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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the quadratic equation ax?+bx+c=0,

—bxVb* —4dac

2a

X =

Binomial Expansion

(a+b)" =a" +(’11Ja”‘1b+(ga"'2b2 + ...+(n]a""b’ +o+b" s
v

where 7 is a positive integerand [#)|___ 7! _n(-D..(n—r+1)
r) (n=r)ir! r!

2. TRIGONOMETRY
Identities
sin?4 + cos?4 = 1
sec?4 =1 + tan’ 4
cosec?’4 =1 + cot? 4
sin (4 + B)=sin 4 cos B+ cos A sin B
cos (A+B)=cosAcosB x sinAsin B

tan(A:l:B)= tan Axtan B
1-tan Atan B

sin 24 =2 sin A cos 4

cos24=cos’ A—sin> A =2cos’A-1=1-2sin* 4

tan 24 = 2tan 4
1-tan®* 4

Formulae for A ABC

a b ¢
sind sinB sinC
a’>=b%+ ¢? - 2bccos 4

= tabsinC
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1. (a) Without using tables or calculator, find the value of & such that
10 <243 20 3
(—-— + Yx—==2+k3. 3
JI5 35 V1800 45 =
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B Givenibuton, =T and SB0F o5 § fiod fhe walue oflog, 3

log, v

Hence, evaluate log, 2—16 . [6]
y
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2. The population of polar bears in the arctic is given by the formula
t

N =8000(2 +3e 50 ) , where ¢ is measured in years. Find

(1) the initial population, (1]
(i) the population after 50 years, [1]
(iii)  the least number of years it would take the population to exceed 20 000, [3]
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(iv)  the rate at which the polar bears is decreasing when ¢ = 10, [2]

1

v) From the formula N = 8000(2+ 3¢ 50 ), explain why the populatioﬁ of the polar

bears can never fall below 16000. [2]
(vi)  Sketch the population-time curve in the grid below. 2]
Population

Time (years)
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3. Given that the expression 2x> + ax? + bx — 6 is divisible by (x> — 2), find the value
of a and of b. : [4]
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Hence, .
6] solve the equation 2x> + ax? + bx — 6 = 0, for the exact value(s) of x, [3]
(i1) solve the equation 2 + ay + by* — 6y° = 0. [2]
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4. (a) Solve 2sinx=tanx for which 0° <x<360°.

(b) Find all the angles between 0 and 6 for which
2tan y(tan y +1) = 3(2 —sec® y).

CHS Preliminary Examination 2021

[4]
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(a) Given that cos4= —% where 7 < A< z’g— . Find , without using a calculator, the

value of

(i)  sin(zr-4),

(i)  cotA, (1]

(iii)  cos 4 .
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(b) Prove the identity
2-sec’x _ cosx—sinx

sec’ x+2tanx cosx+sinx [4]
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6 The function 4 is defined, for 0° < x <360°, by A(x) =a cos(bx)+c, where a, b and ¢

are positive integers. Given that the greatest and least values of 4 are 3 and -1
respectively and the period of 4 is 720°,

@) state the value of @, of b and of c. [3]

(1) Sketch the graph of 4. [2]
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3 2
4x* +7x +j9x+l4 sivpartial fustions. [6]
Qx+1)(x* +9)

7 Express
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8 Two points 4 and B have coordinates (1, 2) and (-3, 6) respectively. A point P (x , ) is
such that 4P and BP are perpendicular.

(a) Show that P lies on the circumference of a circle. [2]
Find

(b) .. the coordinates of the centre of the circle and the radius of the circle, [4]
(© the equation of the circle. [1]
(d) Explain why the tangents to the circle at 4 and B are parallel. [2]
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2x+11

9 (a) A curve has the equation y = ,x#—1. Show that y is a decreasing

function. [3]
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(b) Find the coordinates of the stationary point(s) of the curve y = xe™** and
determine the nature of the stationary point(s). [6]
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10 The diagram shows part of the curve y =4cos % x. Find the area of the shaded region

bounded by the curve, the y-axis and the line y = -2, [6]

B

\

4

]
' =4cos—x
’ 3

7))

y:_
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11 A particle 4 moves in a straight line, so that, # seconds after leaving a fixed point P, its
velocity, v4 ms™, is given by v, =21-6.

(@)  Find the distance travelled by the particle A before it comes to instantaneous rest.

