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1 Solve the equation x+1+45-x =0. e [3]

X
2 (@ () Given the equation 13(3ZX)=53X , show that (%5) =13. [1]

(i1)  Hence find the value of x. [2]
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(b)  Solve the equation log, (2x—1)=log : (4-5x). [4]
) State the third term in the expansion of (2+x)" in terms of a and n. [2]
(i)  Write down the first three terms in the expansion of (1- 3x)5. [2]

(i)  In the expansion of (1-3x) (2+ax)®, the coefficient of x is ~384. Find the

value of a. [4]
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4 Differentiate the following with respect to x.

. 2[ %
@  3tan (2} [2]

- () e [3]
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2x 2x
4 -
¢ , show that B e (1 2x)

JT-4x de (1-4x)\1-4x Bl

Given that y =

@) The equation of a curve is given by y =x+ sin?x for 0<x< 7.

dy

Write down the expression for yre. [1]
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(ii) Find stationary point of the curve. 3 - 3]

2
7 Find the range of values of x such that the graph y = In(ﬁ) is decreasing.  [4]
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(a) The expression f (x) =ax’ +(a = 3b)x2 +3bx+c is exactly divisible by
x> +3x. When f(x) is divided by x+2, the remainder is 10. Find the values
of a, b and c. Hence factorise f(x) completely. [6]

(b)  Given that 3x’ —2x" +x—4 = A(x—1)+B(x~1)(x+1)+ Cx(x* =1)+ D
for all values of x, find the value of 4, B, C and D. [4]
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9 The function f is defined, for x20°,by f (x) =3cos (%) -1.

(i) State the maximum and minimum values of f (x) . [2]
(i)  State the amplitude of f(x). [1]
(iii) ~ State the period of f(x). [1]
(iv)  Sketch the graph of y=3cos (%j —1 for 0°<x<270°. 2]

10 (@)  Expressthe equations y=2x*-3x+9 and y=-2x*-3x+ % in the form of
y=a(x+b)* +c. (4]

(i)  Hence explain whether the curves will intersect or not. [3]
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(@)

(b)
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Find the range of values of k for which the line y =kx+3 lies entirely below
the curve xy+20=35y for all real values of x. [5]

The quadratic equation mx® +5nx+9m = 0 has equal roots. Given that m and

n are positive, find — . Determine also the range of values of — for which
n n

the quadratic equation has real roots. [5]
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The picture above shows the path of a dolphin jumping out of the water to see clearly
and to watch the surface of the oceans. The path is modelled by a quadratic function,

y=ax’ +bx+c as shown in the diagram. The dimensions of the path is given in the
table below.

How high can the dolphin jump out of the water? 450 cm
How far can the dolphin jump out of the water? 600 cm
)] Find the coordinates of the highest point in the path. [1]

(i)  Find the equation, in the form y = ax® + bx +c, of the path of the dolphin,
where a, b and ¢ are real numbers. ‘ [4]
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| 13(i) | Factorise x* 1 completely.

|y

Given that

b
=a+— T find the values of g and of .

(iii)

Express —;
i

4

x ; .
" in partial fractions.
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John deposits $ P into a bank which pays a compound interest 7 % annually. The table
shows the total amount $ 4 in John’s bank account over a period of 5 years.

n 1 2 3 4 5
4 8960 10035 11239 12588 14099

n
It is known that » and A are related by the equation 4 = P(l + I—(Z_OJ .

) Express this equation in a form suitable for drawing a straight line graph. [2] *
(ii) Draw a straight line graph for the given data. 2]
(iii)  Use your graph to estimate the value of

(a) P, correct to the nearest thousand, and [2]
(b) r, correct to 2 significant figures. [2]



?Lm

Solve the equation x+1++/5—x =0.

x+1+/5-x=0
x+1=—\/§3
(x+1)2 =5-x
x2+2x+1-5+x=0
x2+3x-4=0
(x+4)(x—1)=0

x=-4or x =1 (rejected)

(a) (i) Given the equation 13(32") =5% | show that (

-

(11) Hence find the value of x.

