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Mathematical Formulae 
 
 

1. ALGEBRA 
 
Quadratic Equation 

For the equation 02 cbxax , 
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2. TRIGONOMETRY 

 
Identities 

1cossin 22 AA . 
AA 22 tan1sec . 
AA 22 cot1cosec . 

sin sin cos cos sinA B A B A B  

cos cos cos sin sinA B A B A Bsin sinsin sin  

BA
BABA

tantan1
tantantan  

AAA cossin22sin  
2 2 2 2cos 2 cos sin 2cos 1 1 2sinA A A A A  

A
AA 2tan1

tan22tan  

 
 

Formulae for ABC 

C
c

B
b

A
a

sinsinsin
 

 

Abccba cos2222  

Cab sin
2
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1 (a) Find the values of x and y which satisfy the equations.  
  133 yx  

xyx
1

4 16324  [5] 
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 (b) Without using a calculator, find the values of a and b such that 

7 3 3 3 2 3a b , where a and b are integers. 
[4] 
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2 Find the set of values of the constant k for which the curve   22 10 2 1y k x x k  

lies completely below the line 32xy .                                                                          [4] 
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3 Given that 2sin
3

A  and 1tan
3

B  where angles A and B lie in the same quadrant, 

leaving your answers in exact form, calculate the value of 

 (a) cos 2B  [2] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 (b) sec A B  [3] 
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4 In view of a contagious virus, the government of a particular country has imposed a ‘Stay-

Home-Notice’ on her people to reduce the number of human-to-human transmission cases. 
It is estimated that the percentage of the population, P, complying to the Stay-Home-Notice 
is given by the equation 0.15100 1 tP e , where t is the number of days after the 
imposition.  

 (i) Find the percentage of population complying to the ‘Stay-Home-Notice’ after 5 
days of the imposition. 

 
[1] 

   
 
 
 
 
 
 
 
 
 

 

 (ii) Find the number of complete days after the imposition that it will take for at 
least 90% of the population to comply. 

 
[2] 

   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 (iii) Is it possible for the percentage of this country’s population complying to the 
‘Stay-Home-Notice’ to reach 100%? Explain your answer. 

 
[1] 
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5 (i) In the expansion of 
nx

3
2 , show that the ratio of coefficient of the 2nd term 

to that of the 4th term can be simplified to the expression 216
( 1)( 2)n n

. 

 
 
 
[4] 
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 (ii) Find the value of n if the ratio in (i) is 55:108 . [2] 
   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 (iii) Hence, find the term in 5x . [2] 
   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 

  



10 
 

6 The equation of a curve is 
2

2 9
1

xy
x

.  

 
(i) Show that 

32

d 9 2
d 1

y x
x x

. 
 
[3] 
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 (ii) Find the coordinates of the stationary point of the curve, leaving your answer in 

exact form. 
 
[3] 

   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 (iii) Find the nature of this stationary point. [2] 
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7  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 The diagram shows a triangle ABC in which A lies on the y-axis.  
The equation of AB and BC are hxy 2  and hyx 122 .  
M is midpoint of AB and MC is parallel to the x-axis.  

 

 (i) Explain why AB is perpendicular to BC. [2] 
   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 (ii) Show that coordinates of B is ( hh 5 ,2 ). [2] 
   

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

y 

x 

A 

B 

C M 

x + 2y = 12h 
y = 2x + h 

O 
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 (iii) Express the coordinates of M and of C in terms of h. [3] 
   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 (iv) Find the value of h if the area of triangle AMC is 125 square units. [2] 
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8 The equation of a curve is 6 4
4

xy
x

, where x  4.  

Find the 

 

 (i) gradient of the tangent at the point where the curve passes through the x-axis, [4] 
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 (ii) equation of another tangent to the curve that is parallel to the tangent in (i). [4] 
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9 The equation of a curve is 3cos sin3y x x . 

 

 (i) Find expressions for d
d
y
x

 and 
2

2

d
d

y
x

. 
 
[4] 
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(ii) Given that 
2

2

d 9 cos
d

y y A x
x

, find the value of A. 
 
[2] 
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10 The diagram shows an isosceles triangle RST with height 12 cm and ST = 10 cm. PQ moves 

towards ST at a steady rate of 0.5 cm/s, keeping parallel to ST.  
 
 
 
 
 
 
 
 
If PQ is x cm from R, 

 
(i) Show that PQ = 5

6
x  cm. 

 
[1] 

   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 (ii) Find the area, A cm2, of the shaded region in terms of x. [2] 
   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

T 

R 

P Q 

S 
10 cm 

x cm 

12 cm 
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 (iii) Find the rate of change of the shaded area when PQ is halfway towards ST 

from R. 
 
[3] 
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11 It is given that   f ( ) 3cos 2 1x x   and  2g( ) 2xx . 
 

 (i) State the least and greatest values of f ( )x . [2] 
   

 
 
 
 

 

 (ii) State the period of f ( )x . [1] 
   

 
 
 
 

 

 (iii) Sketch, on the same axes, the graphs of f ( )y x  and g( )y x  for x . [4] 
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 (iv) State, with detailed workings, the number of solutions of the equation 

3 cos 2 2x x  for x . [2] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

12 The function f is defined by 3 2 31 xy x e , for 5
2

x , and 1x . Explain, with 

working, whether f is an increasing or decreasing function. 

 
 
[4] 
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Mathematical Formulae 
 
 

1. ALGEBRA 
 
Quadratic Equation 

For the equation 02 cbxax , 
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2. TRIGONOMETRY 

 
Identities 

1cossin 22 AA . 
AA 22 tan1sec . 
AA 22 cot1cosec . 

