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2

Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax’ +bx+c=0,

_ —b++b* —4ac

2a

X

Binomial expansion

(a+b)" =a" +[’;ja"'lb+(ga”'2b2 ¥ ... +(n) a" b+ ...+b",
r

_ n ! =1)..(n—-r+l
where 7 is a positive integer and == = =t wl-r+l) :
r) rin-r)! r!

2. TRIGONOMETRY
Identities

sin’ A+cos’ 4=1

sec’ A=1+tan’ 4

cosec’4 =1+cot* 4
sin(A4+ B) =sin Acos B £ cos 4sin B
cos(A+ B) =cos Acos B ¥sin Asin B

tan A+tan B
1¥tan Atan B

tan(A+ B) =
sin2A4=2sin Acos A
cos2A=cos’ A—sin’ A=2cos’* A-1=1-2sin’> 4
1-tan” 4

Formulae for AABC
a b c

sind sinB B sinC
a’=b*>+c* -2bccos A

A=labsinC
2
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1  Given that p(x)=(x+1)’ +5(x—1)* +ax+b has a factor of x~1 and leaves a [4]
remainder of 21 when divided by x -2, find the value of @ and of 5.
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2 () Giventhat f(x)=x+3x> —4, show that x+2 is a factor of f(x), and hence [3]
factorise f(x) completely.
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2x° +6x*+7

(ii) Hence, express
’ P +3x% -

in partial fractions. [5]
X
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6.

3 (a) Giventhat

1
3/2_2‘x3g 2
.

2
3) =2°x3’, find the fractions, @ and 5. [3]

(b) Given that 3 x5 =9 x5 | evaluate 15* without using a calculator. [3]
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(c) Given that n is a positive integer, explain why the largest prime factor of [3]
2(5"")—4(5")+5"2 is 31.
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8
4 (a) Giventhat Ls f(x)dx =5, find the value of

O [fe)ax,

(i) j}” f(x) dx+ j;{f(x) —%x} dx.

(b) y=g(x) is the equation of a non-horizontal straight line.

Given that J-OS g(x)dx=0 and g(2.5) =0, explain what the result implies about
the line y =g(x).
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9

5 (@ Giventhat y= 116x2 , find the range of values of x for which y is increasing. [4]
x
.o . 16x .
(i)  Another curve has equation P L +d , where d is a constant. [1]
+x

Explain why the range of values of x for which y is increasing for this curve is
the same as the answer in (i).
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10

6  Acircle, C,, has an equation x* —6x+*+10y =66.
(1)  Are the x-axis and y-axis tangents to C, ? Explain your answer. 3]
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(i)  Does the point (2,-4) lie inside, on or outside of C,? Show your working [2]
clearly.

A second circle, C,, is the reflection of C, on the y-axis.
(i)  Find the equation of C,. (2]
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7 The point (a, 2) is a stationary point on the graph y =x’ —x*—x+b, where a and b are

positive constants.
(i) Showthat a=1. [2]

(i)  Find the value of &. [1]
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(iii) Find the coordinates of the other stationary point.

(iv) Determine the nature of each of the stationary points. ~
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8 (a) The average person’s blood pressure is modelled by y = ksin(57¢) +100, where

y millimetres of mercury (mmHg) represents the blood pressure at time ¢, measured in
minutes and £ is a positive constant.

The maximum blood pressure of an average person is 120 mmHg.

(i) Find the value of k. Hence, state the minimum blood pressure of an [2]
average person.

(ii) State the period of y and the number of cycles for 0<7<0.6. [2]

(iii) Sketch the graph of y = ksin(57¢)+100 for 0<¢<0.6. [2]
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(b) Solve the equation 2cos2x—3secx+2=0 for -n<x<7 . [5]
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y=+2x+4

NS

b
o
—&]
v
b

The diagram shows part of the curve y =+/2x+4 , meeting the x-axis at the point 4 and the
y-axis at the point B. The normal to the curve at B meets the x-axis at the point C.

(i) Write down the coordinates of B. [1]

(i) Find the coordinates of C. [4]
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(iii) Find the area of the shaded region. [4]
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10 A particle travels in a straight line so that, # seconds after leaving a fixed point O, its
velocity,v ms™, is given by v=1¢> — 2kt — 6k , where k is a constant.
The minimum velocity of the particle occurs when 7 =2.

(i) Showthat k=2. [2]

(ii) Find an expression, in terms of #, for the displacement of the particle. Hence, [5]
show that the particle will return to O only once during its journey.
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(iii) Find the total distance travelled by the particle for the first 7 seconds. [4]
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11 (a) A, B and C are the angles of a triangle. [2]
Show that sin C =sin Acos B+sin Bcos 4.

() Given that P and Q are angles such that sin P = —% and cosQ = % , where both P and

Q are in the same quadrant, find the exact value of

() tan2Q, [3]
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21
(i) cosec(P-0Q), [3]

(iii) sing. 2]
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22
12  The cost per submarine, $y in millions, of assembling x submarines can be modelled by

y=§x2—20x+100 , where x<8.

(i) Explain the meaning of the constant term 100 in this model. [1]
(i) Express y= %xz —20x+100 in the form of y=a(x—h)* +k. [2]
(iii) Explain the significance of x =/ in (ii). [1]
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax” +bx+c=0,

~b+b* —4ac

2a

X =
Binomial expansion

(a+b)" =a" + (’3 a" b +(Z) a"2h? + .. +[nj a" b + .. +b",
r

o n ! -).(n—-r+l1
where 7 is a positive integer and =" = an-l) «n—rth .
r) rli(n-r)! r!