X
(EJ =13
9
X
lg(%é) =1gl3

X =lgl3+lg(%)

x~0.975 (3 5.£)
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3]

l X
9} =13. [1]

[2]
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(b)  Solve the equation log, (2x—1)=log,: (4-5x). [4]
log, (2x-1)=log,. (4-5x)
1 4-5
log, (2x—1) = —Qsz)
log, x
4-
log, (zx_l) = 195."_(.2_5)6)
2log, (2x-1)-log, (4-5x)=0
2
(2x-1)
1 =0
08",
(2x—1)2 1
4-5x
4x% —4x+1=4-5x
4x* +x-3=0
(4x—3)(x+1)=0
x =2 or x=-1(N.A))
4
(i) State the third term in the expansion of (2+ x)n in terms of g and ». [2]
(ii) Write down the first three terms in the expansion of (1 - 3x)5. [2]
(iii)  In the expansion of (1 ——3x)5 (2+ ax)6 , the coefficient of x is —384 . Find the
value of a. (4]
3D nY 9, \2
Ty =(2]2" 2(%)
_ n(n—l)%’ixz
2 92
_ n-2 2
=n(n 1)2n 3.2 n(n 1)22
@) | (1-3x)

=1-15x+90x> +...




(ii)

(1-3x)’ (2+ax)®

= (1-15x+905 +...)[26 +@25 (ax)+..}

=(1-15x+90x% +...) (64 +192ax +..)

Coefficient of x= (1)(192a) + (—15)(64) =-384
1924 -960=-384
192a =576

a=3

Differentiate the following with respect to x.

. 2( X
(@) 3tan (2j

(i) e *x?

4(1)

(1)

(3] (sl

—3tan = sec? =
2 2

% [e'xsz =™ (2x)+ (—e "x)x2

= (2x—x2)
OR xe™ (2—x)
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[2]

" [3]



2% v 2x :
. e dy  4e”(1-2x)
G thaty = , show that — = —————=
tven faty J1-4x dx (1-4x)V1-4x
dy e2x
gx__ 1-4x
) \/1-—4x§x—e2x % %\/1—4x
2
(\/1—4x)
1

2Tan e —e? [%)(1-4@‘5 (=4)

- 1—4x
1

> (2«/1—4x +2(1—4x)’EJ
- 1-4x
_ 2e** (1-4x+1)
 (1-4x)W1-4x

4e** (1-2x)
B —— hOWl'l

(1-4x)1—4x lehown)

)
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(3]

The equation of a curve is given by y = x + sin®x for 0<x <.

dy

Write down the expression for &

[1]



Find stationary point of the curve.

(ii)

(iii)  Determine the nature of the stationary point.
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[3]
[2]

(i) y=x+sin’x
dy

=1+2sinxcosx (or =1+sin2x)

B

1i) At station oint, 0
(ii) ary point, —~

1+sin2x=0
sin2x=-1

2x %ZorZﬂ +37ﬂrej,since 0<2x<2x

x =i7_r_ or 2.36
4

+sin? {3—”j
4

=i or 2.86

3

4

3z 1
4 2
Therefore the stationary point is (2.36, 2.86)

( 3z+2
or
4

or

3

)%

3z
4 ’

—,05+—

3z

)

4

(iii)

3z 3z

+

4
dy +ve 0

dx

+ve

Therefore the stationary point is a point of inflexion

7 Find the range of values of x such that the graph y = ln(

— ]

[7

x—2

X~

2
) is decreasing.  [4]



x<2 or x>3
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(a) The expression f (x) =ax’ + (a - 3b)x2 +3bx +c is exactly divisible by

x* +3x. When f(x) is divided by x+2, the remainder is 10. Find the values

of a, b and c. Hence factorise f (x) completely.

[6]

(b)  Given that 3x* —2x" +x—4 = A(x-1)+ B(x~1)(x+1)+ Cx(x* -1)+ D

for all values of x, find the value of 4, B, C and D.

[4]

8(a)

f(0)=c=0 =c=0

f(=3)=0
—27a+9(a-3b)-9b=0
-18a-36b=0

a=-2b
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f(=2)=10
—8a+4(a-3b)-6b=10
—4a-18b=10
8b-18b=10

b=-1

a=2

f(x)=2x"+5x"-3x
=x(2x2 +5x—3)
=x(x+3)(2x—l)

(b)

38 -2x"+x—4 = Ax-1)+Bx—-D(x+1)+ Cx(x* 1)+ D
Whenx=1, D=-2
Whenx=-1, A=4
When x=0, B=-2

Whenx=2, C=3
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9 The function f is defined, for x>0°,by f(x)=3cos (%) =y

@) State the maximum and minimum values of f (x) . [2]
(i)  State the amplitude of f(x). [1]
(iii)  State the period of f(x). ' [1]
(iv)  Sketch the graph of y=3cos (2_;) -1 for 0°<x<270°. [2]