[3]
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A second particle B moves along the same horizontal line as 4, and starts from Q, a point
8 m away from P, at the same instant that 4 begins to move. Particle B moves with a
velocity of 5 ms™ and decelerates at 1 ms™2.

©

| l
p Q

8 m

(b) Calculate the distance between particle 4 and particle B when 4 comes to
instantaneous rest. [3]
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(c) Find the time during the interval 0 <7 <5 when the distance between particle
A and particle B is at its maximum. Calculate this maximum distance. [3]

(d) Find the range of values of ¢ for which both particles are moving in the same
direction. [1]

END OF PAPER
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the quadratic equation ax?+bx+c=0,

_ —b++b? -4ac

X =
2a
Binomial Expansion

(a+b) =a" +[T]a”“b+(ga"’2b2 + ...+(nja""b’ +o.+b",
'8

where 7 is a positive integerand [”?|.__ ' _n(m-D..(n-r+1)
r) (n=r)r! r!

2. TRIGONOMETRY
Identities
sin?4 + cos?4 =1
sec?4 =1 + tan?4
cosec’4 =1 + cot’4
sin (4 = B) =sin 4 cos B+ cos 4 sin B

cos(A+=B)=cosAcos B F sindsinB

tan(A:tB)= tan Attan B
1=tan Atan B

sin24 =2 sin A4 cos A

cos24=cos’ A—sin’ A=2cos*’A-1=1-2sin* 4

tan 24 = _2tan4
1-tan® 4

Formulae for A ABC

a b ¢
sind sinB sinC
a’> =b% + ¢c? - 2bccos 4
A= labsinC




(a) Without using tables or calculator, find the value of & such that

10

V243 L 20 3 k3

N TN AN T AN

[3]

1(a)

(10-‘5‘E+20)xi
Jis 35 Vs 45
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log, x

(b)  Given that log, xy=7 and
log, y

= -8, find the value of log , y.

Hence, evaluate log, % . [6]

(®) [ log,xy="7

log, x+log, y=7---(1)
log, x=-8log, y---(2)
Sub (2) into (1):
—8log, y+log,y=7
log, y=-1

Hence from (2),
log,x=8

)
log, y—f =log,2+log,x—3log,y

1
log, 4
1

=11=
2

+8-3(=1)




The population of polar bears in the arctic is given by the formula

t

N =8000(2 +3e 50 ) , where ¢ is measured in years. Find

i) the initial population, [1]
(i) |Whent=0,N=28000 (2 +3e°)
=40 000
(ii) the population after 50 years, [1]
(i) | Whent =50,
t
N =8000(2+3e 79)
.20
=8000(2+3e )
=8000(2+3¢™ 1)
=24829.10
= 24800
(ii)  the least number of years it would take the population to exceed 20 000, [3]
(iii) 4

20000 = 8000(2+3e )

1
(2_,_39_5):%)@
8000

Hence it will take at least 90 years.




(iv)

the rate at which the polar bears is decreasing when 7 = 10, [2]

(iv)

!

N =8000(2+3¢ %)

t
AN _24000( -L | %
dr 50

1
=-480e 30
When =10

10
AN _ 480"

dt
=-392.99

=-393
The population of the polar bears is decreasing at a rate of
393 polar bears /year. .

V)

t
From the formula N = 8000(2+3e 3°), explain why the population of the polar
bears can never fall below 16000. [2]

)

Ast — o,

L
e V>0

.. N — 8000(2)=16000
Hence the population of the polar bears will never fall below 16000.

Alternative Method
Use graph to explain
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(vi)  Sketch the population-time curve in the grid below. [2]

\ population

N=16000

time

-3 Given that the expression 2x> + ax? + bx — 6 is divisible by (% - 2), find the value

of a and of b. [4]&

Let f(x)=2x" +ax* +bx—6
) =2(4B) a( 5} +5(s) 6=
4(v2)+2a+(v2)b-6=0---()
)= 2] ol () -6
~4(v2)+2a-(\2)b-6=0--(2)
M+(2)
4a-12=0
a=3
M-@)
8(v2)+2(v2)b=0

8(2)
h=

2(+2)

=—4




Alternative Method

Let f(x) = 2% +ax’ +bx—6 = (x* = 2)(px +q)
2x° +ax’ +bx—6= px’ +qx* —2px—2q
Comparing coefficients of x> : p =2
{Comparing constant terms: g = 3}

sa=3
b=-2(2)
=—4

Hence,

(1)

solve the equation 2x° +ax* + bx —6 =0, giving the exact value(s) of x.