2. TRIGONOMETRY
Identities s
sin> A+cos’ 4=1

sec’ A=1+tan’ 4
cosec’ A =1+cot® 4
sin(4+ B) =sin Acos Bxcos Asin B
cos(A=x B)=cos Acos BF¥sin Asin B

tan 4+ tan B

tan(A£B) = ———
( ) lF¥tan Atan B

sin2A4 =2sin Acos A

cos2A4=cos> A-sin’? A=2cos’* A-1=1-2sin* 4

tan24 =204
1-tan” A4
Formulae for AABC
: a b c

sin4d sinB sinC

a’=b*+c* -2bccos A
1 )
A=—absinC

2
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1  Given that p(x)=(x+1)’ +5(x~1)* +ax+b has a factor x—1 and it leaves a [4]
remainder of 21 when divided by x -2, find the value of a and of 4.

p()=0
(A+17° +51-1)%+a+b=0
8+a+b=0

b=-a-8 ————(1)

p(2)=21

QR+1’+52-1)*+2a+b=21

27+542a+b=21
b=-2a-11 —==—(2)

Subst. (1) into (2),
-a—-8=-2a-11

a=-3

Subst. @ =12 into (1),
b=—(-3)-8
b=-5

sa==3,b=-5
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4
2 {)) Given that f(x) = x> +3x? —4, show that x+2 is a factor of (x), and hence [3]

factorise f(x) completely.
Let f(x)=x* +3x* -4

By inspection,
f(-2) = (-2)’ +3(-2)* -4
=-8+12-4
=0 _
Since remainder = 0, by factor theorem, (x +2) is a factor of f(x). [Shown]

X +x=2
x+2)x  +3x° +0x -4

- (x3 + 2x2)
x* +0x
- (x2 + Zx)
-_—2x -4
—(-2x-4)
0

f(x)= (x+2)(x* +x-2)
=(x-1)(x+2)
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2x° +6x7+7 . . .
————— in partial fractions.

ii Hence, express
th . x+3x* -4

2
x +3x2 +0x—4)2x3 +6x% +0x+7

—(2x3 +6x* +0x—8)
15

20 +6x"+7 _ 2x° +6x" +7
x +3x* -4 (x-l)(x+2)2
15

(x-1)(x+ 2)2

=2+

o 15 _ 4, B ¢
(x—l)(x-+~2)2 x-1 x+2 (x+2)
15=A(x+2) +B(x-1)(x+2)+C(x~1)

L

>, Where 4, Band C are constants.

Whenx=1,  15=4(3)

a=2
3

Whenx=-2, 15=C(-2-1)

C=-5
When x =0, 15=-§(2)2+B(—1)(2)—5(—1)
15=§—2B+5
3
B=-2
3
2% +6x7 +7 5 5 5

. =2+ - -
X +3x -4 3:-1) 3(x+2) (x+2)
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3 (a)

(b)

(©)

1

322 <35 (2)’
Given that e X(EJ =2°x3", find the fractions, a and b. (3]
1 , 2 1
P23 (277 _2x¥ (3
6 3)  2x3 0\ 2
Z—3—2 l—3+2
=23 x3°
A3 4
=2 %59
a= —}—3—’, b= 4
3 5
Given that 372 x 5% =9* x5 | evaluate 15* without using a calculator. [3]

3x+2 X Sx—l - 9): % 52x
X

9(3x)x5? =37 x5%

2 _ (32: )(521)

5 35

(32X)(52X) B 2
GG 5
9
35 ==
(35 5
15% = 2
5

Given that # is a positive integer, explain why the largest prime factor of [3]

2(5™)—4(5")+5"2 is 31.

25" = 4(5") + 5" = 2(5)(5") - 4(57) + 52 (57)
=10(5")— 4(5") +25(5")
=5" (10— 4+25)
=5"(31)

Since » is a positive integer, 5" is a multiple of 5. There are 2 prime factors, 5
and 31. Thus, the largest prime factor of 2(5"")—4(5")+5"" is 31.
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4 (@ Giventhat [ *f(x) dx =5, find the value of
1
0 [fxax,

j:f(x) dx=— jls f(x) dx

= [ f(x) dx
—_5

(ii) f’s f(x) dx + J.15_5|:f(x) —%x} dx.

J.;LS f(x)dx+ Ls_sljf(x) —-%x} Sl J‘llA5 £(x) dx + 'f;f(x) s J';%x dx

- s 3 32 |
- L f(x) dx [2(2)}

1.5

_s_[36) 3057
B 4 4

=5—(17—1—)
16

= —12i or —12.0625
16

(b)  y=g(x) is the equation of a non-horizontal straight line.

Given that J.OS g(x)dx =0 andg(2.5) =0, explain what the result implies about
the line y =g(x).

The line y = g(x)intersects the x-axis at x =2.5. The two area between line and the
x-axis in the interval 0<x <35 lies above the x-axis and below the x-axis are equal.

y y

,?.

O%// B X | ‘ i
25 5 Ol 2305

; EEEN

OR

N\

(1]

[3]

[1]
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'5 (i) Giventhat y= .ll@% , find the range of values of x for which y is increasing. [4]
+Xx

_ l6x
1+x2

dy _ (1+x°)(16)—(16x)(2%)

dx (l+x2)2
dy _16+16x" —32x°
dx (l-i—xz)2
dy _16-16x’

dx (1+x2)2

For y to be increasing, % >0.