9(1) | Max value of f(x)=2
Min value of f(x)=-4

(11) | Amplitude =3

(iii) | Period = 360° +§ = 540°
@) 4
2
1
j \35" 270°|" x
_2 \
-3
%1’

10 (i)  Express the equations y=2x"—-3x+9 and y=-2x>-3x+ —241 in the form of
y=a(x+b)* +c. [4]

(ii) Hence explain whether the curves will intersect or not. [3]
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10(1)

y=2x>-3x+9

/23
=2l x*—=x|+9
y=2(#-3x)

4

3) 63

=2 x——| +—
J 4) 8
27

=-2x> -3x+—
4 4

3\ 27
:—2 2+-— +._
& (x 2xj 4

Ay

]

(i)

The minimum point of y=2x? —3x+9 is (%,—?j

ey

The maximum point of y = -2x* —3x+ %7- is (— 2 63) .

Both of the y coordinates are the same but their x coordinates are

different.
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=2x% -3x+9

@

7 E 3 9 FRAY

From the graphs, the two graphs will not intersect.

11 (a) Find the range of values of k for which the line y = kx+3 lies entirely below =

the curve xy+20=>5y for all real values of x.

(b) The quadratic equation »x” +5nx+9m = 0 has equal roots. Given that m and
n are positive, find ™ Determine also the range of values of ™ for which

n
the quadratic equation has real roots.
(@ | y=hk+3-—————- )
xy +20=5y—————m 2)

Substitute (1) into (2)
x(kx+3)+20=5(kx+3)

foc® +3x+20 =Skx +15

kx® +3x—5kx+5=0

Since line and curve does not intersect,
(3-5k)* -4(k)(5) <0

9-30k +25k* =20k < 0

25k* -50k+9<0

Gk-1)(5k-9)<0

\__/,

1/ o/5

l<k<2 or 02<k<1.8
5 5

(]

n

[5]



Alternatively,

y=kx+3
xy+20=5y
20=5y—xy
y(5-x)=20
20

-
kx+3<ﬂ

S=%
(fr+3)(5-x) <20
Skx—kx® +15-3x <20

—kx® +(5k=3)x-5<0

Jx? +(3=5k)x+5 >0 for all real values x.

b*—4ac<0
(3-5k)" - 4k(5) <0
930k +25k> — 20k < 0

25k* =50k +9<0
(5k-1)(5k-9) <0

Y 9/5

L
553

11(b)

For equal roots,

b* —4ac=0

(5n)" —4m(9m)=0
25n* =36m’

m* 25

36

%
[ 5]

or

x |3

AN | W

%1— = —g(rejected)
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For real roots,
b*—4ac=0

(5n)° —4m(9m) =0
25n* =36m*> 20

36m* —25n" <0
(6m—5n)(6m+5n)<0
—-5n<6m<5n

Am.3

6 n 6

, m
Since —=0,
n
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The picture above shows the path of a dolphin jumping out of the water to see clearly
and to watch the surface of the oceans. The path is modelled by a quadratic function,

y= ax® +bx+c as shown in the diagram. The dimensions of the path is given in the

table below.

How high can the dolphin jump out of the water?

450 cm

How far can the dolphin jump out of the water?

600 cm

(i) Find the coordinates of the highest point in the path.

[1]

(i)  Find the equation, in the form y = ax® +bx +c, of the path of the dolphin,

where a, b and c are real numbers.

[4]



124) 600
Xx=—
2
=300
Coordinates of the turning point = (300, 450)
@ 1 5= g(x-300) +450
Whenx =0, y=0
0=a(-300)" +450
a= L or —0.005
200
Equation of the path is y =~ ﬁ (x- 300)2 +450
= ——1—(x2 —600x+90000) + 450
200
— L 3y_450+450
200
, 1,
- =———x"+3x.
200
12(ii) | Alternatively,

Whenx =0, y=0, y=ax’+bx+c becomes
0= a(0)2 +5(0)+c

c=0

y=ax’ +bx

When x =300, y =450,

450 = a(300)" +5(300)

When y =0, x =600,
0=a(600)" +5(600)

Equating (1) and (2),
—600a = % —-300a

1
200
From(2), b =-600a
b=3

) ; I
Equation of the path is y =———x* +3x.
q p y( 200x X

AHS AM 2021 pl



13(@i) | Factorise x* —1 completely.

xt -1 =(x2 -1)(x2 +1)
=(x—l)(x+1)(x2 +1)

(i)

Given that f =a+ 4b T find the values of a and of 5.

x =1 x =
¥ (' -1)+1
-1 x*-1

1
:1+x4—1
a=1 b=1

(iii)

