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Mathematical Formulae

1. ALGEBRA

Quadratic Equation

For the equation ax® + bx+c=0,

- —b+Vb* -4ac

2a

X

Binomial expansion

(a+b)" =a" +(';J a"_1b+(3] a"2p? + ... +[n]a""b" et B,
e

where # is a positive integer and (

nj n! n(n=1)..(n—r+1)

r —r!(n—r)!_ r!

2. TRIGONOMETRY
Identities
sin® A+cos’ A=1

sec’ A=1+tan* 4
cosec’ A =1+cot* 4
sin( A+ B) =sin Acos B+ cos Asin B
cos(A4 + B) = cos Acos B sin Asin B

tan A+ tan B

tan( 4+t B)=———
1¥tan Atan B

sin24 =2sin Acos A

cos2A=cos’ A-sin* A=2cos’ A—1=1-2sin* 4

tan24 = Lanf_
1-tan” 4
Formulae for AABC
a b c

snd suf smC

a* =b*+c* —2bccos A4

A=lbcsinA
2



Answer all the questions.
1  Pand Q are the points of intersection of the line X +% =1, (a>0, b >0), with the
a

x and y axes respectively. The distance PQ is 10 and the gradient of PQ is ~2.
Find the exact value of a and of b.
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2 Thepolynomial P(x)=ax’ +bx* —19x+4, where a and b are constants, has a factor
x+4 and is such that 2P(1) =5P(0).

(a) Find the value of a and of b. [4]

(b) Hence, factorise P(x) completely. - [2]
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2

3 A function is defined by the equation y = 2x

, x#1.

(a) Show that y is increasing for x> 2. 3]

(b) If y is increasing at the rate of 2 units per second, find the rate of
change of x when x = 3. [2]
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8
2
. . a® Wx : ”
Consider the expansion {— ——] where a is a positive constant.

Jx oa

Find, in terms of a,

(a) the term independent of x. [2]

2

8
4 2 2 ' .
(b) the coefficient of x* in the expansion of (MJ[G————XJ . (4]
x
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There are approximately 5 times as many animals of Species 4 as animals of
Species B in a nature reserve.

The population of animals of Species A decreases at a rate of 5% per year and
the population of animals of Species B increases at a rate of 10% per year.

It is given that N is the number of animals of Species B in the nature reserve.

(a) Write down, in terms of XV,

()  an expression, P,, to model the population of animals of Species 4 after
t years, [1]

(i) write down an expression, £,, to model the population of animals of
Species B after ¢ years. [1]

(b)  Using your models, find the number of years that will elapse before the
population of animals from Species 4 is equal to the population of animals
from Species B. [3]
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6 (a) Solve tan3x=0 for —% <x S—;E giving your answers in terms of 7. (2]

(b) Use your answers to part (a) to sketch the graph of y =4tan3x for
——g- <x< % on the axes below. Show the coordinates of the points where the

curve meets the axes. [3]
y
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9
(¢)  On the same diagram given in part (b), sketch the graph of y =sinx+1 for the

g V1 V4 . :
interval 3 <x< 5 Hence state the number of solutions of the equation

4tan3x—-sinx =1 in the interval —%stﬁ. [3]

2
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7 (a)  Show that 2sin(4+45°)cos(4+45°)=cos24. [3]

(b)  Hence, solve the equation sin(4+45°)= %sec (4+45°), for
0°< A <360°. [4]
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2
8 A curve is such that %X—Jz-)- =5cos2x . This curve has a gradient of % at the

) 7T Swm
pomnt | ——, — |.
( 12 4)
177 53

Show that the equation of the curve is y = —%cos 2x+2x+——+ —8—
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9 (a) Factorise x’+y°. (1]

sin’ @ +cos’ 6 _secO—sind
2sin’6 -1 tan& —1

(b) Hence, prove the identity (4]
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Continuation of working space for Question (9b).

Cedar Girls’ Secondary School 4049/01/S4/Prelim/2021 [Turn over



14

10 ,
D

5cm

A

The diagram shows a rectangular piece of paper ABCD such that AD = 5 cm,
BF = x cm and 4B =y cm. The paper is folded along AF such that B meets E on

DC.
[4]

(a) Express EC and AF in terms of x.