Since (l-}-xz)2 >0 and M >0, ~
(1+x2)
16—-16x* >0
—16x* >-16
x*-1<0
(x+D(x-1)<0

A 4

S=l<x<l

- : 1 ;
(ii)  Another curve has equation y = 1_:6x_2 +d , where d is a constant. [1]
x

Explain why the range of values of x for which y is increasing for this curve is
the same as the answer in (i).

d is a constant. The value of d will only result in the translation of the
respective graphs vertically upwards or downwards, therefore, it has the same
gradient of the curve, and does not affect the range of values of x. Thus, it has

the same answer as (i).
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6  Acircle, C, has an equation x* —6x+y* +10y =66.
()  Are the x-axis and y-axis tangents to C, ? Explain your answer. : [3]
x*=6x+y>+10y =66 4y
(x=3)*=9+(y+57—25=66
(x=3)*+(y+5*=66+9+25
(x-3)*+(y+5)* =100
(x=3)* +(y+5)* =107

Centre of Circle = (3,-5) ,
Radius of Circle = 10 units

EITHER
The x-coordinate of the point on circumference west (right) of the centre of circle = 3—10

= -7
Since the x-coordinate of the point # 0, y-axis is not a tangent to C.

The y-coordinate of the point on circumference north (top) of the centre of circle = —5+10
=5

P

Since the y-coordinate of the point # 0, x-axis is not a tangent to C.

OR
The centre of the circle is 5 units from the x-axis and 3 units from the y-axis. As the radius

of the circle (10 units) is larger than the distance of the centre from both axes (10 > 3 and
10 > 5), the circle will intersect both axes twice. Therefore, the x-axis and y-axis are not

tangents to C, .

Alternative Solution
x* —6x+y* +10y =66
x*—6x+y* +10y—66=0
Letx=0, *+10y—66=0
_-10+,iF 4000
2(1)

_ —10++/364
2
y=4539.. or y=-14.539.

- The circle intersects the y-axis at 2 points and the y-axis is not a tangent to Ci.

Lety=0, x’—6x—66=0

L= “CO2Y(-6)* ~4)(66)
2(1)

624300
2

x=11.660... or x=-5.660..

~.The circle intersects the x-axis at 2 points and the x-axis is not a tangent to Cj.
2021 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4049/Paper 1 [Turn over



10
(i) Does the point (2,~4) lie inside, on or outside of C, ? Show your working [2]
clearly.

Distance between (2,—4) and centre = \/(3 -2)* +(-5-(—4))*
= /2 units

Since distance between (2,—4) and centre is smaller than the radius, i.e. \/5 <10,
therefore the point (2,-4) lies inside the circle.

A second circle, C,, is the reflection of C, on the y-axis.

(iii) Find the equation of C,. [2]
New centre of circle = (-3,-5)

Equation of new circle: (x+3)* +(y+5)* =100

%
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The point (a, 2) is a stationary point on the graph y =x* —x* —x +b, where a and b are
positive constants. ;
(i) Show that a=1. [2]

y=x~-x’—x+b

d—y:.’mcz--Zx—l

whenx=q, —=0

3a*-2a-1=0
Ba+(a-)=0
3a+1=0 or a=-1=0

a= —% (rejected " @ > 0) or a =1 (shown)

(i) Find the value of 5. [1]

y=x'-x*-x+b

whenx=1y=2
2=’ - -+
b=3
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(iii) Find the coordinates of the other stationary point. 1]
3 2
whenx=—-1-, y= 1 —(—lj (-2 +3
3 3 3 3
5
=3
Y=y
Coordinates of the other stationary point = (—% , 3%)
(iv) Determine the nature of each of the stationary points. [3]
b =3x?-2x-1
dx
2
%x—);- =6x-2
'y
whenx =1, i 6(1)—-2
2
‘;X—Jz’ =4>0

So (1,2) is a minimum point.

2
whenx=—l,d—}2}=6[—l ~2
3 dx 3

1,5). ) .
So|-=,3 —) is a maximum point.
3" 27
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The average person’s blood pressure is modelled by y = ksin(57t) +100, where

y millimetres of mercury (mmHg) represents the blood pressure at time ¢, measured in
minutes and £ is a constant.

The maximum blood pressure of an average person is 120 mmHg.

(i) Find the value of k. Hence, state the minimum blood pressure of an [2]
average person.

max. of sin (57¢) =1
120 =k (1)+100
k=120-100
k=20

Since min. of sin (5n¢) =1,
Min. Blood Pressure =20(-1)+100

= 80 mmHg
(i)  State the period of y and the number of cycles for 0<7<0.6. (2]
Period = 2%
Sz
= 0.4 minutes
0.6
Number of cycles for 0<¢t<0.6=—=1.5
(iii) Sketch the graph of y = ksin(57¢)+100 for 0<¢<0.6. [2]
y
1‘
y =20sin(57¢) +100
120 F--gm === e e

,._
=
S
i
]
]
i b

o e el i

e R et T
T e e L T T SpNp R SN ——

[

0 01 02 03 0405 06 !
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(b) Solve the equation 2cos2x—3secx+2=0 for -z <x<7 . [5]

2cos2x—3secx+2=0

2(20052x—1)— +2=0
COS X

4co8’x—2— +2=0
cosx

4cos’ x =
cosx
3 3
cos’x==

3
cosx =3—
\/4

x is in 1st or 4th quad

basic £ =cos™ i/E
4

basic £ =0.43097...

x=0.43097... or —0.43097...
x=0.431 or —0.431(3sf)
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y=+2x+4

The diagram shows part of the curve y =+/2x+4 , meeting the x-axis at the point 4 and the
y-axis at the point B. The normal to the curve at.B meets the x-axis at the point C.