4
xt . ) :
Express —— in partial fractions.
x —

x* =50 1
ol | xt -1

1 1
-1 (x—l)(x—kl)(x2 +1)
A B Cx+D
s e
x-1 x+1 x*+1

1= A(x+1)(x* +1)+ B(x=1)(x* +1)+(Cx+ D) (x=1)(x+1)

Whenx =1,

44=1
A=1
4

When x=-1
—4B =1

By comparing coefficient of x’
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0=4+B+C
c=—-(-3)-0
4 4
x* PR S SR
x* -1 4(x=1) 4(x+1) 2(x*+1)
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14 John deposits § P into a bank which pays a compound interest » % annually. The table
shows the total amount $ 4 in John’s bank account over a period of 5 years.
n 1 2 3 4 5
A 8960 10035 11239 | 12588 14099
r n
It is known that # and 4 are related by the equation 4 = P(l + ﬁj :
@) Express this equation in a form suitable for drawing a straight line graph. [2]
(ii) Draw a straight line graph for the given data. [2]
(iii)  Use your graph to estimate the value of
(a) P, correct to the nearest thousand, and [2]
(b)  r, correct to 2 significant figures. [2]
14(1) . Y
A=P(LF—-
100
» n
lIgA=1gP|1+—
BE=E ( 100)
r n
lgA=1gP+l1g| 1+—
g4=lePig(1+10)
r
lgA=nlg|1+— |+1gP
g4=ng( 1477 )+
(i1) n 1 2 3 4 5
A 8960 | 10035 | 11239 | 12588 | 14099

lgd | 3.95 4.00 4.05 4.10 4.15




ot B0 e s B

(i)

(a) | Frdm the graph, the lg'A ‘;ﬁintefceﬁf is 3.9 -

Therefore, 1gP=3.9

P=10**
P =7943.28
P =~ 8000 (nearest thousand)

) ) ¥ 4.15-9.95
Gradient of graph is lg| 1 + — | = ————
®) grap g( 100} ]

Ig (1 + —r—j =0.05
100

r~12 (2s.f.)
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2
Mathematical Formulae

1. ALGEBRA

Quadratic Equation

For the equation ax? +bx+c=0,

:—bi\/b2—4ac

x
2a
Binomial expansion :
n n n .
(@a+b)" =a" +| |a"b+| _ |a" % +..+| |[@" B +..+b",
1 2 r
n ! -D..(n—r+1
where n is a positive integer and = i = Liomt o il
r; ri(n-r)! r!

-

2. TRIGONOMETRY

Identities
sin? A+cos® A=1
sec? A=1+tan’ 4
cosec’A=1+cot’ A
sin(4* B) =sinAcosB tcos Asin B
cos(4A+ B) =cosAcos BFsin4sin B
tan 4 £ tan B
IFtan Atan B
sin2A4 =2sinAcos 4
cos2A4 = cos® A—sin® A=2cos> A—1=1-2sin’ 4
2tan 4
1—tan? 4

tan(A £ B) =

tan 24 =

Formulae for AABC
a b ¢
sind sinB sinC

a? =b* +c? —2bccos A

Area of A =%absinC
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1 Angles 4 and B are both obtuse and tan(4+B) = %
Without the use of calculators,
@ state the range of angle (4+ B), [1]
(i)  find the value of sin(4+B), [2]
. 12
(iii) given that tan B = arL find the value of cos 4. {3]
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& A slice of bread is toasted in an oven to a temperature of 154 °C. It is subsequently left to cool in
such a way that its temperature, T °C, after removal from the oven, is

given by 7 =26+ 4e™ , where A and k are constants, and ¢ is the time after removal from oven

in minutes.
] Find the value of 4. [1]
(i)  What does the value “26” represent? [1]

When ¢ =2, the temperature of the bread is 116 °C.
(iii)  Find the value of £. [2]

The toasted bread is recommended to be consumed at a temperature of 45 °C.