BABABA sincoscossinsin  
BABABA sinsincoscoscos  

BA
BABA

tantan1
tantantan  

AAA cossin22sin  
AAAAA 2222 sin211cos2sincos2cos  

A
AA 2tan1

tan22tan  
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  Answer all questions 
 
 

  1  (i)  Differentiate  ln(cos )x  with respect to x. [1] 
           

   
   
   
   
   
   (ii)  Hence find  tan  dx x . [2] 

   
   
   
   
   
   
   
   
   
  (iii)  Differentiate  tanx x  with respect to x. [2] 
   
   
   
   
   (iv)  Using the results from (ii) and (iii), hence find  2sec  dx x x . [3] 

   
   
   
   
   
   
   
   
   
   
   
  

 
 

 

   
   
   
   
   
 
 
 

 
 
 
 
 
 

 

   



 

 4 

 
2  (i)  Prove that    3

3

sin cos 1 sin cos
1 cot

sin
A A A A

A
A

 
 

[4] 
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
 (ii) Hence solve the equation   3sin cos 1 sin cos 2sinA A A A A  for  

       

[3] 
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3 (i)  The expression  3 23  +  4x hx kx , where h and k are constants, has a   
       factor of  3 1x  and leaves a remainder of  4  when divided by 1x .  
       By forming 2 equations, of h and of k, show that the value of h = 11 and k = 8. [4] 
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(ii)  Hence, express   
2

3 2

6 9
3  +  4

x x
x hx kx

  as the sum of three partial fractions                   
 

[7] 
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4 A particle, moving in a straight line, passes through a fixed point O with a speed of 
4 m/s.  The acceleration, a m/ , of the particle, t s after passing through O, is given 

by  
 
604 e

15

t

a . 

 

 (i)  Find the exact value of t when the particle is at instantaneous rest. [6] 
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
 (ii)  Find an expression in term of t, for the displacement, from O, of the   
        particle t seconds after passing O. [3] 
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4 (iii)  Hence find the distance of the particle from O when it is at instantaneous rest.   [1] 
   
   
   
   
   
 (iv)  Show that the particle is again at O at some instant during the  thirty-seventh second [2] 
         after first passing through O.  
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  5  (i)   The equation  3 27 2
1log log log 8
2

x x   has the solution 3kx .      
 

         Find the value of k. [4] 
   
   
   
   
   
   
   
   
   
  

 
 
 
 
 
 
 
 
 
 
 

 

 
 
 

 
 
 
 
 
 
 
 
 

 

 
 

 

       (ii)  Solve the equation 4 4
12log 2 log 10
2

x x  . [4] 
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6 The roots of the quadratic equation  22 3x x  are and .     
 (i)  Find the value of  2 2 .   [2] 

   
   
   
   
   
   
   
  

 
 
 
 
 
 
 
 
 

 
 
 

 
 (ii)   Find the quadratic equation whose roots are 2  and 2 . 

 
[5] 
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7   The points A( 2 , 1) and  B(11 , ) lie on a circle.  
   
  (i)   Find the equation of the perpendicular bisector of the chord AB. [4] 
   
   
   
   
   
   
   
   
   
   
   
   
   
  

 
 

 

   
   The line with equation  4 10

3
y x    is a normal to the circle.  

  (ii)  Hence, find the equation of the circle. [5] 
   

   
   
   
   

  
  

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

  (iii)  Find the coordinates of the point on the circle which is at the greatest distance  
          from the x-axis. [1] 
            
   
   
   



 

 12 

8 

 

 

 The diagram shows part of the graph of 3 7 2y x .  A horizontal line is drawn   

 from A to intersect the graph of  3 7 2y x  at B.    

 (i)  Find the coordinates of A, B and C. [3] 
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8 (ii)  Find the set of values of m for which the graph of 3 7 2y x  and the line   

         y = mx intersects at 2 points. [2] 
   
   
   
   
   
   
  

 
 
 
 
 

 

   
   
 (iii)  Solve the equation  3 7 2 4 1x x  [3] 
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9  The resistance to motion, R newtons, of a plank towed through water and its   
   speed, V m/s is given by   nR AV , where A and n are constants.  
   The table shows the corresponding values of V and R.    
 V 1.65 2.46 3.68 6.05 

R 1.87 3.70 7.33 17.1 
   (i)   On the grid on page 15, draw the graph of  ln R against ln V, using a                     
          scale of 4 cm for 0.5 unit on the ln V-axis and a scale of 
          5 cm to 1 unit on the ln R-axis. 

 
 

[3] 

   
  

 
 

 

   
   (ii)  Use the graph to estimate the value of each of the constants A and n,  

         giving your answers correct to 1 decimal place. 
   [4] 
 

   
  

 
 
 
 
 
 
 
 
 
 
 
 

 

   
   
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(iii) By drawing a suitable line on your graph, solve the equation  1.2nAV V , giving   
       your answer correct to 1 decimal place. 

 
 
 
 
 
 
 
 
 
 

 

[3] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

 15 
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10 

  

 

 The diagram show part of the curve  183
2 3

y
x

.  The normal to the curve at   

 x = 3 intersects the y-axis at A.   Find the exact area of the shaded region. [11] 
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Continuation of Working Space for Question 10.  