(i) Write down the coordinates of B. [1]

Whenx=0, y=~+0+4

=2
. B(0,2)
(ii) Find the coordinates of C. [4]
1
L =l[(2x+4)_5}x2
dx 2
1
=(2x+4)2
1
atB, L (0+4)7
dx
=X
2

Gradient of normal to the curve at B = -2

Equation of normal to the curve (ie. line BC) at B: y=-2x+2

When y=0,

0=-2x+2

x=1
.'.C(I,O)
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(iii) Find the area of the shaded region. [4]
When y =0,
0=+2x+4
2x=—4
- A (—2, 0)
Area of the shaded region = _"_02\/2x_+4 dx +-;—(1)(2)
_(2 +4): 0
%
= —g—(—zg— +1
2 -2

_ (0+34)% _(4;4)% o

3% or 3.67(3s.f.) units®

2021 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4049/Paper 1
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10 A particle travels in a straight line so that, ¢ seconds after leaving a fixed point O, its
velocity,v ms™, is given by v=1¢> — 2kt — 6k , where k is a constant.
The minimum velocity of the particle occurs when ¢ =2.

(i) Show that k=2.

v=t> -2kt -6k
5‘—3=2t—2k
dr

At minimum velocity, ¢ = 2, %‘;— =0

2(2)-2k=0
2k=4
k=2
2

k =2 (shown)

(i) Find an expression, in terms of ¢, for the displacement of the particle. Hence,
show that the particle will return to O only once during its journey. .

v=1t> -2kt -6k
= ~4¢-12

: s=jt2—4t—12dt

= %ﬂ ~2¢t* —12t+ C, where C is a constant

Whenr=0,s=0
%(0)3 -2(0)* -12(0)+C =0
S C=0
1 3 2
So s=—£-21"-12t
3
When s =0,

lt3—2t2—12t=0
3

%t(t2—6t—36)=0

%t=0 or *-6t-36=0

0 o 1o "6 -40)(36)

2()

6+/180
2

t=0(NA),t=9.71 or t=-3.71 (rejected 't >0)

t=0 or t=

Therefore, the particle will return to O only once at 7 =9.71s during its journey.

[2]

[5]
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(iii) Find the total distance travelled by the particle for the first 7 seconds. [4]
v=t'-4t-12
For turning point, v=0
t*-4t-12=0
t-6)t+2)=0
t=6 or t=-2

Distance travelled from Os to 6s = '% (6)° —2(6)° —12(6);

=72 m

Distance travelled from 6s to 7s = ‘% (6)’ —2(6)° —-12(6)‘ —E (7) —=2(7)* =12(7)

= 72-67 2
3
Total distance travelled by the particle for the first 7 seconds = 72 + 4—;
_ 2
3

= 76% or 76.3 (3sf) m

2021 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4049/Paper 1
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11 (a) A4, Band C are the angles of a triangle.
Show that sinC =sin Acos B+sin Bcos 4.

A+B+C=180°
A+B=180°-C
sin( 4+ B) =sin(180°-C)
sin A cos B +sin B cos 4 = sin C (shown)

Alternative Soln
sin C =sin (180° - C)
=sin(4 + B)
=sin Acos B +sin Bcos 4 (Shown)

[2]

(b) Given that P and Q are angles such that sin P = —g— and cosQ = %, where both P and

Q are in the same quadrant, find the exact value of

“ @) tan20,

2021 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4049/Paper 1
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(ii) cosec(P-Q),

P/-\ 3
NS
—4
5
cosec(P-Q) = R T
" sin(P-0)
1
_sinPcosQ—sichosP
1
EHEE
5/\13 13\ 5
__6 "
33
(i) sinZ.
cos Z[EJ =1-2sin’ (Ej
2 2

2_=1-cosP

/ (1-cos P)

2sin

2.
=
I
H

BN | =

I
H

w
2.
Vi RN NN NN NN

]
H

U‘I& W — ﬁ
.
i

W Ww

N S

2]
e
=

2.
=
]
H
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12 The cost per submarine, $y in millions, of assembling x submarines can be modelled by
y =§x2 —20x+100 , where x<8.

()  Explain the meaning of the constant term 100 in this model. [1]

There is a fixed price of $100 million incurred, even when ne submarines were

assembled.
(i) Express y= g—xz —20x+100 in the form of y =a(x—h)* +k . [2]
5 5
y =Ex ~20x+100
y=-5—(x2—8x+40) i
2
2 2
=3[ -ser( 2] (2] s
2 2 2
y= é[(x—4)2 +24:l
2
5 2
y==(x-4) +60
2
(iii) Explain the significance of x = 4 in (ii). [1]

x =4 occurs at the minimum point of the curve. Hence, the cost will be lowest when
we assemble 4 submarines.
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax’ +bx+c =0,

~b++b*>—4ac

2a

X =

Binomial expansion

(a+b)" =a" +[:’)a""lb+(g a" %+ . +[nj a" b+ ... +b",
14

e n ! -D..(n-r+1
where 7 is a positive integer and S = g1 o lp—r+l)
r) rin-r)! r!