(iv)  Determine, with clear working, the waiting time, in minutes, after removal from the oven
before consuming the toasted bread. [2]
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5
3 Given that the function f(x) =1+2sin?3x+4cos’3x,

@) Express f(x) in the form a+bcos6x. [2]

(ii)  Hence, find the exact value of f(x)=3.5 for 0<x < % . [3]
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4 ) Find the derivative of the functions y =Inx and y =In 2x respectively. [1]

(ii) Explain why, in (i), having the same derivative does not mean that the two

functions are the same. [1]
5 @) Using Rcos (G—a), where R >0 and 0° < a <90°, solve the equation
5cos@+8sinf =6 for 0°<6<180°. [4]
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(i)  State the largest value of 20— (5 cos x +8sin x)2 and

find the corresponding value of x, such that 0°<x < 180° [2]
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6 Solutions to this question by accurate drawing will NOT be accepted.
y  B28)
A
N

L
\ Ak, 0)

M

v
o

C(-2,4)

The figure shows a right-angled triangle 4BC, where points 4, B and C are (k,0), (2,8) and

(—=2,—4) respectively. BC cuts the y-axis at N. M is a point on AC.
@) Given that k£ >0, find the value of k. ' [3]
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(ii) Find the coordinates of N and show that N is the midpbint of BC. ' [3]

Secondary Four Additional Mathematics Preliminary Examination 2021 o [Turn over



10

(iii) Given that the area of quadrilateral ABNM is 25 units?, find the coordinates of M. [6]

Secondary Four Additional Mathematics Preliminary Examination 2021 l [Turn over



11

7 [§) Show that dﬁ- In(e” cos x)=1—tan x. ‘ : : - [3]
x

(i)  Using part (i), find [tan xd. [2]
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(i) Hence show that jo? tanxdx =In 2. [2]

2

8 Point P lies on the curve y = T , Where £ is a constant. The x-coordinate of P is —2.
— x . ¥
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@ Given that the gradient of the normal at P is % , show that k = 4, o [4]
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@) The point P moves along the curve. Given that x is increasing at a
rate of 0.9 units per second, find the rate of change of (OP)2 at the point x =0.5. [4]

; VA |
N
; \\ f
N
)
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15
9 The diagram shows the glass test tube of radius 7 cm and height (4+r)cm with a hemisphere of
radius 7 cm as the base. The surface area of the test tube is 127.

2
G)  Showthath =" 11
r
s
h+r

-
- S ______ 4

(ii)  Show that the volume, ¥ cm?, of the test tube is V = 677 -émﬁ ) [2]
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(iii)  Calculate the stationary value of V' and determine if the volume is a maximum or
minimum. [5]
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10  The equation of a circle, Cy, is x* +* —4x+8y+11=0.

§)) Find the coordinates of the centre of C; and its radius. : ‘ [3]

(i)  Find the equation of the circle, C2, which is a reflection of C; in the line y =1. [2]

(iii)  Given that the line y~x+3 =0 intersects the circle, Ci, at two points, R and S,

find the equation of the perpendicular bisector of the line RS. [4]
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11 A particle moves in a straight line, so that, 7 seconds after leaving a fixed point O its velocity, v is

given by v= 36)2 -9. Find
i) the initial acceleration of the particle. [2]
(ii) the values of  when the particle is at instantaneous rest. [2]
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(iii)  the total distance travelled by the particle in the first 2 seconds. [6]
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12

y=+3x+4

The diagram shows part of the curve y =+/3x+4 . The line 4B is tangent to the curve at 4. The points B
and C lie on the x-axis, and C is a point on the curve. The gradient of the

tangent of the curve at 4 is 5 . Find

(i) the coordinates of 4 and equation of the line 4B. [5]
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(ii)  the coordinates of B and of C. [2]

(iii)  the area of the shaded region 4BC. (3]

End of Paper
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2

Mathematical Formulae
1. ALGEBRA

Quadratic Equation

For the equation x> +bx+c=0 ,

—-bi\/bz —4ac

2a

xX=

Binomial expansion

(a+b)" =a" +[’3a”‘lb+(ga""zb2 +...+(n]a”"b’ +..+b",

¥

n ! -1..(n-r+1
where n is a positive integer and = = = n(n=D)..(n=r+1)
r) ri(n-r)! vl

2. TRIGONOMETRY

Identities
sin® A+cos® A=1
sec’ A=1+tan> 4
cosec? 4 =1+cot> 4
sin(4 £+ B) =sin Acos B + cos Asin B
cos(A+ B) =cos Acos B F sin Asin B
tan 4 £ tan B
1F¥tan Atan B
sin2A4 =2sin Acos A
cos2A4 =cos? A—sin? A=2cos> A—1=1-2sin® 4
2tan 4
1—tan? 4