 

 18 

11  

 
 
 
 

 

 A rectangular table PQRS is positioned at a corner of a room.  Given that PQ = 1.6m   
 PS = 0.5 m, angle OQP =  and angle QOP = angle RTQ = 90 , where varies.     
 (i)  Show that OT = 1.6 cos  + 0.5 sin . [3] 
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End of Paper 
 
 

11 (ii)   Find the value of  for which OT = 1.2 m [5] 
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Answer Key

1a 1 2,  or 1, 2
3 3

x y x y
7i Since the product of 2 gradients is – 1,

AB is perpendicular to BC.
b 23,         13a b ii Proof
2 5k iii ( ,3 )M h h (6 ,3 )C h h
3a 1

2
iv h = 5

b 6 15 12
11

8i

2

5
2x

dy
dx

4i 52.8% ii 2 5 50y x
ii 16 9i

iii As t gets very large, 0.15te
approaches zero but will never 
reach zero. Therefore, the 
percentage will not reach 100%.

ii A = 6

5i Proof 10i Proof
ii n = 12 ii

iii 511264
27

x
iii 2.5cm2/s

6i Proof 11i Least value = 
Greatest value = 2

ii 2 ,  85
9

ii

iii minimum point iii

iv 4 solutions
12
iv
12
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Answer Key

1(i) tan x 8(i)
0,9A , 7 ,  2

3
B , 14 ,  9

3
C

(ii) ln(cos )x c (ii)

(iii) 2tan secx x x (iii) 4(rejected) orx 10
7

x

(iv) tan ln cos cx x x 9(ii) gradient 1.7n , 0.24e 0.8A
2(ii) 45 (iii) 1.6
3(i) 3 35h k , 3h k 10 33 9ln 3

8
(ii)

2
2 1 1

3 1 2 2x x x
11(ii) 61.6

4(i) 360ln
4

(ii)
60960e 12 960
t

s t
(iii) 32.9 m

5(i) 18
5

(ii) 8 or 2(rejected)x x
6(i) 13

4
(ii) 2 19 2 0

18 3
x x

7(i) 3 20y x
(ii) 2 26 2 25x y
(iii) 6,  7
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Mathematical Formulae

1. ALGEBRA
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2. TRIGONOMETRY

Identities
1cossin 22 AA .
AA 22 tan1sec .
AA 22 cot1cosec .

sin sin cos cos sinA B A B A B

cos cos cos sin sinA B A B A Bsin sini isin sin

BA
BABA

tantan1
tantantan

AAA cossin22sin
2 2 2 2cos 2 cos sin 2cos 1 1 2sinA A A A A

A
AA 2tan1

tan22tan

Formulae for ABC

C
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B
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A
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sinsinsin

Abccba cos2222

Cab sin
2
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1 (a) Find the values of x and y which satisfy the equations.

133 yx

xyx
1

4 16324 [5]

1
4

41
0 2 8 52

41
0 2 8 52

2

3 3 1                  4 32 16

3 3 3                   2 2 2

3 3                       2 2
1 40                    2 8 5
2

1  --- (1)            2 5 8 4 0 
2

x y x y x

yx x y x

x y x y x

x y x y
x

x y x xy x --- (2)

Sub (1) into (2):

2

2 2

2

1 1 12 5 8 4 0
2 2 2

1 5 2 4 4 0
4 2

3 4 4 0
(3 2)( 2) 0

2       or      2
3

y y y y

y y y

y y
y y

y y

When 

2 1 2 1
3 2 3 3

12            2 1
2

y x

y x

[M1] applying laws of 
indices correctly

[A1] for either (1) or (2) 
correctly

[M1] substitution

[A1] both x and  y correct

[A1] both x and  y correct
2

y
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(b) Without using a calculator, find the values of a and b such that 
7 3 3 3 2 3a b , where a and b are integers.

[4]

7 3 3 3 2 3

7 3 33
2 3
7 3 3 2 3
2 3 2 3

7 2 3 3 3 2 3

4 3
14 7 3 6 3 9

23 13 3

a b

a b

23,         13a b

Alternative solution

2 3 3 2 3 7 3 3

2 3 2 3 3 7 3 3

2 3 3 2 3 7 3 3

a b

a a b b

a b a b

2 3 7   --- (1)
2 3  --- (2)

(2) into (1) :
2( 3 2 ) 3 7

6 4 3 7
13

23

a b
a b

b b
b b

b
a

[M1] rationalisation

[M1] 
expansion/simplification

[A1] [A1]

[M1] grouping

[M1] simultaneous 
equation

[A1]
[A1]
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2 Find the set of values of the constant k for which the curve   22 10 2 1y k x x k lies 
completely below the line 32xy .                                                                          [4]

2

2

2

2

2

2

2

2

2 10 2 1 2 3

2 10 2 1 2 3 0

2 12 2 2 0

4 0                                  and     2 0
( 12) 4( 2)(2 2) 0       and     2

144 8 8 16 0

8 8 160 0
20 0

( 4)( 5) 0

k x x k x

k x x k x

k x x k

b ac k
k k k

k k

k k
k k
k k

5    or     4
5

k k
k

[M1] eliminate y

[B1] use of correct 
discriminant

[A1]
[A1]
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3 Given that 2sin
3

A and 
1tan
3

B where angles A and B lie in the same quadrant, 

leaving your answers in exact form, calculate the value of

(a) cos 2B

2

2

cos 2 2cos 1

32 1
2

32 1
4

1
2

B B [M1] Applying double 
angle

[A1]

(b) sec A B
1sec

cos( )
1

cos cos sin sin
5 3 2 11

3 2 3 2

15 11
6 3

15 21
6

6
15 2

6 15 12
11

A B
A B

A B A B

[B1] change from sec to 
cos

[M1] addition formula

[A1]

cccccccccccccccccooosss ccccccos ssiinnn sssin

111111111111111

ccccccccccccos sssiiinnn sssin
5555555555555555555555555555555555555555555555555 333 222111 5 333 22255555 333 222

3 22 33 22 33 22 33 22 3
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4 In view of a contagious virus, the government of a particular country has imposed a ‘Stay-
Home-Notice’ on her people to reduce the number of human-to-human transmission cases. 
It is estimated that the percentage of the population, P, complying to the Stay-Home-Notice
is given by the equation 0.15100 1 tP e , where t is the number of days after the 
imposition.