2. TRIGONOMETRY
Identities
sin®? 4+cos* 4=1

sec? A=1+tan’® 4
cosec’d=1+cot’ 4

sin(AiB)=sinAcosBicosAsinB
cos(AiB) =c0s Acos BT sin Asin B

tan A+ tan B
15 tan Atan B

sin24 =2sin Acos 4

tan(A+B)=

cos2A =cos* A—sin* 4=2cos’ A—1=1-2sin’ 4

2tan 4

tan2A=—2
1-tan“ 4

Formulae for AABC
a b c

sin A B sin B - sinC
a* =b*+c* =2bccos A

A =lbcsinA
2
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1 (a) Solve the simultaneous equations
y= x2 - 63
y=2x-3.

(b) Prove that 3¢0s0+0c0526-1 =2-secd.

cos’ @+2cos 8

2021 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/Paper 2
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2. The expression 8 sin & —3 cos 6 is defined for 0° <§<180°.

Using Rsin(6—a), where R>0 and 0° <o <90°,
(i) solve the equation 8sin@—-3cos =35, [5]

2021 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/Paper 2



(ii) state the smallest value of 1 and find the corresponding value of @, for

(8sin@—3cos 0)2
0° <9<180°. ' [2]
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3 4(a) Given that 4x? — % —3=0, where h# 0, show that there are no real values of A for which

the equation has equal real roots. [3]

2021 Preliminary Examy/CCHMS/Secondary 4/Additional Mathematics/4049/Paper 2
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(b) Find the range of values of the positive constant & for which the line ' y= kx lies completely
above the curve y =—16x" +(2k-1)x -1. : [4]

2021 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/Paper 2 [Turn over
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16
4 (i) By considering the general term in the binomial expansion of [% + x3) , explain why
; X

eVefy term is dependent on x. 3]

2021 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/Paper 2
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16
(i) Find the term independent of x in the expansion of [% + x3) : (4 - 3x2) ; 3]
X
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5 An object moving in a certain medium, with speed v m/s, experiences a resistance to motion of
R newtons. R and v are related by the equation R =av’ +bv , where a and b are constants.

The table shows the experimental values of the variables v and R.

v 5 10 15 20 25
R 17 44 81 128 185
. . R . . .
(i) On the grid on page 11, plot — against v and draw a straight line graph. [3]
v
(ii) Use your graph to estimate the value of a and of 4. [3]

(iii) In a different medium, R is directly proportional to vand R =30whenv=>5.

Draw a suitable line on your graph to illustrate the second situation and use it to
determine the value of v for which the resistance is the same in both mediums. [3]

2021 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/Paper 2
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6 (a) A cone has a volume of (24 +5\3 )72' cm® and a base radius of (2+ 3 ) cm. Find its height

in the form of ( p+ qa/g ) , where p and g are integers. [4]

() Solve the equation ¢* (3¢* - 2)=5. [3]

2021 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/Paper 2



13

(c) Sam just bought a brand new car. The value, ¥ dollars, of the car depreciates over time.

It is given that ¥ =179200e” +8800, where k is a constant and ¢ is the time in years since

it was bought.
(i) Find the initial value of the car. [1]
(i) Calculate the value of £ if, after 5 years, the value of the car is halved. [3]

(iiif) After having driven the car for a long time, Sam decided to sell his car.
A second-hand car dealer offers to buy the car from him for $8000.
Explain, with clear mathematical reasoning, why Sam should not accept the offer. [2]

2021 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/Paper 2 [Turn over
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7 The diagram shows a kite ABCD in which the line AC passes through the origin O and has a

gradient of 1.5. y A
A(2,3)
D
0 -
M,
B(1,-2)

C(-2k)
@) Find the value of k. _ [2]
(ii)  Find the equation of the line BD. [3]

2021 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/Paper 2
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(iii) The line AC and line BD meets at point M.

Show that the coordinates of M is (-——, ——) .

2
(iv)  The coordinates of D are (a,b). Prove that 13(a + %J + 13(b +

2021 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/Paper 2
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'8 A farmer just bought a piece of land to grow his crops. This piece of land consists of an
equilateral triangle of sides b m, a rectangle with sides » m and / m as well as a semi-circle of

diameter b m as shown in the diagram below.

(i) Given that the perimeter of the land is 600 m, express / in terms of b. [2]

(i) Given that the area of the land is 4 m?, show that 4 =3005 + ( [3]

2\/5_8_”Jb2

2021 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/Paper 2
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(iii)  Given that b can vary, find the value of b which gives a stationary value of 4. [3]

(iv)  Find the nature of this stationary value and explain why the farmer will be happy with this
information. [3]
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9 () Find %(xcos 2x). 2]
T ; d/ 2.
(ii) Find a(x sin 2x). [2]
(iii) Using the results to parts (i) and (ii), find j x? cos 2x dx . [4]

P

2021 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/Paper 2
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10  Acurve y=f(x) is such that f "(x)=12¢*+7 and the point A[O, -—%J lies on the curve.

The gradient of the curve at 4 is 9. Find the equation of the curve. [5]
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11 When the height of liquid in a container is /# m, the volume of liquid is ¥ m* where

V=006 (4h+1)' =7 ] and 20225

(i) Find an expression for %hl/: . [2]

The liquid leaks out of the container at a constant rate of 0.98 m%/s.