(b) Hence show that the area, 4 cm?, of triangle 4EF is given by
5x*
(2]

A= ——
2410x-25
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() Show that x = % g whikh % 0. | 3]

(d) By considering the change in the sign of —3% , show that 4 is a minimum at

x= —159 Hence find the minimum value of 4. [3]
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11 The height, in metres, of a.ball above the ground 7 seconds after it is thrown from a
tower is given by the function A(f) = =5¢* +10¢ +c , where c is a constant.

@@ @ Given that #(0) =6, find the value of c. [1]

(ii)  Interpret the meaning of the answer in (a) (i). [1]

(b) Without the use of differentiation and using the value of ¢ from (a) (i),
determine the maximum height reached by the ball and the corresponding [4]
value of z.
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Continuation of working space for Question (11b).

(c) Find the time it takes for the ball to drop to the ground. [2]
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12

In the diagram above, E4 is the tangent to the circle at 4.
FBA and FCD are straight lines.
EA is parallel to FD and FC = AD.

(a)  Show that ZBAD = /BCF .
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(b)  Hence, prove that triangle ABD is congruent to triangié C_BF ‘
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13 A particle starts from rest at a fixed point O and moves in a straight line with its
acceleration, a m/s, is given by a=9—kz , where ¢ seconds is the time since
leaving O, and & is a constant. When ¢ = 2, its velocity is 15 m/s.

(a) Find the value of . [3]

(b) The particle changes its direction of motion when # = T.
Find the value of 7. [2]
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(d)

21

Show that the particle returns to O when ¢ = 18.

Hence find the distance travelled by the particle between ¢ =0 and ¢ = 18.

END OF PAPER
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Mathematical Formulae

1. ALGEBRA

Quadratic Equation

For the equation ax® +bx+c=0,

_ —-btb* —4ac

2a

X

Binomial expansion

(a+b)" =a" +(:'Ja""b+[;ja"‘2b2 ;o +(nJa”"b’ 4o+,
r

i s n ! -D..(n—-r+1
where n is a positive integer and =1 = —)) o s +1)
r) ri(n-r) r!

2. TRIGONOMETRY
Identities
sin® A+cos* A=1

sec’ A=1+tan’ 4
cosec’ 4 =1+cot’ 4
sin( A+ B) =sin Acos B +cos Asin B
cos(A+ B) =cos Acos BF sin Asin B

tan A+ tan B

tan(A+B)=——_
( ) 1Ftan Atan B

sin 24 = 2sin Acos A

cos2A4=cos’ A—sin’ A=2cos’ A—1=1-2sin’* 4

2tan A4

tan24 = >
l1-tan* 4

Formulae for AABC
a b c

snd snB snC

a’ =b*+c* -2bccos A4

A=lbcsinA
2



Answer all the questions.
1 P and Q are the points of intersection of the line X +% =1, (@ >0,5>0), with the
x and y axes respectively. The distance PQ is 10 and the gradient of PQ is —2.

Find the exact value of a and of b. [5]

Since P lies on x —axis, y = 0, £+%=1, x=a
a

P(a,O)
. . . 0 y
Since Q lies on y —axis, x = 0, _+Z =1, y=b
a
0(0.8)
. . b-0
Since gradient of PQ = -2, 5 =-2
-a
TN - (1]

Since distance PQ =10
J(@=0)> +(0-b)? =10
J(@=0)* +(0-2a)* =10
54 =100

— =J20=25 (a>0,b>0))
~b=45
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2 Thepolynomial P(x)=ax’+bx*—19x+4, where a and b are constants, has a factor
x+4 and is such that 2P(1) =5P(0).

(a) Find the value of @ and of b. [4]

Since x+4 is a factor, P(-4)=0
a(—4)’ +b(—4)* —19(-4)+4=0
~da+b——5........... (1)

Since 2P(1) = 5P(0)
2(a+b—l9+4) =20

s.a=6 and b=19

(b) Hence, factorise P(x) completely. - [2]

By long division or factorization, P(x)=(x+4) ( 6x* —5x+ 1)
P(x)=(x+4)(3x-1)(2x-1)
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3 A function is defined by the equation y = 2x

2

(a) Show that y is increasing for x > 2.

dy _ (x~1)4x-2x" _ 2x(x-2)
T

, X#1.
1

[3]

Since (x—l)2 >0, and for %>0, 2x(x=2)>0=>x<0o0r>2

Hence function is increasing for x> 2.

(b) If y is increasing at the rate of 2 units per second, find the rate of

change of x when x = 3.

[2]
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4 Consider the expansion (— ————J where a is a positive constant.

6

@ x
Jx a

Find, in terms of a,

(@)

()

Cedar Girls’ Secondary School

the term independent of x.