(3]

@

f(x)=2x"+3x"-4x-6=0
(x* -2)(2x+3)=0

(x+ﬁ)(x—ﬁ)(2x+3)=o

x=-2 0rx=\/2_ or x=—%

Alternative Method '

2x° +3x* —4x-6=0

(" ~2)(px+q) =0

Comparing coefficients of x> : p =2
Comparing constant terms : —2g=-6
q=3

f(x)=2x+3x*-4x-6=0
(x*-2)(2x+3)=0
(x++2)(x-+2)@x+3)=0

x=—2 orx=«/5 or x=—%




(i)  solve the equation 2+ ay + by* — 6y° =0. [2]

(i) | 2+3y-4y"-6y°=0

RNRER
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(a) Solve 2sinx =tanx for which 0" <x<360".

[4]

(a) | 2sinx=tanx
sinx

2sinx =
cosx

2sinxcosx—sinx =0
sinx(2cosx—1)=0

sinx=0 or cosx=—7:

x=0°,180",360" or x=60",300
x=0",60,180",300°,360"

(b) Find all the angles between 0 and 6 for which
2tan y(tan y +1) = 3(2 —sec” ). [4]

(b) | 2tan y(tan y+1) =3(2—sec? y)
2tan® y+2tan y = 6—3(1+ tan® y)
Stan’ y+2tany~-3=0

(5tan y—3)(tan y+1) = 0

tanyzg or tany=-1

BA=0.5404195 BA= % or 0.785398
y=0.540, 7 +0.5404195 y=m- %,27:—%

= 0.540,3.68 = %-,Zf- or 236, 5.50

y=10.540, =2, 368,
4 4

or
y=0.540, 2.36,3.68,5.50

10
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(a) Given that cos 4= ——i— where 7 < A< %’5 . Find , without using a calculator, the

value of
@) sin (7 — 4), [1]
(i) | sin(z—4)=sin 4
__4
5
(ii) cot A4, [1]
(i) cotd=
tan 4
_3
4
G cos2 . [2]
2
(i) cos A =2cos> 4 -
2
1+cos 4
2

11



(b) Prove the identity
_cosx— sin x

12

sec’x+2tanx cosx+sinx

[4]

(b)

2
LHS = 7; sec” x
sec’ x+2tan x

1
cos’ x
1 2sinx
_.__+..__

o—

cos’x  cosx
_ 2cos’x-1
" 1+2sinxcosx
cos® x —sin’ x

" sin? x +cos? x + 2sin xcos x
_ (cosx+sin x)(cos x —-sin x)

(cos x +sin x)*
_cosx—sinx

—— = RHS
cosx+sinx

Alternative Method
2—(1+tan’x)
l+tan? x+2tanx

_1-tan’x
(1+tan x)*
_ (1-tanx)(1+tanx)
 (I+tanx)’
_(1-tanx)
(1+tanx)

sin x
1-
cosx

sin x
1+

coS X
cosx—sinx

- COS X
cosx+sinx

cosx
_ COSx—Sinx
COS X +Sin x

12
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3_

13

The function 4 is defined, for 0° < x <360°, by A(x) = a cos(bx)+c, where a, b and ¢

are positive integers. Given that the greatest and least values of 4 are 3 and —1
respectively and the period of 4 is 720°,

® state the value of a, of b and of c. [3]
i) |a=2
| e=1
Period, 720° =§§0—
b=t
2
(ii) Sketch the graph of 4. [2]

13
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Express

14

45 +7x* +49x+14 . o
5 in partial fractions.
2x+1D(x" +9)

(6]

2
20+ +18x+9)4x° +7x +49x +14

4x’ +2x* +36x+18
4x* +7x* +49x +14 5. 5x* +13x-4
x+1)(x* +9) Qx+1D)(x* +9)

5¢*+13x-4 _ 4 L Bx+C
QRx+D(x*+9) 2x+1 x*+9
5x* +13x—4 = A(x* +9)+ (Bx+ C)(2x +1)

= (A+2B)x* +(B+2C)x+94+C

Comparing coefficients:

| A4+2B=5--(1)

B+2C=13---(2)

94+C=-4---(3)

A=-1

B=3

C=5

4x3+7x2+49x+14= 1 +3x+5
Qx+1)(x* +9) 2x+1 x*+9

14
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Two points 4 and B have coordinates (1, 2) and (-3, 6) respectively. A pomt P(x,y)is
such that AP and BP are perpendicular.