(i) Find the value of —% when V'=1.2. [4]
dt

2021 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/Paper 2
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax’ +bx+c =0,

~b++/b* - 4ac

2a

X =

Binomial expansion

(@a+b)" =a" +[’;]a”"lb+(’;)a"—2b2 +. +(n)a"'”b’ 4o 4B,

r

e n ! - ..(n-r+1
where 7 is a positive integer and s = (=l . (n=r+l)
r) ri(n-r)! r!

2. TRIGONOMETRY
Identities
sin® A+cos® 4=1

sec’ A=1+tan* 4
cosec’Ad =1+cot’> 4

sin( A+ B)=sin Acos B+cos Asin B
cos( A+ B)=cos Acos BF sin Asin B

_ tanA*tanB
l¥tan Atan B

sin24 =2sin Acos 4

tan(A4+B

cos2A4=cos* A—sin* 4 =2cos’ A-1=1-2sin* 4
1-tan” 4

Formulae for AABC
a b c

sin 4 - sin B B sinC
@’ =b*+c* —2bccos A

A=lbcsinA-
52
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1 (a) Solve the simultaneous equations

y=x" -6,
y=2x-3.

[3]

y=x*-6 ———(1)
y=2x-3 ---(2)
Subst. eqn (2) into (1),
X' -6=2x-3

¥ -2x-6+3=0

x* —2x-3=0
(x+1)(x—3)=0

x=-1 or x=3

Subst. into eqn (2),
y=2(—1)—3 or y=2(3)—3
y=-5 y=3

x=-1, or x=3,

y=—5 y=3

3cos@+cos260 -1

(b) Prove that =2-sech.

cos’ @+2cos 6

[4]

LHS

_3cosf+cos20 -1
cos’ @ +2cosé

3cos6+(2c0529—1)—1
B cos @ (cos 8 +2)

_2cos’ 6 +3cosd -2
cos9(0059+2)

_ (2c0s6 -1)(cos b +2)
B cosB(cosd +2)

(2cos6-1)
cosd

_ 2cosé B 1
cosd cosf

=2-sect

=RHS [Proven]
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4
2 The expression 8sin & — 3 cos @ is defined for 0° <<180°.

Using Rsin(6—a), where R>0 and 0° < <90°,
(i) solve the equation 8sin & —3cos 6 =5. [5]

Let 8 sin 6 — 3 cos 6 = Rsin(6-a)

=Rsinfcos o — Rsin fcos

Comparing coefficients,
Rcosa=8-—-(1)

Rsina=3---(2)

Rsina 3
2)+(1), =—

() () Rcosa 8
tana=§
a=tan'l(§j

8
‘ a =20.556..°
=20.6° (1d.p.)
and

(2 +(1)°, R*=82+3*

R =18 + 32

=73 or =8.54(3.s.f)
8sin0—3cos0=ﬁsin(0—20.556...0)

Since 8sinf-3cosfd =5
73 sin(0—20.556...0) =5

sin(0-20.556..) =%
(6-20.556..%) =sin” (%)

0 lies in Ist or 2nd quad since 0° <& <180°
Basic angle =35.8175..°
(6-20556..°)=35.8175..° or 180° —35.8175..°

6 =35.8175..2 +20.556..° or 180% -35.8175..°+20.556..°
=56.3735..° or 164.7385..°
=56.4° (1dp) or 164.7° (1dp)
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(ii) state the smallest value of >
(8sin -3 cos 6)

0° <6<180° .

and find the corresponding value of 8, for

[2]

1
(8sin 6 -3 cos 6)2

Smallest value of

1
- Largest value of (8sin 6 — 3 cos 6’)2

oceurs when sin (6 -20.556..°) =1
(6-20556..%) =sin™' (1)
(9—20.556...0) =90°

0=110.556..°
=110.6° (1dp)

6 =90° +20.556..°

2021 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/Paper 2
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3 (a) Given that 4x? -2 -3=0 , where & # 0, show that there are no real values of 4 for which

the equation has equal real roots. [3]

432 -2 -3=0
h
4hx* -x-3h=0

For the equation to have equal real roots,

Discriminant = 0

2 2
(-1)" - 4(4h)(-3r)=0 (—%) ~4(4)(-3)=0
1+48h* =0 .
48%° = -1 OR ol
1
Pt (No real solutions) oo
48

e L
48

e

~. Since 4% >0, there are no real values of 4 for which 4* = —Z% . [Shown]
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(b) Find the range of values of the positive constant & for which the line y = kx lies completely
above the curve y =—16x +(2k—1)x—1. [4]

y=-16x" +(2k-1)x -1--—(1)
y=hx --—(2)

Substitute (2) into (1),

-16x° +(2k—1)x—-1=kx
~16x% + 2kx—x—kx—1=0
-16x* +hkx—x-1=0

16x* —kx+x+1=0

16x* +(1-k)x+1=0

Since the line lies completely above the curve,

Discriminant < 0 -
(1-k)" -4(16)(1) <0
1-2k+k* —64<0
k*-2k-63<0
k+7 <0

\ e

-7<k<9

Since k>0,
L 0<k<9

2021 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/Paper 2 [Turn over
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. 16
4 () By considering the general term in the binomial expansion of (% + x3) , €xplain why
x

every term is dependent on x. (3]

General term, T

r+l

L
(el

- (1 6)(2)16—r 32

r

16 16~r 5,-32
= 2

If there is a term independent of x in this expansion, it will be a constant. -

5r-32 _ 0

Consider x x

5r-32=0

32
re—

Since 7 is not a whole number or a non-negative integer, there does not exist a term

independent of x (ie a constant term), hence every term is dependent of x in this binomial

expansion.