General Term = (f)( aT; T—' [_ %}

8 16-3r _r—4 4
= =1

For independent term, r—4=0=r=4

8
Term independent of x = (4) a* (—1)4 =70a*

the coefficient of x* in the expansion of (

Jr oa

Forterm in x>, r—-4=2=r=6

8 2
Termin x* = g oy 2 (—1)6 _ 285
6

2
(3x* —4)[... 28f2 +70a*+... )

X

a
a

=...+210a*x* —¥x2 +
a

112

Coefficient of x*=210a* - —-

a

3x* —4x?

4 4.2 2 o
[zx—;‘x—][g— - [)—C—J =(3x" - 4) (...Term in x* + Independent Term+... )
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There are approximately 5 times as many animals of Species 4 as ammals of
Species B in a nature reserve.

The population of animals of Species A decreases at a rate of 5% per year and
the population of animals of Species B increases at a rate of 10% per year.

It is given that NV is the number of animals of Species B in the nature reserve.

(a)

(b)

Write down, in terms of NV,

()  anexpression, P,, to model the population of animals of Species 4 after
t years, [1]

P, =5N(0.95)

(i) write down an expression, P, to model the population of animals of
Species B after ¢ years. [1]

B, =N(L.1)

Using your models, find the number of years that will elapse before the
population of animals from Species 4 is equal to the population of animals
from Species B. [3]

5N(0.95) =N(1.1)
lg5+¢1g0.95=1lgl.1
g5

= ———=10.978
lg1.1-1g0.95

No. of years =11.0
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6 (a) Solve tan3x=0 for —% <x< % giving your answers in terms of 7. [2]

tan3x=0
3x=-n,0,7

x=——z,0,£
3" "3

(b) Use your answers to part (a) to sketch the graph of y =4tan3x for

/4 T . :
-—<x< ey on the axes below. Show the coordinates of the points where the

curve meets the axes. [3]
y
4 t
i
}
§ y=sinxl ;
H— |
y=4}an3x
............................ ;Ki )/5 SR (U NS AN A
— M”(f (fi/ E
i P

BRI
2 I

1=

M%%WMM 4%+§
™

. e 3 8, e Koo
|

Period =

Wy
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(c)  Onthe same diagram given in part (b), sketch the graph of y =sinx+1 for the

. T T . .
interval o <x< Y Hence state the number of solutions of the equation

3
4tan3x—sinx =1 in the interval —%s;cs%. 3]

Correct shape of y =sinx+1
Correct points of (0,1), (25 0),and (- 21 0)

No. of Soluﬁons =3
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7 (a)  Show that 2sin(4+45°)cos(A4+45°)=cos24. [3]

LHS =2sin(A4+45°)cos(A4+45°)
= sin(ZA +90°)

=sin 24 cos90° +cos 2 4sin 90°
=sin2A4(0)+cos 2A4(1)

=cos2A4

Alternative :
LHS = 2(sin Acos45°+sin45°cos 4)(cos A cos 45° —sin Asin45°)

Ao {2 d 5]
e8]

=2[l cos® 4 —lsin2 A)
2 2

=cos24

(b)  Hence, solve the equation sin(4+45°)= %sec (A+45°), for
0°< A<360°. [4]

1
in(4+45°) = —
sin(4+45°) 8cos(A+45°)

2sin( A4 +45°)cos(A+45°) = ;l_

cosZA=%, 0°<24<720°

Basic Angle = cos™ i =75.522°

24 can be in first or fourth quadrant.
2A4="75.522°,284.478°,435.522°,644.478°

A=37.8°142.2°,217.8°,322.2°
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2
8 A curve is such that % =5cos2x . This curve has a gradient of 3 at the

. T 57[)
pomt | ——,— |.
( 127 4
17z 53

Show that the equation of the curve is y = —% cos2x+2x+ T + = [6]

y =J‘E—sin2x+2]dx

5’—%cos2x+2x+d

177 SJ'

Equation of curve: y=- % cos2x+2x+ —1—2-— . (proved)

n
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9 (a) Factorise x’+y’. [1]

x3+y3=(x+y)(x2—xy+y2) [B1]

-

. 3 3 _ .
(b) Hence, prove the identity S Q:cos g = eg-sng . [4]
2sin“ -1 tan@ -1

sin®@-+cos’d (sind+cos 6)(sin2 6 —sinfcos G + cosz.H)
2sin’6-1 2sin’ tﬁ?—-(sinz 6+ cos’ 6)