(a) Show that P lies on the circumference of a circle.
(@) | Since AP L PB (given), ZAPB=90°
Hence P lies on the circumference of a semi-circle
( Right angle in semi-circle)
Find

(b) the coordinates of the centre of the circle and the radius of the circle

x

(b

From (a), we know 4B is a diameter of the circle
Centre of circle,

{5249

3% 3

=(-1,4)

Radius, 7 = /(1+1)’ +(2—-4)’
=8

=2V2

(c) the equation of the circle.

(©

(x+1)" + (=47 =(+B)
(x+1D)>+(y—4)* =8

(d) Explain why the tangents to the circle at 4 and B are parallel.

(d)

Since AB is a diameter of the circle,

both tangents to the circle at 4 and B are perpendicular to 4B
(radius is perpendicular to the tangent)

Hence the tangents to the circle at 4 and B are parallel.

2]

(4]

15
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2x+11

(a) A curve has the equation y = ,X#—1. Show that y is a decreasing

function. 3]

(a) _ 2x+11

y= X5l

dy  (x+1)2-Qx+11)

& (x+1)

_9

(x+1)?

Since (x+1)* >0 and -9 is a negative constant,

% <0, hence y is a decreasing function
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(b)  Find the coordinates of the stationary point(s) of the curve y = xe™* and
determine the nature of the stationary point(s). [6]
®) | y=xe™
Y _ —2xe™ 47
dx
=e ™ (1-2x)

For stationary points, % =0

e (1-2x)=0
1
x==
2
=1
2e

-

- the stationary point is (l,ij
2 2e

2
fg—f = —2e —2(1-2x)e™
X

= 4e™ (x-1)

Whenx=l,
2

2
é—g} =4e™ ([—1-) —1] <0
dx 2

(l,LJ 1S @ maximum point.
2 2e

17
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10 The diagram shows part of the curve y =4 o% Find the area of the shaded region
bounded by the curve, the y-axis and the line y = -2. [6]

y
A

T

18
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1
=4cos—x
d 3
1 1
4cos§x=—2 and 2cos—§x:0

1 1 V4
cosS—x=—— —x=—
3 2 2

Area of the shaded region = Jjﬂ (4 cos—;—x + 2)0&

1 2r
=[125in—3—x+2x}

0

= (lZsin?‘?ﬂ +22x) —0]

B

=12—+4x
2

= (6+/3 +47) units>
=22.95
= 23.0 units®

Alternative Method
Area of the shaded region

= 1 22 1
=j2 4cos—x +2Q27)—| —{5,| 4cos—x
o 3 Y 3

27

3z
.12 L1
=|12sin—x| +4x+|12sin—x
3 1 3 =
2

=125in£»0+47r-+—125in2—”—125inz
2 3 2
= 47r+12£
2
= (6+/3 +47) units’
= 23.0 units?

19
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11 A particle 4 moves in a straight line, so that, # seconds after leaving a fixed point P, its
velocity, v4 ms’, is given by v, =2¢-6.
(a) Find the distance travelled by the particle 4 before it comes to instantaneous rest.
[3]
(a) | Atrest, V, =2t-6=0 [M1] V,=0

nt=3
54 =[(@t-6)dt ors, = j; (2t —6)dt
- 2 7
=t“—6t+cC [t 61]0
t=0,5=0=>c=0 =32 -6(3) =-9
...SA=t2_6t

When ¢t =3,5, =3°-6(3) =-9m
Hence total distance travelled is 9 m

20
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A second particle B moves along the same horizontal line as 4, and at the same instant that
A begins to move. B starts from 0, a point 8 m away from P, with a velocity of 5 ms! and

decelerates at 1 ms™.

7

Q

AT

8m

b) Calculate the distance between particle 4 and particle B when 4 comes to

instantaneous rest. [3]
(b)
s5=[(5 -~ ydr or sp = jj (5 — 1)dt
3
) 2
=5t—t—+c =(i5t_t_jl
2 2
0
9
t=0,s=8=c=8 =5(3)—5
2
sp=5t-1 48 101
2 2

When ¢ =3,5, =15—%+8:18%m Distance between A and B = 10%+8+9

Distance between A and B = 18% +9 =27.5m

=27.5m

21
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Find the time during the interval 0 <¢<S5 when the distance between particle
A and particle B is at its maximum. Calculate this maximum distance.