2021 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/Paper 2
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16
(ii)  Find the term independent of x in the expansion of (x—zz + xaj (4 —3x2) : [3]

Since from part (i), we have shown that the first expansion does not have any constant
term, by selective distribution, observe that the only way to obtain a constant term from

: L a . : - .
the combined expansion is to get an — term in the first expansion multiplied with the
X

(— 3x2) term in the second factor.

Sr-32 2

Consider x =x"
5r—-32=-2
5r=30

r=6

16 o
(e

=8008(1024)(x)

8200192

2
X

Hence by selective expansion,

16
term independent of x in (—22— + x3} (4 -3x* )
X
(8200192 )

=-24600576

2021 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/Paper 2 [Turn over
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5  An object moving in a certain medium, with speed v m/s, experiences a resistance to motion of
R newtons. R and v are related by the equation R = av’ +bv , where a and b are constants.

The table shows the experimental values of the variables v and R.
v 5 10 15 20 - 25
R 17 44 81 128 185

[3]

R ' ) ;
(i) On the grid on page 11, plot — against v and draw a straight line graph
v

Refer to grid page.
¥ 5 10 15 20 25
R
— 3.4 44 5.4 6.4 7.4
v
(ii) ... Use your graph to estimate the value of a and of . [3]
R=av’ +bv
R av+ b
\4

From the graph,
a = gradient of graph

_1=3

b = vertical intercept

=24

(ili) In a different medium, R is directly proportional to v and R =30whenv=5.

Draw a suitable line on your graph to illustrate the second situation and

use it to determine the value of v for which the resistance is the same in both mediums. [3]

R = kv, where £ is a constant.

Since v= 5 and R = 30,
30=*k ( 5) From the point of intersection,
k=6 v=18m/s
- R=6v Accept 17.5 to 18.5

Draw line —=6.
%

2021 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4049/Paper 2
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R
v
- £ =av+b
v
-
|0 O O A |
’ (23,7)
6 £ _
B1 : Draw iee
5 horizontal line [
> -
v -
4
3 t
(3.3)
2
1
> v(m/s)
0 5 10 15 20 25
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6 (a) A cone has a volume of (24 +5\3 )71' cm’ and a base radius of (2+ \/5) cm. Find its height

in the form of ( p+ q\/g ) , where p and q are integers.

[4]

Volume of cone = %x (base area) x height
(24+543)z =%x[7z(2+\/§)2:|xheight

3(24+5J§)7z
ﬂ(2+\/§)2
3(24+5J§)

- 7+4J§

3(24+5¥3)  7_443
7143 T—4\B
3(168—96J§+3§J§—60)
B 49-163)

_3(108—61J§)

1

height =

=(324—183J§) cm

(b) Solve the equation e* (36" - 2) =5.

[3]

e"(36"—2)=5
Letu=¢e".
u(3u-2)=5

3u? -2u-5=0
(Bu-5)(u+1)=0

or e* =—1 (no solution, ¢ >0)

()

x=0.511(3s.f)
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Sam just bought a brand new car. The value, ¥ dollars, of the car depreciates over time.
It is given that ¥ =179200e” +8800, where & is a constant and ¢ is the time in years since

it was bought.
(i) Find the initial value of the car. - [1]

V =179200¢* + 8800
When ¢ =0,

7, =179200(e” ) + 8800
=188 000

.. Initial value of the car = $188 000.

(if) Calculate the value of & if, after 5 years, the value of the car is halved. [3]
Whent=5,V = 228100
179 200 +8 800 = 94 000 N

179 200e* =85 200

448
Sk=1In (—21—3)
448
k=-0.1487...

k=-0.149 (3s.f.)

(iii)  After having driven the car for a long time, Sam decided to sell his car.
A second-hand car dealer offers to buy the car from him for $8000.
Explain, with clear mathematical reasoning, why Sam should not accept the offer.

[2]

V =179 200e”%147 1+ 8800

Since 179 200e™*'*%7'> 0 or  As ¢ become a very large number,
-V >8800 V — 8800

~0.14
e %87 approaches 0

Since the value of the car is always more than $§ 8800, Sam should not accept the offer
as he will have incurred a loss.

Or

The offer of $8000 is less than the value of the car which,is $ 8800 so he will have
suffered a loss if he accepts the offer.
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7 The diagram shows a kite 4BCD in which the line 4C passes through the origin O and has a

gradient of 1.5. v AN
A4(2,3)
D
0 -
M,
B (1> - 2)
C(-2,k)
(i) Find the value of £. (2]
3k 1
2-(=2)
3-k=6
k=-3
(i)  Find the equation of the line BD. [3]

Gradient of BD = %

2

3
Using B(1,-2),
Equation of line BD is y —(-2) =— %(x -1)
2 2

=L g2 3

YETIETS
24

YET3YTS
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(iif)  The line AC and line BD meets at point M.

Show that the coordinates of M is (—-%, - %) .