tan(4 £ B) =

tan24 =

Formulae for AABC
a b ¢
sind sinB sinC

a’ =b*+c? —2bccos A

Area of A=%absinC
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1 Angles 4 and B are both obtuse and tan (A + B) = —Z— :
Without the use of calculators,
@) state the range of angle (4+ B), [1]
() | 180°<(A4+B)<270°
(i)  find the value of sin(4+B), [2]
(1) A
4
_? x
. 3
sin(A+B)=-=
5
; 12
(iii) given that tan B = L find the value of cos 4. [3]
L) tan (A + B) =%
tan4+tanB 3
l-tan AtanB 4
tan 4 — 12 4
— 3 .=
1+ % tand 63 65
_16 tan 4 = 8 <l
5 5
tan 4 = — 83
16
cosd=— E
65
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2 A slice of bread is toasted in an oven to a temperature of 154 °C. It is subsequently left to cool in

such a way that its temperature, T °C, after removal from the oven, is

given by T =26+ Ae™™, where 4 and k are constants, and ¢ is the time after removal from oven

in minutes.

@) Find the value of 4.

(1]

(1) Att=0, T=154.

154 = 26+ 4é°
A=128 Bl
(i)  What does the value “26” represent? [1]
[ (i) | “26” represents the room temperature. | B1 |

When ¢ =2, the temperature of the bread is 116 °C.

(iii)  Find the value of £.

(2]

(iii) |Atz=2, T=116.

116 = 26 +128¢ 2

-2k _116-26
128

_2k=m(ﬂ{)
128
k=0.17611
k=~0.176 (3s.£)

The toasted bread is recommended to be consumed at a temperature of 45 °C.

(iv)  Determine, with clear working, the waiting time, in minutes, after removal from the oven

before consuming the toasted bread.

(2]

(iv) | When T =45,
45 = 26+ 128217611

017611 _ 45 =26
128

-0.17611z =In k]
128

t~10.8 (1dp.)
Waiting time is 10.8 min after removal from oven.
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L]
3 Given that the function f(x)=1+2sin’3x+4cos®3x,

(@) Express f(x) in the form a+bcos6x. 2]

(1) f(x) =1+2sin’3x+4cos® 3x
=1+2(1-cos’ 3x)+4cos’ 3x
=3+2cos?3x

=3+cos6x+1
=4+cosbx

(i)  Hence, find the exact value of f(x)=3.5 for 0<x < z [3]
2

(i) f(x)=3.5
4+cosb6x=3.5

cosbx = —l
2

basic angle =cos™ (-;—j
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4 @) Find the derivative of the functions y =lnx and y =In 2x respectively. [1]
(@) dy d
dx dx
_1 Bl
x
@ = —d-ln 2x
dx dx
= —1— X 2
2x
_1 Bl
X

(ii) Explain why, in (i), having the same derivative does not mean that the two

functions are the same.

(1]

(ii) Since y=Inx 5
y=log, x
x=e
And y=In 2x
y=log,2x or y=In2+Inx
2x=¢é” Inx=y-1n2
x=—¢e’ x=e¥ 12
2
e &
e Ty
Hence, they are different functions.

5 @)

S5cos@+8sin@ =6 for 0°<@<180°.

Using Rcos(6-a), where R>0and 0° < a <90°, solve the equation

(1) 5cos@+8sinfd =6
Rcos(6-a)=6

o =57.9946°
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\/89 cos(6-57.9946°) = 6

cos(6 - 57.9946°) =

6
89

V89
=50.5059°
6 —57.9946° = -50.5059°, 50.5059°
6 =7.4887°,108.5005°
6 =7.5°,108.5°

basic angle =cos™ (L) K

(i)  State the largest value of 20— (5cos x +8sin x)2 and

find the corresponding value of x, such that 0° < x <180°

[2]

(i)

20— (Scos x+8sin x)’ =20~ (VB9 cos (x~57.9946°))

=20-89cos’ (x - 57.9946°)
Largest value = 20
cos(x—57.9946°) =0
x—57.9946° =90°
x =147.9946°
=148.0°
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8
6 . Solutions to this question by accurate drawing will NOT be accepted.

y  B(Z3¥
A

2
L 7

C(-2,-4)

The figure shows a right-angled triangle ABC, where points 4, B and C are (k,O) , (2,8) and

(—2,—4) respectively. BC cuts the y-axis at N. M is a point on AC.
(i) Given that k£ > 0, find the value of £. [3]

6] Gradient of AB x gradient of AC = -1

0-8) (0—(—4
(k—zjx(k—g—zg}_l
(-8)(4)=—-(k-2)(k+2)
—32=-k%+4
k? =36
k=16

Since k>0, k=6
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(iii) Find the coordinates of N and show that N is the midpoint of BC. ' [3]

(ii) Let the coordinates of N be (0, n).
Gradient of BN = gradient of BC

=)

Coordinates of N is (0,2).