_ (sin 6+ cos 8)(1-sinfcosb)

sin? @—cos* 6

_ (sin@+cos#)(1-sinHcosH)
B (sin @+ cos 0)(sin @ —cos )
(1-sin@cos6)

cosf

(sin6—cosb)

cosf

_ secd—sind
tand -1

(proved)
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Continuation of working space for Question (9b).
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10
D__ _ E C
Scm __--\F
______________ xcm
A ) ycm B

The diagram shows a rectangular piece of paper ABCD such that AD = 5 cm,

BF = x cm and AB =y cm. The paper is folded along AF such that B meets £ on
DC.

(a) Express EC and AF in terms of x. [4]

CF =(5-x)cm
EC=Jx2 —(S—x)2 =4/10x—-25 cm

AE=y and DE= y—-+/10x—-25 cm

5+ (y-V10x-25) =5

25+ 1% —2y10x—25 +10x—25 = »*

5x
YT flox—25
S5x
AE = ——=—=cm
J10x-25
(b) Hence show that the area, 4 cm?, of triangle AEF is given by
A= 5x? 5
2410x-25 2]
A= 1 Xy =—xX _ X
2 2 J10x-25

_ 5x

210x-25
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(¢) Show that x =1?° for which % =0. : [3]

V10-2x (2x)-x* (%(10—2):)‘% (10))

id_5
& 2 10x-25
i L
5| (10x~25)"2 (2x(10x - 25) - 5x*)
2 10x-25
F
_ 5| 15x* ~50x
(10x-25)2

For %=0, 15x* =50x=0
dx
5x(3x——10)=0

x=0 (rej) or x=%q -

(d) By considering the change in the sign of %, show that 4 is a minimum at

x= ? Hence find the minimum value of 4. [3]
10~ 10 Lo+
3 3 3
d4 Negative Zero Positive
dx
Slope — -

Hence from the table, 4 is a minimum.

Minimum value of 4 in surd form = é(
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11 The height, in metres, of a ball above the ground ¢ seconds after it is thrown from a
tower is given by the function A(f) =—5¢*> +10¢ +c , where c is a constant.

(@ (@) Given that #(0) =6, find the value of c. [1]

-5(0)* +10(0)+c=6
c=6

(ii)  Interpret the meaning of the answer in (a) (i). [1]

When ¢ = 0, height of ball = 6m. The ball was thrown from a tower
which is 6 m tall.

(b) Without the use of differentiation and using the value of ¢ from (a) (i),
determine the maximum height reached by the ball and the corresponding [4]
value of z.

h(t) =5t +10t + 6
=—5((t—1)2—1)+6

=-5(t-1)" +11

Maximum height =11 m
Corresponding value of t =1
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Continuation of working space for Question (11b).

(¢)  Find the time it takes for the ball to drop to the ground. [2]

When it drops to the ground, A(¢)=0
-5t +10t+6 =0

~5(z=1)" +11=0

2 11
) = 5
t=+22+1=248

(r-1

Time =2.48 s
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12

In the diagram above, E4 is the tangent to the circle at 4.
FBA and FCD are straight lines.
EA is parallel to FD and FC = A4D.

(a) Show that £ZBAD = ZBCF .
£BAD+ ZBCD =180° (Angles in the opposite segments)

ZBCF + #ABCD =180° (Adjacent angles on a straight line)
£BCF +(180°— £BAD) =180°

/BAD = /BCF (proved)
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(b) ‘Hence, prove that triangle 4BD is congruent to triangle CBF. [4]

ZEAB = £ AFC (alternate angles, EA//FD)
ZEAB = ZADB (Angle in alternate segment or Tangent Chord Theorem)

(1) £ADB = £BFC (proved in above)
(2) £BAD = ZBCF (proved in part (a))
(3) FC = AD (given)

AABD = ACBF (ASA)
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13 A particle starts from rest at a fixed point O and moves in a straight line with its
acceleration, a m/s?, is given by a =9—kz , where ¢ seconds is the time since
leaving O, and £ is a constant. When ¢ =2, its velocity is 15 m/s.

(a) Find the value of .

v=[(9-kt)dt

2
v=9t—£—+c

2
When =0, v=0
5=0
When t=2, v=15
18-2k =15
k=2

2

The particle changes its direction of motion when ¢ = T.