[3]

2,

t
s, =5t——+8
B 2
3¢?
=11t ——+8
S48 5
£15:11—3t
dt
For max distance, é =0
dt
11
t=—
3
Whent=£,
3

2
s=1(5)-3(5] +s
3/ 2\ 3

Max distance is =28 % m

(d)

Find the range of values of ¢ for which both particles are moving in the same
direction.

(d)

Hence both particles are moving in the same direction

for the period 3<7<5.

END OF PAPER

[1]
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Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the quadratic equation ax?+bx+c¢=0,

_ —b+~b? -4ac

X =
2a

Binomial Expansion

2

(a+b) =a" + [’;)a"“b + [nJa"‘zbz +ot (n)a""b’ +.o..+b"
s

where 7 is a positive integer and ny_ n! — n(n~D..(n-r+1)
r (n —r)!r! r!

, 2. TRIGONOMETRY
Identities

sin’4 + cos?4 =1
sec?4 = 1 + tan? 4
cosec’d4 =1 + cot?4
sin (4 = B) =sin 4 cos B=+ cos 4 sin B
cos(A+xB)=cos A cos B Fsin A sin B

A+B)= tan At tan B
1+tan 4tan B

tan (

sin24=2sin 4 cos A
cos24=cos’ A—sin* A=2cos? A-1=1-2sin* 4

tan24= _2tand
1—tan? 4

Formulae for A ABC
a b &

sind sinB  sinC
a®>=b?+ c* - 2bccos 4

= labsinC
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1. (a) Solve the simultaneous equations -~ -
2y—Tx=5x%, ,
3y=T-4x. ' [3]

(b) Given that the line y =mx+1 is a tangent to the curve y =x’+m(2x+1), find the

value(s) of the constant m. [3]



4

¢) Find the range of values of & such that x* +4x > kx~9 .- - - [3]
(c)

2 The diagram shows a quadrilateral with vertices O(0, 0), A(8, -2), B and C. The equation of
ABis y =4x-34 and the equation of BCis 5y +3x =60.

v
=

(i) Find the coordinates of B and C. [3]

CHS Preliminary Examinations 2021 AM Paper 2



(ii) Determine if O4ABC is a kite. i [2]

(iii) A point D, above the x-axis, is such that OD is parallel to 4B and OD = 5\/ﬁ , find the
coordinates of D. ‘ [4]

-



6

(iv) Find the area of the trapezium OABD. : oo [2]

CHS Preliminary Examinations 2021 AM Paper 2



7

3 The diagram shows a structure such that ¥4 = 3 m, 4B = 2 m, BC = 1.5 m and
angle AVD = angle ABF = 6 degrees . BF is parallel to CE, D is the midpoint of CE and the

structure is symmetrical about VD.

v
3,91
A E
2 i
A :

B H F
1.5 L

C D E

(i) Show that VD =3cosf+2sinf+1.5. [1]

(i) Express V'D in the form Rcos(6—a)+1.5, where R > 0 and « is acute. [3]



8

(i) State the largest value of ¥D and find the corresponding value of 6. . [2]

(iv) Find the value(s) of @ for which VD =5 m. [4]
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4 (a) Solve the equation 8™ = =) ~14e. : . : [4]

x-1



10

(b) Solve the equation 3sin20=cosé for -z <O<7x. [4]
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5 (a) Solve the equation log, x+1=2log 5. , ' o 4]



12

(b) Solve the equation log, (2 +x) =log,, 4—logl 1-2x. B [5]

3
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. d _Ax+B ,
6 (i) Show that d—x-l:x\/3x—1} == Whete 4 and B are constants. | [4]



14

2 9x-2 .
(i) Hence or otherwise, find L «/T—_I dx, giving your answer correct to 3 significant
x—

figures. 4]
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7 The function f'is defined for x # —% and is such thatf "(x) = 4¢** + — 2

(3x+1)"

Given that £'(0) =—1 and f(0) =2, find an expression for f (x). - [7]



16

. . 1 1 1 . .
8 (a) The equation of a curve isy = T +=x, for x#—. Find the equation of the
10x-1 3 10

2
normal to the curve at the point [1, g) . [4]
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(b) The diagram shows a cylindrical water tank with base radius 16 cm.

-
<

y
. S

§ 16

Water is flowing into the tank at a constant rate of 4.8k cm>/min, where k is a constant.
At time 7 minutes, the depth of the water in the tank is # metres. There is a hole at point
P at the bottom of the tank and a cork is used to stop water leakage. When the cork is
unplugged, water will leak from the hole at a rate of 6.4% cm>/min.