(i) Find the percentage of population complying to the ‘Stay-Home-Notice’ after 5
days of the imposition. [1]

0.15

0.15 5

100 1

100 1

52.763
52.8%

tP e

e

[B1]

(ii) Find the number of days after the imposition that it will take for at least 90% of 
the population to comply. [2]

0.15

0.15

0.15

0.15

90 100 1

0.9 1
0.1

ln ln 0.1
0.15 ln 0.1

15.35
15.4

t

t

t

t

e

e
e

e
t
t

No. of complete days = 16

[M1] take ln

[A1]

(iii) Is it possible for the percentage of this country’s population complying to the 
‘Stay-Home-Notice’ to reach 100%? Explain your answer. [1]

As t gets very large, 0.15te approaches zero but will never 
reach zero. Therefore, the percentage will not reach 
100%.

[B1]
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5 (i) In the expansion of 
nx

3
2 , show that the ratio of coefficient of the 2nd term 

to that of the 4th term can be simplified to the expression 
216

( 1)( 2)n n
. [4]

2 3
1 2 3

1 2 2 3 3

2
3

2 2 2 2 ...
1 2 33 3 3

2 2 ( 1) 2 ( 1)( 2)2 ...
3 2 9 6 27

n

n n n n

n n n
n

x

n n nx x x

nx n n x n n n x

1

2
3

4

1 3

2

2
3Cofficient of 

2 ( 1)( 2)
162

54 2
( 1)( 2)

54 2
( 1)( 2)

216
( 1)( 2)

n

n

n n

n
T

n n nT

n n

n n

n n

[M1] binomial theorem or 
general term used

[B1]

[B1]

[M1] simplification 
leading to correct answer

A.G.
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(ii) Find the value of n if the ratio in (i) is 55:108 . [2]

2

2

2

216 108
( 1)( 2) 55

11880 108 3 2

110 3 2
3 108 0

( 12)( 9) 0
12     or     9  (rejected)

n n

n n

n n
n n
n n

n n

[M1]

[A1]

(iii) Hence, find the term in 5x . [2]

5
12 5

6

5

12
2

5 3
11264

27

xT

x

[M1]

[A1]
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6 The equation of a curve is 
2

2 9
1

xy
x

.

(i) Show that 
32

d 9 2
d 1

y x
x x

. [3]

2

1 1
2 22 2

2

1 1
2 22 2

2

1
2 22

2

1
2 2 22

2

3
2 2

2 9
1

11 (2) (2 9) 1 (2 )
2

1

2 1 (2 9) 1
1

1 2 1 (2 9)

1

1 2 2 2 9
1

2 9

1

xy
x

x x x xdy
dx x

x x x x
x

x x x x

x

x x x x
x

x

x

[M1] quotient rule
[B1] correct expression

[A1] factorisation leading 
to correct answer

[A.G]
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(ii) Find the coordinates of the stationary point of the curve, leaving your answer in 
exact form. [3]

For stationery points,

3
2 2

2

0

2 9 0
1

2 9 0
2
9

22 9
9

2 1
9

4 9
9
85
81

85
9

85
9
85 85
85

dy
dx

x

x

x

x

y

Coordinates = 2 ,  85
9

[M1]

[A1]

[A1]

(iii) Find the nature of this stationary point. [2]

x 2
9

2
9

2
9

Sign - 0 +
slope

2 ,  85
9

is a minimum point.

[M1]

[A1]

) FiiFiFiFiFFiFiiiiiiFFFFFF ndndn  theheheheeheehehhehehehehheheheheheheehhe nnnnnnnnnnnnnnnnatatatattataatatatataaattttttururururururururururururuuururureeee eeeeeeeee ooofo tttthhhhhhiiiiiiiiih sssssssssssssssssssssssssss stststststsstststststatatatataaaaaaaaaaaaaaaaaaa ioioionananaryryry po

xxxxxxxxxx 222 2
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7

The diagram shows a triangle ABC in which A lies on the y-axis. 
The equation of AB and BC are hxy 2 and hyx 122 .
M is midpoint of AB and MC is parallel to x-axis. 
(i) Explain why AB is perpendicular to BC. [2]

Line AB: Gradient = 2
Line BC: hyx 122

2 12
1 6
2

y x h

y x h

Gradient = -0.5
12
2

1

AB BCm m

Since the product of 2 gradients is – 1,
AB is perpendicular to BC.

[M1]

[A1] with conclusion

(ii) Show that coordinates of B is ( hh 5 ,2 ). [2]
Solve:

12 6
2

5 5
2

25
5

2
2(2 )
5
(2 ,5 )   A.G.

x h x h

x h

x h

h
y h h

h
B h h

[M1]

[A1] either one found 
correctly

y

x

A

B

CM

x + 2y = 12h
y = 2x + h

O

ShShShhhShhShhShhhShhShhhhhhhhhhhowowowooowoowowowowoowooow ttttttttttttttttttttthahahahahahahahahaaahahahahaaaat tt tttttttt t tttttt cococococcococococcoocooocooooooooc orororrororrrorororororoorroororrdidididdididiiddiddidiidididididddd naanaananaanananananaanananannaananannaaatttttettttttttttttttttttttttt s sssssssss ofofofofofoffofofofffofofoooofoofoofoofoofoooofoofffofooffoffof BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB isis (( h  ,22hh
SooSooooSoooooSooSoooSoooooooolvlvlvlvlvvlvlvlvlvvlvlvlvlvlvlvlvvlvvvvlvvl eee:ee:eeeeeeeeeeeeeee:

1
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(iii) Express the coordinates of M and of C in terms of h. [3]

(0, )
2 0 5,

2 2
( ,3 )

A h
h h hM

h h

When  3 ,     
2(3 ) 12

6 12
6
(6 ,3 )

y h
x h h

x h h
x h

C h h

[B1]

[M1]

[A1]

(iv) Find the value of h if the area of triangle AMC is 125 square units. [2]

Area

[M1]

[A1]
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8 The equation of a curve is 6 4
4

xy
x

, where x 4.