(b)
Find the value of T.
When v=0

2
or -1 ¢
4

T(9—§T)=O
4

=12

[2]
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© Show that the particle returns to O when ¢ = 18. [3]
2
§= [9t _lj ds
4
9% 7

When r=0, s=0,d =0

When s=0,

t=0 or t=18

Hence particle returns to O when ¢=18.

(d) Hence find the distance travelled by the particle between f=0and = 18.  [3]
3
When =12, s =§(12)2 -%:216m.

Distance travelled between t=0and r=18 =216x2
=432m

END OF PAPER
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax” +bx+c=0,

_ —bt+b*-4ac

2a

X

Binomial expansion

(@+b)"=a" +(';J a""b+@ a2 4 +(nja”"b" b 4B,
r

. n ! -..(n—r+1
where # is a positive integer and - = A An -+
r) ri(n-=r)! r!

2. TRIGONOMETRY
Identities
sin? A+cos’ 4=1

sec’ A=1+tan’ 4
cosec’A=1+cot’ 4
sin( A+ B) =sin Acos B + cos Asin B
cos(A+ B) =cos Acos BF sin Asin B

tan 4+ tan B

tan(A+B) = ————
l1¥tan Atan B

sin 24 = 2sin Acos A
cos2A=cos’ A-sin* A=2cos* A—1=1-2sin> 4

tan2A_—_ﬂ2_‘4_
l1—tan” 4

Formulae for AABC
a b c

sinAzsinB=sinC

a’ =b* +c* =2bccos A

A=labsinC
2
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Answer all the questions.

16x—14x* -1

E [ PR
L@ s o axrly

in partial fractions. [5]

Cedar Girls’ Secondary School 4049/02/S4/Prelim/2021 [Turn over



4
(b) A right pyramid has a square base of side (Jg +43 ) m and a height of # m.
The volume of the pyramid is (6 +48 ) m?. Without using a calculator, show

that / can be expressed as a+ b2 , where g and b are integers.

Cedar Girls’ Secondary School 4049/02/S4/Prelim/2021

(3]



2 (a) Giventhat p> % , explain why the equation 3°** =6(3)"" - p has no real

solutions. [4]
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6
2
(b) Find the exact range of values of the constant a for which the line y = 2x—52—

intersects the curve y=x’—ax—4 at two distinct points. [5]

Cedar Girls’ Secondary School 4049/02/S4/Prelim/2021



3 The equation of a curve is y = cos’ (% + %)

Find the value(s) of x for -—% <x< —g— where the equation of the normal to the curve

is x =k, where k is a constant.

Cedar Girls’ Secondary School 4049/02/S4/Prelim/2021 [Turn over
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4 A glass of hot liquid is placed on a table to cool. The following table shows the
measured values of the temperature of the liquid, 7°C after » minutes.

8

n (minutes)

10

20

30

50

T (°C)

76.5

57.4

45.9

34.6

(i) On the grid on page 9, plot In (T - 28) against » and draw a straight lil_le graph.
use a graph paper instead

(ii) Use your graph to estimate the temperature of the liquid after 35 minutes.

(iii) It is given that the formula connecting Tand nis 7 =28+ ae™  where a and k

are constants.

Use your graph to estimate

(a) the value of a and of £,

(b) the time taken for the temperature to fall to half of its initial value.

Cedar Girls’ Secondary School
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B

g
pS

0 N

A farmer puts fences around the perimeter of his land O4BN.
Angle OAB = angle ONB = 327— and acute angle AON = 6 radians.

04A=110m and 4B =50 m.
The length of fencing needed is L m.

(i) Show clearly that L = p+60cosf+160siné, where p is a constant.

Cedar Girls’ Secondary School 4049/02/84/Prelim/2021
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(i) Express L in the form p+R cos(B ——'a) where R>0and « is acute. [3]

(iii) Given that the farmer uses exactly 315 m of fencing, find the value of 4. [3]
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y=-23x-5

The diagram shows part of the curve y =-2+/3x-5, x> % passing through the

point P where x =10. The curve meets the x-axis at the point X.
« The tangent to the curve at P meets the x-axis at the point Q.

(1) Show that the x-coordinate of Q is —? .

Cedar Girls’ Secondary School 4049/02/84/Prelim/2021
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(i) Find the area of the shaded region PQX. [5]
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1 4
7 (a) Show that the solution of the equation M +log, 9 =—14 can be written in

log, x

the form y = x*, where k is a constant. [4]
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(b) Show that log, (2x—7)—log, (x+4)=1 has no real solutions. [3]
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A

The diagram shows a circle, centre C passing through point 4 (-1,2).
A line from the origin O meets C such that C4 : 40 is3: 1.