(3]

M=@2):
3 4
—_ X =——Xx——
3
3 2 4
“x+=x=——
3 3
13 4
—X

6 3

39x=-24

_ 8
13

Subst. into (1),

8
=1.5)-=
a [ 13j

12

y=—§

M:(—E, _EJ [Shown]
13 13

2 2
(iv)  The coordinates of D are (a,b). Prove that 13(41 + %) + l3[b + %) =49,

[2]

Since ABCD is a kite, M =midpoint of BD

13

DM = BM
2 \2 2 2
(a+-§— + b-f-2 = —i—lj + —2+2
13 13 13 13
8\’ 12 [49
a+—| +|b+—| =,/—
13 13 13
8\’ 12 49
a+— | +|b+—| =—
13 13 13
2 2
13(a+%) +13 b+2 =49 [Shown]
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8 A farmer just bought a piece of land to grow his crops. This piece of land consists of an

equilateral triangle of sides b m, a rectangle with sides b m and / m as

diameter » m as shown in the diagram below.

\)'6‘

e ]

well as a semi-circle of

(i) Given that the perimeter of the land is 600 m, express / in terms of b. [2]

(i) Perimeter of land = 600 m
2b+21+ %ﬂ'b =600

4b + 4] + b =1200
4] =1200-4b—7b

1=300-b-Zb
4

(ii) Given that the area of the land is 4 m?, show that 4 =3005 + (

23-8-7 2 3]
L

1 759% ¢ g 1 (Y
A=—(b )sm60 + bl +—7m| —
2 2 \2

2
_B(B +b(300—b——”—bj+£b2
2 4 )78

=32 L 300p-p% - T2 Zp?
4 4 8

b2

=3005 +(

2\/3—8—2ﬂ+ﬂj
8

b* [Shown]

=3005+ [

2\/5—8—72'
8
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(iii) Given that b can vary, find the value of b which gives a stationary value of 4.

[3]

(i) 4 =3005 +(&‘§§:£Jb2
d4 =300 + M b
dp 8

=300 + [2‘/3—_8“_”} b
4
When 4 is stationary, % =0.

300 +[2‘/§__48"_”)b =0

[&8‘_’[}13 =-300
4
(2ﬁ—s—n)b =-1200
y 1200
(2\/3-—8—7r)
b=156.301...

b=156 m(3s.f.)

(iv)  Find the nature of this stationary value and explain why the farmer will be happy with this

information.

[3]

b

v - 3oo+{———2*/§'8‘”j
db 4

&4 [2~/§—8—7z]

" dp? 4
=-7.677... <0
.. A has a maximum value at » =156 m.

The farmer will be happy as he will be able to maximize his area of land to grow his

crops for possibly maximum profits.
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9 () Find $(xcos2x).
dx

(2]
-d .
— (xc0s2x) =cos2x—2xsin2x
dx
e d/.2:
(i) Find o (x sin 2x) . [2]

4 (x2 sin Zx) = 2xsin2x +2x° cos 2x
dx

(iii) Using the results to parts (i) and (ii), find sz cos2x dx. [4]

-

J'2xsin 2x+2x7 cos 2x dx = x? sin 2x + c

Isziandx +J.2x2cos2xdx=x2sin2x+c1
_‘-2x2 cos 2x dx = x? sin 2x —J.2xsin2x'dx+ c
J-sz cos2x dx = x? sin 2x +(xcos2x—.[cos2x dx)+c2
.f2x20052xdx = x?sin2x +xcos2x—%sin2x+c3

sz cos2x dx =—;—x2 sin 2x +lx0052x—lsin2x+c,

where ¢|, ¢;, c3 and c are constants
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A curve y=f(x) is such that f "(x) =12e%*+7 and the point A(O, —%) lies on the curve.

The gradient of the curve at 4 is 9. Find the equation of the curve. , [5]

£'(x) = [(12¢™ +7) dx

_12¢*

£'(x)

+Tx4+C

Given f'(x)=9 at A(O,—%),

12¢°®

+7(0)+C, =9

C =5
f'(x) =4 +7x+5
s £ (x)=[(4€” +7x+5) dx ..

f(x)=§e3"+%x2+5x+c

At A(O,—gj,
3

—§ = §e3(°)+%(0)2+5(0)+c
=2

} . 4 5
. Equation of the curveis: y = 3 e’ +%x2 +5x-2
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11 When the height of liquid in a container is # m, the volume of liquid is ¥ m®, where

v =0.06[(4h+1 ~7] and h2025.

(i) Find an expression for % ;

[2]

V=006 (4h+1)’ - 7]

% =0.06(3)(4h +1)*(4)

=0.72(4h +1Y* or %-85-(4;: +1)°

The liquid leaks out of the container at a constant rate of 0.98 m?/s.

(i) Find the value of %’5— when V'=1.2.

(4]

When V'=1.2,
12=0.06] (4h+1)° -7 ] .
12=0.06] (4h+1)° =7 |
20=(4n+1) -7
(4h+1)° =27
4h+1=3

h=a
2

When h=-1-,
2

2
L 4(1)+1
dh 2

= 6.48 m*/m

Given ar =-0.98 m’/s,
dr

v _dn dv
de dr dh
-0.98 = Q’j x 6.48
dt
d_h _ 098

dr. 648
49
=-0.151m/s(3sf.) or———m/s
324
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(iii) Briefly explain the significance of your answer for (ii). [1]

When the volume of the liquid in the container = 1.2 m?, the height of the liquid in the

container is decreasing at a rate of 0.151 m/s.
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