Midpoint of BC is [2—;—%,§;—4) =(0,2).

Hence, N is the midpoint of BC.
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(iii) Given that the area of quadrilateral ABNM is 25 units?, find the coordinates of M. [6]

(i) Gradient of AC= 0- (—4)
6— (—2

Equation of AC'is

~—
=

y—0=—:15(x—6)

1
==x-3
y=5x

Let the coordinates of M be (a, %a - 3}

Area of quadrilateral ABNM =25 units®

6 2 0 a 6

—]:' - 1 =25
210 8 2 Ea—3 0

%{(48+4)—(2a+6[%a—3)]- =25

52-2a-3a+18=50
5a=20
a=4

Coordinates of M is (4,-1)
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1

@ Show that % In(e” cos x)=1—tan x.

3]

@

iln(e" cos x) =i(1ne" +1ncosx)
dx dx

d d
=—Xx+ —CoSsx
dx cosx dx

—sinx

=1+

COoS X

=1-tan x (shown)

OR

d
—In(e* cosx)=
T (e )

|:(ex(—sin x) +cos x(ex)]

e*cosx

_ e* [(—sin x)+cos x]

ek.cosx
_(—sinx)+cosx
- coS X
=l-tanx (shown)

()  Using part (i), find [ tan xdx.

[2]

(ii)

iln(e" cosx)=1-tanx
dx
d x
tan x =1— —In(e” cos x)
dx

.ftanxdx=j.1dx—j§x—ln(ex cos x)dx

=x~-In(e* cosx)+c
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(iii)
(iii)

12

T
Hence show that _[0? tanxdx=In2.

[2]

1

V4

=In2 (shown)

J.0—3_ tanxdx = [x In(e” cos x)

£ In egco 4 0 ln e cosO)]
3 3

i
3

] ) o

8 Point P lies on the curve y =
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@) Given that the gradient of the normal at P is % , Show that k = 4. [4]

® _m@_—x_;@z@(z-x)‘i(—l)

2~x
k .
2kx(2—x)+5x

& |&

(2-x):

Atx=-2, Q=—7
dx

2(-2)(2+2)+ (-2’

3
(2+2)2
~16k+2k _
8
~14k = -56 -
k =4 (shown)
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(i) The point P moves along the curve. Given that x is increasing ata

rate of 0.9 units per second, find the rate of change of (OP)2 at the point x=0.5. [4]

y 4

3

(ii)

(OP)' =x*+y

=x2+( 4x” ]2
V2-x

, 16x*

2—-x
d(opY’ ., 54 (2-x) 162" (1)
(2-x)°
+128)53—48x4
(2-x)°

=2x

Atx=0.5,

d(oP)’

——=2(0.5)+ 128(0.5)" - 48(0.5)°
dx

(2-0.5)

_81
9
By chain rule,
2 2
d(OP) _ a’(OP) xiif
dt dx dar

=-6—-1-x0.9
9

=6.1 or 6i units / §
10

The rate of change of (OP) = 6.1 units/s
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9 The diagram shows the glass test tube of radius 7 cm and height (4 + r)cm with a hemisphere of

radius » cm as the base. The surface area of the test tube is 127.

2
@ . Showiathi= oy M1
r
. A
(1) 1277 =27rh+ 27r?
6 =rh+r?
= 6—r2
r
h+r
7
N,
- 5
(ii) Show that the volume, ¥ cm® | of the test tube is V = 677 — % ar. [2]

@) V=nr’h+ %zr3

2
V=7zr2[6 : J+§7rr3

¥

V=67rr—7zr3+§m’3

3

V=67zr—17zr
3
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(iii)

16

Calculate the stationary value of ¥ and determine if the volume is a maximum or

[5]

minimum.
= L 67— 7r?
dr
For stationary value of 7/, de—V— =
y
67 —nr* =0
zrt =67x
7’=\/g, rejectr:—Jé
=2.4495

Stationary volume of ¥ = 67(2.4495) —%:(2.4495)3

=30.781
=30.8cm’
2
& 72/ =-2xr
dr
= —2\/_6 7<0
Alternatively,
r 2.4495- 2.4495 2.4495+
av
E +ve 0 -ve

Therefore volume is maximum.
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10 The equation of a circle, C1, is x* +)* —4x+8y+11=0.