(i) Show that the centre of the circle is (—4,8) and hence find the e(iﬁation of the
circle. [3]

(ii) The circle is reflected along the y-axis.
State the equation of the reflected circle. [2]

Cedar Girls’ Secondary School 4049/02/S4/Prelim/2021



17

(iif) Explain whether the point (7,6) lies on the tangent to the circle at 4.

(iv) Find the equation of another tangent to the circle that has the same gradient as the
tangent to the circle at 4.

Cedar Girls’ Secondary School 4049/02/S4/Prelim/2021 [Turn over
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9 () Find the value of the constant & for which y =2¢™*x* is a solution of the equation
d’y

2

4d—y+ +4y =ke™. ’ [6]
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(i) Find the exact coordinates of the stationary points of the curve y =2¢ 252,

(iii) Find the nature of the stationary points. (3]
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2 :

10 (i) Express i in the form ax+b +— , where a, b and c are constants.
3x-1 X = [1]
(i) Find | W . [3]
3x-1
(iii) Given that y =3x"In(3x~1), find an expression for % : [2]

Cedar Girls’ Secondary School 4049/02/S4/Prelim/2021
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(iv) Hence, evaluate fxln(?ax—l) dx. ' [5]

End of Paper
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Mathematical Formulae ,

; 1. ALGEBRA
Quadratic Equation

For the equation ax® +bx+c=0,

=—bi\/b2 —4ac

2a

X

Binomial expansion

(a+b)" =a" +{’;j a" b +[Zj a" 2% + ... +(HJ a”’b" + ...

r

n ! -D.(n-r+l
where 7 is a positive integer and ==& = il EA Ul
r) ri(n-r)! r!

2. TRIGONOMETRY
Identities
sin? A+cos* A=1

sec’ 4=1+tan’ 4
cosec’ A=1+cot’ 4
sin( A+ B) =sin Acos B+ cos Asin B
cos(4+ B) = cos Acos B Fsin Asin B

tan 4+ tan B

A ) = o A B

sin 24 = 2sin Acos A

cos2A=cos’ A—sin* A=2cos’ A—-1=1-2sin* 4

2= 24
1-tan” 4

Formulae for AABC
a b c

sind snB snC

a* =b*+c* =2bccos A4

A=—1-absinC
2
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1

(a) Express

16x—14x* -1

16x—-14x>-1 4

Answer all the questions.

Bx-D(2x+1)*

in partial fractions.

B C

e + +
BGx-D@x+1)* 3x-1 2x+1 (2x+1)

16x-14x> —1= A(2x+1)’ + B3x~1)(2x +1)+ C(3x-1)

Letx=——1-, Letx=l, Letx=0,
2 3
B B, B=23
2 2 9 9
C=5 A=1
16x-14x* -1 1 3 5

= - +
GBx-DRx+1)> 3x-1 2x+1 (2x+1)2

s

Cedar Girls’ Secondary School
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i
(b) A right pyramid has a square base of side (Jg +3 ) m and a height of 4 m.
The volume of the pyramid is (6 +/8 ) m?. Without using a calculator, show

that  can be expressed as a+b~/2 , where a and b are integers. [3]

.;.(ngz)th:wg

_ 18+642
]
184642
94642
_18+6~/§
9462
_6+242
—3+2J5
_6+242 3-22
T34242 3-242 .
=10-62

Cedar Girls’ Secondary School 4049/02/S4/Prelim/2021



2 (a) Giventhat p> % , explain why the equation 3" =6(3)"" - p has no real

solutions. . [4]

325+ =6(3)H -p
33 =6(3)3"-p
3.3> _2(3), +p=0

Let3* =q,
3¢’ -2a+p=0

Discriminant = (—2)2 -4(3)(p)
=4-12p -

Given p > %,

-12p <-4,
4-12p<0

Since discriminant < 0, the equation has no real solutions.
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6

2
(b) Find the exact range of values of the constant a for which the line y =2x- a?

intersects the curve y =x"—ax—4 at two distinct points. [5]

a2

xP—ax—-4=2x——
2

a2
x2+(—a—2)x+?—4=0

2
Discriminant = (-a- 2)2 —-4(1) (% - 4}

= -a’+4a+20
Since line intersects the curve at 2 distinct points,

Discriminant > 0,
-a* +4a+20 >0,
a’-4a-20<0

Leta’—4a-20=0

a=4i,h6—4ax—m»
2
4++96

Z

+
=4‘:Jg=2¢2J€

2-2J6<a<2+2J6

Cedar Girls’ Secondary School 4049/02/84/Prelim/2021



3 The equation of a curve is y =cos’ [g +%] :

Find the value(s) of x for —12[- <x< % where the equation of the normal to the curve

is x=k, where k% is a constant. ’ [4]
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4 A glass of hot liquid is placed on a table to cool. The following table shows the
measured values of the temperature of the liquid, 7°C after » minutes.

