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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

3 ~b++b? —4ac

For the equation ax?> +bx+c=0, X = 5
a

Binomial expansion

(a+b)" =a" +(TJ a”_1b+(;J a" b+ ... +(:] a" "b"+ .. +b",

where n is a positive integer and = =
r) ri(n-r)! r!

nj_ nt nn-1)..(n—r+l)

2. TRIGONOMETRY
Identities sin? A+cos® A=1
sec’ A=1+tan’ A
cosec’ A=1+cot? A
sin(A£ B) =sin Acos B = cos Asin B
cos(A=+ B) =cos Acos B+sin Asin B

tan A+ tan B
1+ tan Atan B

sin 2A =2sin Acos A

tan(A+B) =

cos2A=cosZ A—sinZ A=2cosZ A—1=1-2sin% A
tan2A=%
1—tan” A

a b ¢
sinA sinB sinC

a? =b% +c2 —2bccos A

Formulae for AABC,

A=labsinC
2
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1  Solve the equation 25**1 — 5(5%*1) — 14 = 0. [5]
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2 (i) On the same axes, sketch the graphs of y? = 3x and y = \/—_5 forx > 0. 2]
x

(ii) Calculate the x-coordinate of the point of intersection of the two graphs,
giving your answer in exact form. [2]
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NG3 1 - the £ a+bv2
3173 1_I_\/Emteorm

3  Express , where a and b are integers. [4]
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32
4 Given that log,a = h and log,b = k, express log, ’b—; in terms of h and k. [4]
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7x%2+16x-3
(2x—1)(1+x)?

5 () Express in partial fractions. [6]
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7x2+16x—3

dx.
(2x—1)(1+x)° "

(i) Hence evaluate [

[3]
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. 1. .
6 A particle moves along the curve y = —— in such a way that the x-coordinate of

the particle is increasing at a constant rate of 0.03 units per second. Find the
x-coordinates of the particle at the instants where the y-coordinate is decreasing at

unit per second. [4]
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y =lax+b| -3

The diagram shows the graph of y = |ax + b| — 3, where a and b are constants.
The graph crosses the y-axis at B where the point B is (0, —1).

(i) Find the y-coordinate of A. [1]
(ii) Given that the x-coordinate of A is —2, find the value of a and of b. [2]
(iii) Given that AB : BC =1 : 4, find the coordinates of C. [2]
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8 (i) Show that 5cos?x — 3sin?x can be written as acos2x + 1 where ais a [3]
positive integer.

(ii)  State the amplitude and period of 5cos?x — 3sin®x. [2]

SMSS 2020 [Turn over



12

(iii) Sketch on the same axes, the graphs of y = 5cos?x — 3sin®x and [3]
y = |tanx]| for 0° < x < 180°.

(iv) Hence state the coordinates of the solutions of the equation
5cos?x — 3sin?x = |tanx|, 0° < x < 180°. [2]
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. dy 1 . .
9 A curve is such that A -z’ X # and (1, 5) is a point on the curve.
(i) Find the equation of the curve. [4]
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(ii) Find the range of values of x such that the gradient of the curve is decreasing. [3]
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10 The mass m grams of a radioactive substance present at time t days after first being
observed is given by the formula m = 38ekt.

25 days after first being observed, the mass has dropped to 10.3 g.

(i) Find the initial mass of the radioactive substance. [1]

(ii) Find the number of days it takes after first being observed for the mass to
become half its original value. [5]
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(iii) Find the rate at which the mass is decreasing when t = 40 days. [2]
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11 Solutions to this question by accurate drawing will not be accepted.

A
y 1
B
C
» X
y—x=-
DIl(0,-1)

The diagram shows a trapezium ABCD such that AB is parallel to DC and AB is
perpendicular to BC. The point A is (=8, 0) and D is (0, —1). The equation of the
lineCDis 2y — x = —2.

(i) Find the coordinates of B. (3]

(ii) The perpendicular bisector of AD meets AB at point E.
Determine with explanation if it is possible to construct a circle with centre E,
passing through the points A and D. [2]
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(iii) Find the coordinates of E. [5]
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12 The diagram shows a rectangle of length X cm and width y cm inscribed in a circle
such that all the vertices of the rectangle PQRS touch the circumference of the
circle.

Xcm

A brooch is designed by removing the inscribed rectangle PQRS from the circle.
The area of the rectangle is given to be 20 cm?.

Vx%+400
(i) Show that the radius of the circle is % [3]

(ii) Ignoring the thickness of the brooch, show that the remaining area is given by

nx? = 1007
A_T+ 2z — 20. 2]
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(iii) Given that X can vary, find the value of X for which A has a stationary value. [3]

(iv) Determine the nature of the stationary value of A. [2]
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Answer

1.
2.