Find an expression for the rate of change of / in terms of k after the cork is
unplugged. [4]



18

9 (i) The expansion -of (1+ px)", where n > 0, by the binomial theorem is

1+36x+66p’x* + kx’ +.... Find the value of n, of p and of k. [5]
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8
(i) Find the term independent of x in the expansion of (3 + x)(2x - —1—) . [4]
x



20

10 The table shows, to 2 decimal places, the population, P, of a certain kind of bacteria in a test-
tube, measured at hourly intervals, ¢. '

t 0.2 0.6 0.9 1.3 L5
P 0.72 0.96 1.40 1.55 1.78

(i) On the grid on the next page, plot 1g P against ¢t and draw a straight line graph. [3]

(i) Determine which value of P, in the table above, is the incorrect reading.
Use the graph to estimate a value of P to replace the incorrect recording of P. [2]

(iii) Find the gradient of your straight line and hence express P in the form —A—zk— ,

where 4 and k are constants. [4]

(iv) On the same diagram, draw the line representing P'° =10>" and hence estimate the

‘ 10
value of ¢ for which (1;12 = ] =10°". [2]
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1. ALGEBRA

Quadratic Equation
For the quadratic equation ax?+bx+c=0,

_ —b+~b® —4dac

2a

X

Binomial Expansion

2

(a+b) =a" +£Yja"“b+(”)a"'2b2 +...+[nja""b’ +..+b"
¥

_ nn=1..(n—-r+1

where n is a positive integer and [”|___ 7!
r (n—r)!r!

2. TRIGONOMETRY
Identities

sin24 + cos?d = 1
sec’4 =1 + tan’ 4
cosec’4 = 1 + cot? 4
sin (4 + B) =sin 4 cos B cos 4

cos (A £ B)=cos 4 cos B Fsin 4

tan (A+B)= tan A+tan B

1¥tan Atan B
sin 24 =2 sin 4 cos 4
cos24=cos’ A —sinf A=2cos?d—1=

tan 24 = __2.}2"4_
1-tan® 4

Formulae for A ABC
a b ¢
sind sinB sinC
a’> = b? + ¢? — 2bccos 4

A = {absin C
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sin B
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1 (a) Solve the simultaneous equations
2y—Tx=5x%,
3y=7-4x. [3]

2y—=Tx=5x" :>y=-§-x2+—;-x o (1)

3y=7-4x ..(2)
Sub (1) into (2):
3(§x2+zx)=7—4x
2 2
15x% +29x-14 =0
(5x-2)(3x+7) =0

=
i
@]
=
I

O W

2
|

<

Il

Wnio |
S

O

(b) Given that the line y = mx+1 is a tangent to the curve y = x? +m(2x+1), find the

value(s) of the constant m. [3]

Suby=mx+1 into y =x*+m(2x+1):
X +m(2x+1)=mx+1

X+mx+m—-1=0

D=0

m’ —4(1)(m—1):0

m*—4m+4=0
(m—2)2=

m=2

(c) Find the range of values of k such that x* +4x > kc—9. [3]

x* +4x > ke-9
X +(4-k)x+9>0

D<0

(4-k)° -4(1)(9) <0

k> -8k-20<0
-2<k<10
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4

2 The diagram shows a quadrilateral with vertices O(0, 0), A(8, -2), B and C. The equation of
AB is y =4x-34 and the equation of BCis Sy +3x=60.

v
=

(i) Find the coordinates of B and C. [3]

Subx =0 into 5y +3x=60:
y=12
C(0,12)

Suby =4x-34into 5y+3x=60:
5(4x—-34)+3x =60
23x =230
x=10
y=6
B(10,6)

(ii) Determine if OABC is a kite. [2]

Mtd 1:

6 3
GradOB = —]6 = g
Grad,. = ”5”12 - A

-0 4
3 7
Grad,; xGrad ;. = =x| ——
OB AC 5 ( 4j
#-1
=> OB is not perpendicular to AC.
Hence, OABC is NOT a kite.
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Mtd 2:
0C=12

BC = /(10-0)" +(6-12)°

=4/136 or 11.7
BC#0C

Hence, O4BC is NOT a kite.