8

n (minutes) 10

20

30

50

T (°C) 76.5

574

45.9

34.6

(i) On the grid on page 9, plot ln(T - 28) against n and draw a straight line graph.

(i) Use your graph to estimate the temperature of the liquid after 35 minutes.

From the graph, In(T -28)=2.64

T=42.0°C

(iii) Itis given that the formula connecting T and n is T = 28 +ae™ , where a and k

are constants.
Use your graph to estimate

(a) the value of a and of £,

T=28+ae™

In(T -28) =In(ae™)
In(T-28)=-kn+Ina
Gradient = -k
y—intercept =1lna

Gradient = M
10-30
__1
20
1
k=— or0.05
20

y —intercept = 4.38
Ina=4.38

a=e**=79.8 (3s.f)

(b) the time taken for the temperature to fall to half of its initial value.

In(T -28) =4.38

Initial temperature =107.8°C
Half of its initial temperature = 53.9°C

In (53.9 - 28) =3.2542

- From graph, time taken = 23 minutes

Cedar Girls’ Secondary School
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10

)

A farmer puts fences around the perimeter of his land OABN.
Angle OAB = angle ONB = 52[— and acute angle AON = @ radians.

0OA=110m and AB = 50 m.
The length of fencing needed is L m.

(i) Show clearly that L = p+60cosf@+160sin &, where p is a constant.

-

cos¢9=g
110

0Y =110cos @

sin6’=ﬁz
110

AY =110siné
ZBAX =6

cosf =—
50

AX =50cos6

sinf = %
50

BX =50sin6
=YN

BN = AY — AX
=100sin@-50cosf

L=110+110cos@+50sinf +110sin6.—50cos8+50
=160+ 60cos & +160sin & (shown)

Cedar Girls’ Secondary School 4049/02/S4/Prelim/2021
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11
(i) Express L in the form p+Rcos(6-a)where R>0and e is acute. [3]

L=160+60cos@+160sin8
=160+ Rcos(6-a)

R =60 +160°
=/29200 or 170.88 (5s.f)

160
tang = —
60

a=1.2120 (5 s.f)

L =160++/29200 005(0—1.21) or 160+l7lcos(0—1.21)

(iii) Given that the farmer uses exactly 315 m of fencing, find the value of 8. [3]

e

160 ++/29200 cos (6 ~1.2120) =315, —1.2120 <#—1.2120 < 0.35880
cos (6 -1.2120) = 0.90707

6-1.2120=0.43453 (rej), 27 —0.43453 (rej), —0.43453

6=0.777(3 s.)
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y==2+/3x-5

The diagram shows part of the curve y =-24/3x-5, x> g passing through the

point P where x =10. The curve meets the x-axis at the point X.
The tangent to the curve at P meets the x-axis at the point Q. -

(i) Show that the x-coordinate of Q is —? .

y=—2\/§;_3

&y _ 5

dx \Bx-5
When x =10,

dy 3 3
d&  B0-5 5
and y =-10

Equation of tangent

y+10=—§(x—10)

Cedar Girls’ Secondary School 4049/02/S4/Prelim/2021
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(i) Find the area of the shaded region POX.

Wheny=0, -2/3x-5=0
3x-5=0

X =

W | W

Area of shaded region POX

1(, 20 i !
=5(10+?j(10)-(-2)!(3x-5)z dx

3

250 (—2)(3x—5)§

HEBE

w v

3 s
3
3

250_| 4,2 o

3 9
250 _500

3 9

250

= = or 27.8 (3 s.f) sq units

Cedar Girls’ Secondary School 4049/02/S4/Prelim/2021
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14
(a) Show that the solution of the equation

the form y =x*, where k is a constant.