Find the

(i) gradient of the tangent at the point where the curve passes through the x-axis, [4]

When y = 0

2

2

2
2

6 4 0
4
6 4 16

5 10
2

4 ( 6)
( 4)

10
( 4)

10
( 2 4)

5
2

x

x
x
x x
x

x

dy x x
dx x

x
dy
dx

[M1]

[M1]

[A1]

[A1]



15

(ii) equation of another tangent to the curve that is parallel to the tangent in (i). [4]

2

2

6 4 0
4
6 4 16

5 10
2

5
2

10 5
( 4) 2
( 4) 4

4 2
2   or   6

x
x
x x
x

x

dy
dx

x
x

x
x x

6 66,       4 10
6 4

Equation:      
10 5
6 2

2 20 5 30
2 5 50

x y

y
x
y x

y x

[M1]

[A1]

[M1]

[A1]
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9 The equation of a curve is 3cos sin3y x x .

(i) Find expressions for d
d
y
x

and 
2

2

d
d

y
x

. [4]
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(ii) Given that 
2

2

d 9 cos
d

y y A x
x

, find the value of A. [2]

A = 6                [A1]
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10 The diagram shows an isosceles triangle ABC with height 12 cm and AB = 10 cm. PQ
moves towards AB at a steady rate of 0.5 cm/s, keeping parallel to AB.

If PQ is x cm from C,

(i) Show that PQ = 5
6
x cm.

[1]

By similar triangles

(ii) Find the area, A cm2, of the shaded region in terms of x. [2]

Area of triangle CPQ =  

Area of shaded region = 

B

C

P Q

A
10 cm

x cm

Arrreaeaea of f f trtt iangngnnnnngngnggnggngnngngnnnngggle CPQQQQQQQQQQ =  

Area of shadeddddddd region =
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(iii) Find the rate of change of the shaded area when PQ is halfway towards AB
from C. [3]

[B1]

Area is decreasing at a rate of 2.5cm2/s
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11 It is given that   f ( ) 3cos 2 1x x and  2g( ) 2xx .

(i) State the least and greatest values of f ( )x . [2]

Least value = [B1]
Greatest value = 2       [B1]

(ii) State the period of f ( )x . [1]
Period = [B1]

(iii) Sketch, on the same axes, the graphs of f ( )y x and g( )y x for x . [4]

[B1]  shape of curve
[B1] Max and Min points seen 
[B1] correct domain and period seen
[B1] correct line, passing through y = 2
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(iv) State, with detailed workings, the number of solutions of the equation 
3 cos 2 2x x for x . [2]

[B1] for manipulation 

Since there are 4 intersection points, there are 4 solutions     [B1] dep

12 The function f is defined by 3 2 31 xy x e , for 5
2

x , and 1x . Explain, with 

working, whether f is an increasing or decreasing function. [4]

Given that 

dep.

End of paper

dep
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d 1ln(cos ) sin
d cos

x x
x x

=  
sin
cos
tan

x
x
x

B1

Answer Marks Guidance
tan  d  

 = tan  d

ln(cos )

x x

x x

x c

M1

A1

Reverse differentiation

Answer Marks Guidance
2d tan tan sec

d
x x x x x

x
M1

A1

Product rule

Answer Marks Guidance
2

1

2
1

tan  c  = tan sec  d  

tan c tan  d sec  d

x x x x x x

x x x x x x x
2sec  d tan ( ln(cos ))  c

                    = tan ln cos c

x x x x x x

x x x

M1

M1

A1

Reverse differentiation

Split to 2 integrals

1 (i)  Differentiate  ln(cos )x with respect to x. [1]

1 (ii)  Hence find  tan  dx x [2]

1 (iii)  Differentiate  tanx x with respect to x. [2]

1 (iv)  Using the results from (ii) and (iii), hence find  2sec  dx x x [3]

2
11111111111111ccc t  ssseeeeeecccccc dddddd2
111 xxxssseeeeeecccccccc    ddddddddddccc1111cccccc11111111 aaa dddtt dddddddddddtaaaaannnnnn  ddddd dt  taan dddddtaaaaaaaaaaaaaaaannnnnnnnnnnnnnnnnnnn  dddddddddddddddddddd d

2c  dddddddddd ta ((((((((((((((((((( llllll ((((((((((((((cos ))))))))))))))))))))  ccc2

= tan lllllllllln cos c

c  d tannn ( ln(cos d ta ( cos

tantan

tan ((( lllllllllllllllnnnnn(((((((((cos ))))))tannnnnnnnnnnnnn ( llllllnnnnnnnnnnnnnnnnn(cos

ln cosln cosln
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2 2

3

2 2

3

3 3

3

3 3

3

3 3

3 3

sin cos sin cos sin cosLHS= 
sin

sin cos (1 cos )cos sin (1 sin )       =
sin

sin cos cos cos sin sin      =
sin

cos sin     =
sin

cos sin    =
sin sin

    =

A A A A A A
A

A A A A A A
A

A A A A A A
A

A A
A

A A
A A

3    1 +  cot A

M1

B1

B1

B1

Correct expansion

Use of 
2 2cos sin 1A A

Alternative solution
Answer Marks Guidance

2

2 2

2

2

2

(sin cos ) (1 sin cos )LHS=       
sin sin

1 sin cos       =  (1 + cot )   
sin sin

      =    (1 + cot )  cos cot

     =     (1 + cot )  1 cot cot

    =      1 + cot   cot  + 

A A A A
A A

A AA
A A

A ec A A

A A A

A A 3 2

3

cot cot cot
    =    1 +  cot

A A A
A

B1

B1

B1

B1

Use of cos
sin

A
A

Use of
2 21 cot cosA ec A

Correct expansion

2 (i)  Prove that    3
3

sin cos 1 sin cos
1 cot

sin
A A A A

A
A [4]