(iii) A point D, above the x-axis, is such that OD is parallel to AB and OD = 517 , find the
coordinates of D. [4]

Since 4B isy =4x—34
Grad , =4

Eqn. of OD: y=4x
Let D(x,4x):

OD =517 .»«
X +(4x) =517

17x* =25(17)

x* =25
x=35 (x>0 since D is above x-axis, y > 0)
D(5,20)
(iv) Find the area of the trapezium OABD. [2]
0 8 10 5 0
area of the trapezium OA4ABD = ll

20 -2 6 20 0

=119 units®
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3 The diagram shows a structure such that ¥4 = 3 m, 4B = 2 m, BC = 1.5 m and
angle AVD = angle ABF = 6 degrees . BF is parallel to CE, D is the midpoint of CE and the

structure is symmetrical about VD.

14
376

4 i

2 E
6 !

B a
1.5 L
C D

(i) Show that VD =3cos@+2sinf+1.5.

[

S -

B
1.5
&
h =3cos@
h, =2sin6@
VD=h+h,+1.5

=3cosf+2sinf+1.5

CHS Preliminary Examinations 2021 AM Paper 2
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(i) Express D in the form Rcos(6—a)+1.5, where R > 0 and « is acute: [3]

Let 3cosH+2sin9=Rcos(9—a)

= Rcos@cosa+ Rsinfsina

Rcosa=3 .. (1)
Rsina =2 ..(2)
2.

ot tana=§ — a=tan'1§z_33.69°

O
O*+(2)?%: R*=3+2> = R=413

VD =13 cos (6 -33.69°)+1.5

Note: Some students gave angle in radian mode instead.

(iii) State the largest value of VD and find the corresponding value of 8. [2]

Large value of VD=+13+1.5 or 5.11

when 6 =33.69°

(iv) Find the value(s) of & for which VD =5 m. [4]

V13 cos(6-33.69°) =3.5
cos(6—33.69°) = 22

Vi3

Basic angle =cos™ 33
NE]

~13.8978°
6-33.69°=13.8978°, -13.8978°
O~ 47.6° , 19.8°

Neote: Many students missed out the answer, 19.8°.
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(a) Solve the equation 8¢*"' = % ~14e.

8 =12 140
e

8e(e‘) = —li——14e

e(e")

Lety=e¢".
8ey = ] —-14e
ey

8y% +14y-15=0

(4y-3)(2y+5)=0
y=3 o y=-3 (e)

X

4

Alw M|lW

X= lng ~—0.288
4

(b) Solve the equation 3sin28 =cos 8 for -7 <O< .

3sin26 =cos @
6sinfcosf =cosd
6sinfcosf—cosf =0
cosf(6sinf-1)=0
6sind—1=0 or cos@=0

3

Sinf = g=-2,Z
6 2’ 2
6~0.167, 2.79

Note: Many students cancelled out cos 8 and thus nussed out one equation with 2 answers.
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5 (a) Solve the equation log, x+1=2log 5. ; . [4]

log, x+1=2log 5

)
log, x

Lety =log, x:
y+1=z
y
Y +y-2=0
(y-1)(y+2)=0

y=1 or =-2

log;x=1 or log,x=-2

x=5 or x=i

25

(b) Solve the equation log, (2+x)=1log,; 4~log, v1-2x. [5]

3

log, (2+x) =log,, 4—log, v1-2x
3
log,(2+x) log,4 log,v1-2x
log, 9 log, 16 1083‘:1,;

1
log, (2+x) 2 510g3 (1-2x)
2 4 -1
log,(2+x) 1 1
—3'(2_)=—2—+510g3(1—2X)
log, (2+x) =1+1log, (1-2x)
2+x

=]
1-2x

log;
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d Ax+B
i) Show that —| x/3x—1 | = —===, where 4 and B are constants. 4
®  Showthat = [x\Bx—1 ]~ 7os 4

%[x\/Sx—l]=x/3x—1+x0%(3x—1)—%03
=\/§x—_l+%x(3x—1)_%
. 3
=(3x-1) 2{(3x—1)+5x}
)
=(3x-1) Z[Ex—1:|

2 x-1
_27 o X2
\3x-1 24/3x-1
(ii) Hence or otherwise, find .[2 iiml dx, giving your answer correct to 3 significant
1 €n ) s
. m gving y g
figures. [4]
j 9x—-2 J‘ O9x -2
V3x— 2+/3x—
=2x/3x-1+c¢

Lz 9x—2 [Zx\/3x—llz

2+/3x -
=2(2),3(2)-1-2(1)3(1)-1
=45-242
~6.12
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7 The function f is defined for x # —% and is such thatf "(x) = 4¢** +

Given that £'(0)=—1 and f(0)=2, find an expression for f (x).