1 4
———(201cg>xgy;)c +log,9=-14
y
(log, »)' . _
log, y

5
(logg ¥) _ 16

(log, y) =-32

log, y=-2

-2

y=x

(log, )’

2log, x

4049/02/34/Prelim/2021
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(b) Show that log,(2x—7)-log,(x+4)=1 has no real solutions. ' [3]
2x-17
1 =1
s ( x+4 J

2x-=7 _
x+4

2x=7=5x+20
x=-9

Sub x =-9 into log,(2x—7) and log, (x+4),

since log, (—25) and log (-5) are undefined, the equation has no real solutions.
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The diagram shows a circle, centre C passing through point 4 (—1, 2) .
A line from the origin O meets C such that C4 : AO is3: 1.

(i) Show that the centre of the circle is (—4, 8) and hence find the equation of the

(i)

Cedar Girls’ Secondary School
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A

circle.

Let the vertical distance of the centre of circle from the x-axis be y and the
horizontal distance of the centre of the circle from the y-axis be x.

Using similar triangles,

x_4 2 2
1 1’ 2 1
x=4 y=38

Thus, centre of circle is (—4,8)

Radius = V(441 +(8-2)°
=45

Equation of circle
(x+4) +(y-8)7 =45

The circle is reflected along the y-axis.

State the equation of the reflected circle.

Centre of reflected circle = (4,8)

Equation of circle
(x—4)* +(y—8)* =45

4049/02/84/Prelim/2021
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(i) Explain whether the point (7,6) lies on the tangent to the circle at 4. ‘ [3]
Gradient of AC= S=2 — )
—4+1

Gradient of tangent to circle at 4 = % (tan L rad)

Equation of tangent at 4

1 5
=7’ =—7 ——:6
When x=7,y 2( )+2

Yes, the point (7, 6) lies on the tangent to the circle at 4.

o

(iv) Find the equation of another tangent to the circle that has the same gradient as the
tangent to the circle at 4. [2]

The point on the circle whose tangent has the same gradient as the tangent at 4
would be the other end point of the diameter passing through A4.

Let this end point be (p, ¢)

The end point is (-7,14)

Equation of another tangent to the circle:
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9 () Find the value of the constant k for which y =2e>*x* is a solution of the equation

2
4%+‘;x—f+4y =ke ™. [6]

y = 26—2xx2
67 = 4xe™ —4x*e™
dx

= e (4x—4x%)
d’y
£r.

= (8x% —16x+4)

e (4-8x)—2e ™ (4x—4x?)

=4e ¥ (Ax—4x")+ e (8x* —16x+4) +8e>*x”
=e ¥ (16x—16x" +8x* —16x +4+8x7)

=4

Hence, k=4

[3]
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(i) Find the exact coordinates of the stationary points of the curve y =2e™2x’.

For stationary points,
¥ _,
dx

e (4x-4x*)=0

e =0 (reject) or dx—4x* =0

x(1-x)=0

x=0 or x=1
2

y=0y=—
e

The stationary points are (0,0) and (1, —25—)
e

(iii) Find the nature of the stationary points. : 4 [3]
d*y
? =" (8x2 —16x+ 4)
When x =0,
dZ
=4(>0)

(0, 0) is a minimum point

When x=1,
2
3x—f =¢2(8-16+4)
—4
=— (<0)

2

2. . .
(1, —) 1S a maximum point
e
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2

10 () Express 9% inthe form ux-+b+
x-1 3x-1

2
i =3x+1+
3x-1 3x-1

9x*
3x-1

(i) Find j dx .

9x?
J"3’:«7—1 i

=I3x+1+ dx

3x-1

=§x2+x+lln(3x—l)+C
2 3

(iii) Given that y =3x’In(3x~1), find an expression for % .

EX—=3x2 (—:},—J+6xln(3x—l)
dx 3x-1

0x?

+6xIn(3x-1)

3x-1

Cedar Girls’ Secondary School 4049/02/S4/Prelim/2021
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(iv) Hence, evaluate L 2xln(3x—1) dx. : [5]

* ox? 3 2
}“3 +6xln(3x—1) dx=l:3x ln(3x—l):I1

x—1

. 2 2
[%x2+x+%1n(3x—1):| +[6xIn(3x~1) dr=12In5-3In2
1

1

2
(6+2+]—n§§)—(-§-+1+%—2-)+6jx1n(3x—1)dx=121n5—31n2

1

2
6[xIn(3x—1) dx =17.234 - 5.8054

1

2
[xin(3x-1) dr= ”";286 =1.90 (3 s.9)
1

End of Paper
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