1 +  cot A
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3

3

3

sin cos 1 sin cos
2

sin
      1 + cot 2
            cot 1
            cot 1      
              tan 1
             45  

A A A A
A

A
A
A
A

A

B1

M1

A1

Taking cube root without 
negative sign

Answer Marks Guidance
3 2

3 2

Let f 3  +  4

(3 1) is a factor of f  

1f 0
3

1 1 13 4 0
3 3 3

1 4 0
9 9 3

3 35 ------------(1)

x x hx kx

x x

h k

h k

h k
Divisor = 1,  reminder = 4
f 1 4

3 4 4
3 -----------(2)

x

h k
h k
(1) (2),  4 32
                8 
                3
                   =3+8=11

k
k
h k

M1

M1

DM1
B1

Realise  1f 0
3

Realise  f 1 4

DM on correct equation (1) 
and (2)

2 (ii) Hence solve the equation   3sin cos 1 sin cos 2sinA A A A A for [3]

3 (i) The expression  3 23  +  4x hx kx , where h and k are constants, has a 
factor of  3 1x and leaves a remainder of  4 when divided by 1x .
By forming 2 equations of h and of k, show that the value of h = 11 and k = 8. [4]

3
33333355555555555555555 --------------- ---------------------- ---------(11(11(1(1(1(1((1((1(1(((1(11(11(( )))))))))))))))))

or rrrr rrrrr === 111,  remmminiiiiiiiii deddd r 4
44444444444444444444444

111,111111  remmmmmmmmmmmmmmmmmininininininnnniinnninnininnnnnnnnnndedededededededeeddeddedededdeedeedeededd r ==============r r
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3 2 2

2

3 2 2

2

Let 3  + 11  8 4 3 1 4

comparing the coefficient of ,
11= 1 3

4

3  + 11  8 4 3 1 4 4

                                =  3 1 2

x x x x x bx

x
b

b

x x x x x x

x x

2

2 2

22

2

2

6 9
3 1 23 1 2 2

6 9 2 3 1 2 3 1
Let 2

2 6 2 9 7
4 12 9 7

              1
1Let 
3

1 6 79
9 3 3

98 49
9 9

          2

x x A B C
x xx x x

x x A x B x x C x
x

C
C

C

x

A

A

A

2

2

2 2

comparing coefficients of ,
1 3
1 2 3

1
6 9 2 1 1

3 1 23 1 2 2

x
A B

B
B

x x
x xx x x

M1
A1

M1

M1

Long division or inspection

A1 for each correct A, B, C

3
(ii)  Hence, express   

2

3 2

6 9
3  +  4

x x
x hx kx

as the sum of three partial fractions                 [7]

2222222AAAA

2222222ariiiiiiiiiiiiinnnnnnngggggggggggggggggg cccccccccccccoooooooeeeeeeeeeeeeeffffffffffffffffffffffffffficiiiiiiiiiiiiiiiiiieeeeeeeeeeeeeeeennnnnnnnnnnnnnntttttttttttttttttttttttssssssssssssssssssss ooooooooofffffffffffffffffffff ,222222222222

3A BBBBBBBBBBBBBBBBBBBBBBB333333333333
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60

60

60

0

60

60

60

4 e  d
15

4 e  =    115
60

  16e  c
when 0,  4
4  16e  c
c = 12

  16e 12
At instantaneous rest, 0

 16e 12 0

12  e
16

3  ln
60 4

3      60 ln
4

t

t

t

t

t

t

v x

c

v
t v

v
v

t

t

M1

A1

A1

M1

M1

A1

Integrating a

Correct integration
(accept without + +c)

Equating v to zero

Taking logarithm

4 A particle, moving in a straight line, passes through a fixed point O with a speed 
of 4 m/s.  The acceleration, a m/ , of the particle, t s after passing through O, is 

given by 604 e
15

t

a .

(i)  Find the exact value of t when the particle is at instantaneous rest. [6]

4
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60

60

60

0

60

  16e 12 d

16e    =  121
60

    =   960e 12
when 0, 0
0 960e 0
960

960e 12 960

t

t

t

t

s t

t c

t c
t s

c
c

s t

M1

A1

A1

Integrating to get s

Answer Marks Guidance
3when 0, 60 ln
4

3 3960 720ln 960
4 4

  =  32.9 m

v t

s
A1

Answer Marks Guidance

36
60

37
60

when 36,  960e 12 36 960
                        = 1.14 m

when 37,  960e 12 37 960
                        = 2.15 m

t s

t s

When t=36, particle is on the right side of O with displacement of 1.14 
and when t =37, particle is on the left side of O with s= 2.15.  Hence at 
some instant during the 37th second the particle is again at O.

B1

B1

4 (ii)  Find an expression in term of t, for the displacement, from O, of the 
particle t seconds after passing O. [3]

(ii)  Hence find  the distance of the particle from O when it is at instantaneous    
rest.

