ——l—eo +c Mi
2
4=3—l+c
2
3
o=
2
—2x
.'.f(x)=3ex—£——+-3- Al
2 2
0 '
(i)  Show that J' f (x)dx =k, where ks a constant to be
determined.  [3 ~n2 Students Sub values in
etermined.  [3] o without using f(x)
I f (x) dx=k Students used wrong values
=2 when doing substitution. Ln 2
X iy ? i M1 instead of —In 2
3e € - Most common error: students
=l include ¢ value which is 3/2
k=|[30-1,0]_[3,-m2_1 ¢2n2 | |when evaluating definite
2 2 integrals.
1 (3 1 * Student must show how
. [ Z_—x 4) values are substituted before
2 \2 2 giving final answer.
=3 Al
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@ An equation of a curve is y=x*+2x’. Find the coordinates of the
stationary points and determine the nature of the stationary points.

y=x*+2x
ﬁiX =4x’ +6x> Ml
dx
@ _
dx

2x*(2x+3)=0

x=0 or x=——
dzy 2
E=l2x +12x M1

2

Atx=-2,22 _950

2 dx

3 27
Atx=—-—,y=—-—

2" 16

3
2° 16

[5]
| x<0 | x=0 | x>0
d_y \ +ve 0 ‘ +ve M1
dx

(0, 0) is a point of inflexion

Al

Students do not know that they must use
first derivative test to conclude for point

of inflexion.

Some cannot remember the name or

spell the point the mnflexion.

Py

[ 27) . . . ;
——,—— | 1s aminimum point A}

(ii) Explain whether y is increasing or decreasing for —1.5<x<0.

dx
x? >O,—%<x<0 Mi
(2x+3)>0

Q >0
dx Al

LJ =4x’ +6x” =2x"(2x+3)

[2]

Most students cannot do this.

y is an increasing function for —1.5<x <0.

\/

Describe cleérly that gradient of graph of x> -1.5 is positive and the gradient of éraph less
than zero is also positive, hence y is an increasing function for —1.5<x <0.
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4
7 (b)  Two variables x and y are related by the equation 8y = [% — 1) . Given that both

x and y vary with time, find the value of x at the instant when the rate of change

of y is twice the rate of change of x.

Z_1=2
2
*_3
2
x=6 Al

[3]

Some students actually did binomial
expansion before differentiation — waste
time.

Some do not know what is the rate of
change of y is twice the rate of change of
X.
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8 The population P, in millions, of a country was recorded on January of the various years

and the results are shown in the table below.

Year

2005

2010

2015

2020

P

12.95

14.67

17,52

22.11

Given that P=10+ab’, where t is the time measured in years from 2000 and a and b

are constants.

lg(P-10)=1ga+Igh
@) Draw the graph of lg(P—lO)plotted against ¢, for 0<7<25. [3]
EREESSbaRNEdTTIED SO MISNL SRR (NN 1 ARRY RS 200 |
a8 | 1g(P-10) | 0470 | 0669 | 0876 | 1.08 |
1g(P-10) T
' ek Many cannot plot the
‘ Hunbankinabe last point (20, 1.08)
‘ 1 T
e

o
o
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8 (i)  Use the graph to estimate the values of a and 5. [4]

P=10+ab’
P-10=ab'

lg (P - 10) =lga+tlgh Quite good except those whose last
lgb is the gradient point is out, then gradient is off.
_1.08-0.27

lgb

20 1

= 0.0405
b=1.09

[0.0405<1gb <0.0415]
1.09<b<1.1 Al

lg a is the vertical intercept
lga =027
a=186 Al
[0.25<1ga<0.27]
1.78<a<1.86

(i)  Explain how the graph could be used to find the year in which the population
will reach 33.6 millions. [2]