@) Find the coordinates of the centre of C; and its radius. [3]
@ | ¥ +y"—4x+8y+11=0

(x=2)" —4+(y+4)’ -16+11=0

(x—2)2 +(y+4)2 =3

Centre = (2,—4)

Radius = 3 units

(i)  Find the equation of the circle, C2, which is a reflection of C; in the line y=1.  [2]
(i) | New centre = (2, 6)

Equation of new circle is (x - 2)2 +(y- 6)2 =9

or X+ —4x—12y+31=0
(iii)  Given that the line y—x+3 =0 intersects the circle, Ci, at two points, R and S,
find the equation of the perpendicular bisector of the line RS. [4]

(i) | x*4+3” —4x+8y+11=0 ~oeremoeemee (1)

Sub y—x+3=0 into (1)

X +(x-3)" —4x+8(x-3)+11=0
x*—x-2=0

(x+1)(x—-2):0

x=2 or x=-1

when x=2, y=-1

when x=-1, y=-4

Gradient of RS = _1+4=]
2+1
Midpoint of RS = [ 21, ZL¥4)_(1 5
2 2 272

Gradient of normal of RS = -1
Equation of the perpendicular bisector of the line RS:

+—5———(x——l—J
v 2

y=—-x-2
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11 A particle moves in a straight line, so that, ¢ seconds after leaving a fixed point O its velocity, v is
given by v= % -9. Find
(i) the initial acceleration of the particle. 2]
@@ y = 36 -
(z-3)
=36(1-3)2 -9
i 36(=2)(t-3)"
dt
=72
(t-3)’
Initial accelerationis whent =0
Initial acceleration = =72 = *
(0-3)
= § or2 2 ms ™2
3
(i)  the values of  when the particle is at instantaneous rest. [2]
(i) | Atinstantaneous rest, v =0,
36 _—9=0
(1-3)
36
(1-3)°
36
1-3)2==2
(r=3) 5
(t-3) =4
t=34+20rt=3-2
t=lor5

Secondary Four Additional Mathematics Preliminary Examination 2021 [Turn over



19

(iii)  the total distance travelled by the particle in the first 2 seconds.

[6]

(iii)

of 36
5= j((t_3)2—9jdz

=j36(z-3)-2dx —j9dz

=-36(t-3)"1 -9 +c
T@-3)
At thefixed point,t = 0,5 =0

O=i36-—9(0)+c

K} -9t +c

c=-12
-36
(t-3)
Displacement, s fromz=0 to

Therefore, s= ~-9t-12 -

t = 1(first instantaneous rest)
-36

S=E‘)--’9(l)—12

=18-9-12

=-3

Displacement, s whent =2

e D -9(2)-12
(2-3)

=36-30

=6

Therefore totaldistance travelled

=3 (on the left of fixed point O whent =1)
+3 (back to fixed point from the left)

+6 (from fixed point whenr =2

V:O <4 i
t=1 =0 t=
s=-3 s=0 =6
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12
The diagram shows part of the curve y =+/3x+4 . The line 4B is tangent to the curve at 4. The points B
and C lie on the x-axis, and C is a point on the curve. The gradient of the
- .
tangent of the curve at 4 is E . Find
(@) the coordinates of 4 and equation of the line 4B. [5]
@) _
dy 1 51
—=—3x+4)2 (3
2 ( ) 3)
1
3 s
==(3x+4) 2
ok )
_ 3
243x+4
Gradat 4, Y = .
dx 2
3_ 3
2 2J3x+4
x=-~1
Whenx =-1,y=./3(-1)+4
=1
Coordinates of Aare(~1,1)
Equationof ABisy—1= —;—(x -(-D)
. . 3 5
Equationof 4B isy = s x+ 5
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(if)  the coordinates of B and of C. [2]
@) y-coordinate of Bis 0, x-coordinate of Bis 0 = %x +§
5
x=—=
3

Coordinates of Bare (— g , O)

y-coordinate of Cis 0, x-coordinate of Cis 0 =+/3x+4
4

X=—=
3

Coordinates of C are (— —;1 , Oj

(iii)  the area of the shaded region ABC.

[3]

(i)

Area of ABC = Area under line - Area under curve
=1 -1

- j 5(§x+§)dx —j 4Bx+4 dx
-\ 2 2 3

=1

- -1 k|

352 sx} | (3x+4)2

3 g><3

2 _4

25 ; 3
2 2 4 2
=== = — == (3(-D+4)2 —| 3x—=+4
5| D42 —(3x-3 4]
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Alternatively,
Area of ABC = Area of triangle - Area under curve

=112 x1-[ 435+ 4 dx
23 -3

1 .
=— umts2
9

1 2 = 4 N2
=§—§ (3(—1)+4)2 ‘(3X—-§+4J
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