[1]

(iv) Show that the particle is again at O at some instant during the [2]
thirty-sixth second after first passing through O.

er 

(ii(i(iiiiii(iii( vvvvvvvvvvvvvvvv)))))))))))) Shhhhhhhhhhhhhowowowoowoowooooooooowowoow tttttttttttttttttthahhahahahahahhahahhhahahahahahahahaahhahat tttttt thttt e papppppppppppppppppp rticlelele iiisss agagagaiaa n
ththtthhthhthththththhththtt iririrriririririririririiririririrrirtytttytytyttytyttytytyytyyyy-sisisisisisisisisisisisiiiiisisissiixtxtxtxxtxxxxxxxxxtxxxxxxxxthh hhh seeeeeeeeecccooooooooooooooooooooooooooooccccoccocococ ndndnndnnndnnndndddnnndnndnndndndndndnnnnndndndndndnnnnndnnnnnnnnnndn aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaftftftftffffffffffffffffffffteree fffiririrst
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33
3 2

3

3 3

3

3

18
5

log1log log 2
2 log 27
1log log 3
6

5 log 3
6

18log
5

3
By comparing with 3

18  or 3.6
5

k

xx

x x

x

x

x

k k

M1

M1

A1

A1

Change of base law

Simplify to single log

Alternatively
Answer Marks Guidance

3
3 27 2

3
3

3

3
3

3

3

3

since  3  is a solution,
1log 3 log 3 log 2
2

log 31log 3 3
2 log 27

log 31 3
2 log 3

log 31 3
2 3log 3
1 3
2 3

5 3
6

18 3.6
5

k

k k

k

x

k

kk

kk

kk

k

k

M1

M1

B1

A1

Substitution

Applying power law

Reduce to a linear equation

5 (i) The equation  3 27 2
1log log log 8
2

x x has the solution 3kx .

Find the value of k. [4]

3333
333333

loooooooog 3g 3gg 33g 3g 3gg 3g 3ggg 3gg 33gggg3 333333333333333333333
logogogogogogogogogogoggogogogogoogggogg 33333333333333333

llolollllollollolloooooooooooooog 3gg 3g 3gg 3g 3g 3g 3g 3g 3g 3g 3g 33ggg 3g 3g 3gg33333333333333333 333333
3log 3

kkkkkkkkkkkkkk

kkkkkkkkkkkkkkkkk

3
333

ggggg3

333333gggggg333333
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4 4

2

4

2 1
2

2

2

2

12 log 2 log 10
2

2 1 log
10 2

2
         4

10

          2 2 10

           4 4 2 20 0
          6 16 0
          8 2 0
           8 or 2(rejected)

x x

x
x

x
x

x x

x x x
x x

x x
x x

M1

M1

A1 A1

Apply power or subtraction 
law

convert to index form or 
equivalent.

2x , must be rejected

5 (ii) Solve the equation 4 4
12log 2 log 10
2

x x . [4]
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2

2 2 2

22 2

2

2 3
1 1

2 2
3
2

2

   2                                    

1 3              = 2   
2 2

13              =           
4

x x

M1

A1

6 The roots of the quadratic equation  22 3x x are and .
(i)  Find the value of  2 2 . [4]

6 (ii) Find the quadratic equations whose roots are 2 and 2 . [3]
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2 2

3 3

2 2

2 2

2 2

sum of roots =

                   = 

                   = 

1 13 3
2 4 2                  = 9

4
1 19 4                 = 
2 4 9

19                 =
18

product of root 2 2

2

1 2s = 
3

19 2Quadratic equation is   0
18 3

x x

M1

B1

A1

A1

A1

or  equivalent
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3 1gradient of  = 
9 3

1gradient of the perpendicular bisector =  1
3

                                                             = 3
13 1midpoint of ,
2 2

Equation of perpendicular bisector is

AB

AB

1 13                 3
2 2

                3 20

y x

y x

M1A1

B1

A1

Answer Marks Guidance

2 2

4For centre of circle,   10 = 3 20
3
5                                   10
3

                                    6
                                   18 20 2
centre 6, 2

radius,  = 6 2 2 1   or

x x

x

x
y

r

2 2

 11 6

              =  5                                       =  5

Equation of circle is  6 2 25

r

x y

M1A1

B1

A1

A1

Equating eqn of normal to 
eqn of perpendicular bisector
A1 for the value of x.

7 The points A( 2 , 1 ) and  B( 11 ,  ) lie on a circle.

(i) Find the equation of the perpendicular bisector of the chord AB. [4]

7 The line with equation  4 10
3

y x is a normal to the circle.

(ii)  Hence, find the equation of the circle. [5]

               66666
                        111118 288888 222222222222222222222228 22288 2222222288 228 2228 22888 2222222228 222000 220 200000000000000

re
yyyyyyyyyyyy 18 2888888 2222222888 2888 28888 2888 22228 222222228 288 2288 220000000001
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point 6,  7 A1

Answer Marks Guidance
At ,   = 0, 9

0,9
At ,   = 9, 
9 3 7 2

3 7 7
3 7 7

14
3
14 ,  9
3
7 ,  2
3

A y x
A

C y
x

x
x

x

C

B

A1

A1

A1

7 (iii)  Find the coordinates of the point on the circle which is at the greatest distance [1]
from the x-axis.

8

The diagram shows part of the graph of 3 7 2y x .  A horizontal line is drawn 

from A to intersect the graph of 3 7 2y x at C.
(i) Find the coordinates of A, B and C. [3]

AtAAtAAAtAtAtAAAAtAAtAAAAA  ,   ============== 9,9999999999,99999,9,9,9999  
9 39 399999 399 399 7 2227 2222222227 277 27 222222227

3 73 73 77333 73 73 73 73 733 73 73333 7333 73333333 733 77777777777777777777777777

yyyyy,  ,  
3333333333333333 777777777777777777777

7777
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2 6gradient 7 73

OB M1

A1

Answer Marks Guidance
3 7 2 4 1

3 7 4 3

3 7 4 3

3 7 4 3  or  3 7 4 3
4(rejected) or 

7 10
10
7

x x

x x

x x

x x x x
x

x

x

M1

A1

A1

Must be rejected

8 (ii) Find the set of  values of m for which the graph of 3 7 2y x and the line [2]

y = mx intersects at 2 points.