1g(33.6-10) =1g23.6
=1.37

To reach population of 33.6 millions, take

1. Draw a horizontal line 1g(P—-10)=1.37 M1

2. The point of intersection with the linear graph will give you value z.

3. The year is 2000 + ¢ Al

Quite good just that some forgot the
last point.
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9 Solution to this question by accurate drawing will not be accepted.
Yy A
D
A(0, 6)
2x+y=6
B(=5,1)
0 -
\w T X
C

The diagram shows a kite ABCD with AB = AD and CB = CD. The diagonals intersect at M. It
is given that the coordinates of 4 and B are (0, 6)and (—5,1) respectively and the equation of
ACis2x+y=6. « :

Find
(1) the equation of BD. [2]
Gradient of BD = 1 M1 : :
2 Quite well done
Equation of BD is
1
—1=—(x+5
yol=g(x+s)
1.7 Al
AR
2y=x+7
(i)  the coordinates of M and of D. [4]
2x+y=6-(1) Midpoint BD = M
1 7
=X+ —cene (2) _
Y 5 ) ( 5+x,1+y]=(1’ 4) M1
7 2 2
6-2x=—x+ —i
Ml —
2 _12_7 5+x=1 1+y=4
) 2 2 2
x=1 —S+x=2 1+y=8
y=4 x=7 y=7
M(1,4) Al DD

(Quite well done for coordinate of M but many failed to use mid point to find D
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1 _
9 Given further that the area of the triangle ABD is 5 of the area of the triangle CBD,

@iii)  find the coordinates of C, : [2]
By similar As, x? +(2x)2 =412 +22
-y M1
x 4 2 '
x=4 5x“ =80
x=4
Al C=(4,-2) Some use area of triangle to find C.

Some use similar triangle/vector but
use 1:3 instead of 1:4

-

@(iv)  find the area of the kite ABCD. 2]
Area of kite ABCD =
1-5 4 7 0 -5 1 '
= = —[(10+28+42)=(4-14-30
TIPS RTREEY)
vl Lr120
—5[ ]
=6Ounits2

Al

Some actually use area of triangle 48D and multiple by 3
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10 @) Solve the equation 4cos24=3-2sinAfor 0<A<2x. 4]

4c0824A=3-2sin 4
- 4(1-2sin’ 4)=3-2sin4 M1
4-8sin* A=3-2sin4
8sin’ A-2sin4-1=0
(4sinA+1)(2sin4-1)=0

sinA4 = 1 ) 1
4 sind=—
basic, a=0.25268 2 S
LA=r+a, 2n-a A=%,?ﬁ Al

=339,603 Al

Quite well done.

(i)  Itis given that f(x)=2cos6x —% and g(x)=1-sin3x. State the period of f(x)

and g(x), in terms of 7. [2]

Period of f(x) = 2?” = B1

Wy

Period of () = 2Tﬂ BI Quite well done.
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10 (iii)  Sketch, on the same axes, the graphs of for y =f(x) and y = g(x) for
0<x< 2z ; [4]
3
3 1 M1 Correct points/shapes
. M1 No of cycles
y=1-sin3x
2 4 N
, 1
y=2cosbx——
7< 2
o
2/ 3
-t
Students need to draw more
.. proportion graphs
(iv)  Explain how the solutions of the equations in part (i) could be used to find
the x-coordinates of the points of intersection of the graphs of (ii). [2]
1 ;
2c056x—5 =1-sin3x
4cosbx—1=2-2sin3x Badly done. Most cannot
. Mi explain
4cos6x =3-2sin3x B
Let3x=4
4cos24=3-2sinA
The solutions in part (i) divided by 3 will be the x coordinates of the points of
intersection of the graphs of (ii) Al
~ End of Paper ~
Methodist Girls’ School Additional Mathematics Paper 2 Sec 4 Preliminary Examination 2021


https://freetestpaper.com/

Page 20 of 22

Blank Page

Methodist Girls® School Additional Mathematics Paper 2 Sec 4 Preliminary Examination 2021