3
3x+1
=e2x—1n(3x+l)+d

f(x)=j2e2*— dx

£(0)=2
1-In(1)+d =2

f(x)=¢e” ~1n(3x+1)+1

2020 CHS Mid-Year Additional Mathematics Paper 2
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1 1 1
8 (a) The equation of a curve is +=x, for x#—. Find the equation of the
(a) € €q Y= «/—x— X 10 q

normal to the curve at the point (1, %) . [4]
__ UL
d V10x -1 3
1
=(10x- 1)5+§-x
dy 1 o
— 10x-1) 2(10
D (10x-1)% (10)
5 1
- — + -
(10x-1)2 3
@ 5 1
e (10-1 3
4
27

Gradient of normal atP=- %T7

Eqn of normal at P

Y
Ly G |
y=3=—7 (-1
27 89
=2l B 12y = 81x+89
y=-—rxto o y =8lx
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(b)  The diagram shows a cylindrical water tank with base radius 16 cm.

16

Water is flowing into the tank at a constant rate of 4.8nk cm’/min, where k is a
constant. At time ¢ minutes, the depth of the water in the tank is /# metres. There is a
hole at point P at the bottom of the tank and a cork is used to stop water leakage.
When the cork is unplugged, water will leak from the hole at a rate of 6.4z cm>/min.
Find an expression for the rate of change of / in terms of k after the cork is unplugged.

[4]

E—VI—“ =487k, % =6.4r
dr dr
d—V=256ﬂ
dh
dh_dn v
dt dV dr
= X (4.871']( - 6.472')
2567
dn_3k 1
dr 160 40
dh 3k-4
or —=—-—
dt 160
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9 (i) The expansion of (1+px)’, where n > 0, by the binomial theorem is

1436x+66p*x* +kx’ +.... Find the value of n, of p and of k.

n
=1+npx+[2)p2x2 +(Z] p’x+...

Comparing x*:

i

Mzss
2

n*-n-132=0
(n-12)(n+11)=0
n=12 or n=-11 (rej.)

-

Comparing x:
np =36
12p=36
p=3

Comparing x°:

R
2o

= 5940

(1+ px)" =1+(’1’J( px)+@( px) +(’3’)( px) +...

CHS Preliminary Examinations 2021 AM Paper 2
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8
(i)  Find the term independent of x in the expansion of (3+ x)(2x - lj . [4]

x
8
For (Zx—lJ ;
x

- (8) 27 (-1) x5

v

Let8-2r=0=>r=4
8
Term independent of x = (4) i (-—1)4

=1120

X

For (3 +x)(2x—lf"’:'

Term independent of x = 3(1120)

=3360
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10 The table shows, to 2 decimal places, the population, P, of a certain kind of bacteria in a test-
tube, measured at hourly intervals, .

t 0.2 0.6 0.9 1.3 1.5
P 0.72 0.96 1.40 1.55 1.78
(i) On the grid on the next page, plot 1g P against # and draw a straight line graph. [3]
t 0.2 0.6 0.9 1.3 1.5
lg P -0.14 -0.02 0.15 0.19 0.25
|03 FTTT
0.30 &
) [ 1 AT
025 =i A 0
H /
: AN Pl
G.20 ¥ . N”‘ // i :
0.15 T W
om0 |- /
B RNy
0.05 i
A
oo L / / »i
Q4 y 08 12 14 e 18
-0.05 4
i /
/.
010 7
: vv - »// ..........
-0.15 :
57
JI/
- -0.20
-0.25
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(i) Determine which value of P, in the table above, is the incorrect reading.
Use the graph to estimate a value of P to replace the incorrect recording of P. [2]

Incorrect reading of P = 1.40

From graph, when ¢ = 0.9,
IlgP = 0.075
P=10"" ~1.19

Il

!
(iii) Find the gradient of your straight line and hence express P in the form Igﬁ , Where 4

and k are constants. [4]

(0,-0.2), (1.2,0.16)

Gradient = —%:22916 _ 3000
0-12
(1g P)—intercept =-0.2 -

Ig P =0.3000¢ 0.2

P = 100.3000[—0.2

(o

- 102(0.1)

(iv) On the same diagram, draw the line representing P'° =10*" and hence estimate the

f 10
value of ¢ for which [W} =10°". [2]

PlO 2103—1
10lgP =31
1 3

lg Py
=10 10

Draw the straight line: 1g P = —it +—
10 10

From graph, 7 ~1.24

END OF PAPER
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