8 (iii)  Solve the equation  3 7 2 4 1x x [3]
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ln ln lnR A n V

ln V 0.501 0.900 1.30 1.80
ln R 0.626 1.31 1.99 2.84

Axes and scale    A1
All points plotted correctly join with a straight line A2 Deduct 1 mark for any point 

plotted wrongly

Answer Marks Guidance

0.24

From the graph,  ln -intercept = 0.24
ln ln -intercept = 0.24

e 0.8(to dec pl)
2.84 ( 0.24)gradient = 1.7

1.80 0
gradient 1.7 (to 1 dec pl)

r
A r

A

n

M1
A1

M1

A1

Must indicate the 2 points 
used to find gradient

Answer Marks Guidance

0.475

ln ln 1.2ln
Draw ln 1.2ln
From the graph, ln 0.475
                            e
                                = 1.6 (to 1 dec pl)

A n V V
R V

V
V

B1

M1

A1

Correct line drawn

Reading off the lnV 
coordinate from the point of 
intersection

9 The resistance to motion, R newtons, of a plank towed through water and its 
speed, V m/s is given by   nR AV , where A and n are constants.
The table shows the corresponding values of V and R.

V 1.65 2.46 3.68 6.05
R 1.87 3.70 7.33 17.1

(i)   On the grid on page 15, draw the graph of  ln R against ln V, using a                    
scale of 4 cm for 0.5 unit on the ln V-axis and a scale of
5 cm to 1 unit on the ln R-axis.

[3]

(ii) Use the graph to estimate the value of each of the constants A and n, giving  
your answers to 1 decimal place.

[4]

(iii) By drawing a suitable line on your graph, solve the equation  1.2nAV V , giving 
your answer correct to 1 decimal place.

[4](iiiiiiiiiiiiiiiiiii) )) )) ) ))))))))) ) )) ByByByyyyyyyyyyyByByyyyyyyyy dddddddddddddddddddddraaraararararaaarararaarrrararrarawiwwiwwiwiwiwiwiwwwwwiwiwwwwwiwwwingngnngngngngngngngnngngngngngngngngngngngnngg aaaaaaaaaaaaaaaaaaaaaaaa ssssssssssssssuiuiuuiuuiuiuuuiuiuiuuiuiuiiuiuuiuiuiuuuuuiiuuuuuuuuuuuuuuiuuiuuiuuuitaatatatatatattatattaatataataaaataataaaatataaaaataabbbbbbbbblblblbbbbbb e e e lililinenene o
yoyoyoyoyoyyoyoyyyyyoyyyoyyyyyoyy ururururururururuurururururuurrurururuuuu aaaaaaaaaaaaaaaaaaaaaaansnssnssnssnssnsnsnsnsnsnsnsnssnsnsnsnnn wewewewewewewewewwewewewewewewewewewwewewewwewwweweeeer rrrr r rrrrrrr corrrrrrececectt t tototo 1 dec
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Answer 

2

2

2

183
2 3

d 18( 1) 2 3 2
d

36     = 
2 3

36 4when  = 3. gradient of tangent = 
9 9

18when  = 3, 3 1
9

9gradient of normal = 
4

9Equation of normal is    1 ( 3)
4

y
x

y x
x

x

x

x y

y x

3

0

3

0

2

9 31
4 4

9 31 18Area of the shaded region = 3  d
4 4 2 3

9 19 18 =  d
4 4 2 3

9 19 = 1
4 2 4

y x

x x
x

x x
x

x x
3

0
3

2

0

2

ln 2 3
8

2

9 19  = 9ln 2 3
8 4
9 19  =   3 3 9ln 9 9ln 3
8 4

 =

x

x x x

33  9 ln 3
8

Marks

M1

M1
B1

M1,B1

B1

M1
B1

B1

M1

A1

Guidance

Find d
d
y
x

Chain Rule

Integrate for area
Correct Integral

1
2 3x

correctly

Accept 
33 9ln9 9ln3
8

10
The diagram show part of the curve  

183
2 3

y
x

.  The normal 

to the curve at x = 3 intersects the y-axis at A.   Find the exact area of 
the shaded region. [11]

0 4 44 2

 =

xx
0

22999 19 19 199999999999999999999999999999 99929 199
4 24 2 4

xx9 199
4 24 2 44 24 4
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180 90 90
180 90 90

cos
1.6

1.6cos

sin
0.5

0.5sin

      =  1.6cos 0.5sin

RQT
QRT

OQ

OQ
QT

QT
OT OQ QT

M1

B1

B1

QRT can be in the 
diagram

Award 3 marks only if it is 
complete.

11 A rectangular table PQRS is positioned at a corner of a room.  Given that PQ = 1.6m 
PS = 0.5 m, angle OQP = and angle QOP = angle RTQ = 90 , where varies.   
(i)  Show that OT = 1.6 cos + 0.5 sin . [3]

0000000000..5555555555
0....555555555sssssssssssiiiiiiiiiiiiiiiiiinnnnnnnnnnnnnnnnnn

1 6 0 5 i
OOOOOQQQQQQQQ QQQQQQQQQQQQQQQQQQQQQQQQQQQQQQTTTTTTTTTTTT

0 5 i
OOOOOOOQQQQQQQQQQ
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2 2

1

Let 1.6cos 0.5sin cos

1.6 0.5 2.81
0.5tan 17.354
1.6

2.81cos 17.354 1.2
1.2cos 17.354
2.81

17.354 44.286
61.6 (to 1 dec pl)

R

R

M1
B1

B1

M1

A1

11 (ii)   Find the value of for which OT = 1.2 m [5]
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