SMSS 2020

x = 0.209
(i)
N

<
\l

\/

(i) x =3

5—4+/2
7

[5+ h — 3k]
7x%+16x-3 3 2 n 4
' (2x-1)(1+x)2  2x-1  x+1  (x+1)2

N | =

2 —
(ii)f 7x“+16x 32dx=f( 3 +i+ 42
(2x—1)(1+x) 2x-1  x+1  (x+1)
:31n(2x—1)

2
x =0.650rx =0.35[x =;_(3) orx =27_0]
(i) —3
(i)a=1orb =2
(iii) C is (8,7)
(1) 4cos2x + 1

(i1)) Amplitude = 4, Period = 180°

+2In(x+1) —
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8 (iii)

8 (iv) (45°,1) and (135°,1)

o3 13
. Wy = 2(1-2x)3 + 2

- 1
(i) x > >
10. (i) Initial mass = 38 g.

(ii) k = —0.052217, t = 13.3 days

L. odm
(111) ar 0.246

11. () Bs (0, 9)

(i1) Since E lies on the perpendicular bosector of AD, AE = DE.
If E is the centre, then AE = DE = Radius
Hence, yes it is possible.

(i) E is (—32,2)

12. (iii) x = 4.47
(iv) A 1s a minimum
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Mathematical Formulae
1. ALGEBRA
Quadratic Equation

‘= —b++b? —4ac

2a

For the equation ax> +bx+¢=0,

Binomial expansion

(a+b)"=a" J{TJ a”‘1b+(gj a" %+ . +(:] a" "+ .. +b",

) . n n! nin-1)..(n—-r+1)
where N is a positive integer and = =
r) ri(n-r)! r

2. TRIGONOMETRY
" .2 24
ldentities sin“ A+cos” A=1
se:(:2 A=1+ tan2 A

cosec>A=1+cot” A
sin(A=+ B) =sin Acos B £ cos Asin B

cos(A+xB)=cos Acos B Fsin Asin B

tan A+ tan B

tan(AtB)=————
( ) 1F¥ tan Atan B

sin 2A =2sin Acos A

cos2A=cos2 A—sin2 A:2cos2 A-1 =1—23in2 A

tan2A=%
1—tan” A
a b c

Formulae for AABC, ==
sinA sinB sinC

2 _ 2

a +c2 —2bccos A

AzlabsinC
2
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1 The quadratic equation 2x% + 3x + 1 = 0 has roots a and 5.

5
(i)  Show that a? + B? = n [3]

. . . 1 1
(ii) Find a quadratic equation whose roots are P and — . (4]

ﬁZ
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2 The first three terms of the expansion of (1 + ax)™ in ascending powers of X are
1+ 15x + 90x2.

(i) Find the values of a and n. [5]

1
(i)  Find the constant term in the expansion of (2 — a)z(l + ax)™. 3]
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3 (i) Differentiate 3xe?* with respect to x. [2]

e?+1
4

[4]

.. . 1
(i)  Use your answer to part (i) to show that [ xe**dx =
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4 The table shows experimental values of two variables X and y.
X 0.5 1 1.5 2 2.5
y 3.6 6.5 7.95 7.2 3.25

It is known that X and y are related by an equation of the form y = px3 + gx,

where p and ( are constants.

Plot % against x? and draw a straight line graph.

[3]
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Use your graph to
(ii) estimate the value of p and of q, [3]
(iii) estimate the value of X when y = 4x. [2]
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5 The equation of a curve is y = 2(1 — 4x)°> — 7.

(i) Explain why the curve has only one stationary point and why this is a [5]
point of inflexion.
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(ii) Write down the coordinates of the stationary point. [1]

(iii) Explain why the normal to the curve at this point is parallel to the y-axis  [2]
and write down the equation of the normal.
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. . . _ 2 1-sin @ 4

6 (i)  Prove the identity (sec — tan §)? = — (4]
3

(ii) Hence, solve the equation 2(secd —tan8)? = 3 for—m < 6 < ST [4]
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7 (a) By using long division, find the value of k for which x? — 2x + k is a [4]
factor of x> — 4x% + 8.

(b)  The expressions x3 — ax + a? and ax® — 5x? — 32 have the same remainder
when divided by x — 3. Find the possible values of a. [4]
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1

8 The velocity, v ms™, of a particle, travelling in a straight line, at time t s after

leaving a fixed point O, is given by v = 3 + kt — 2t?, where t > 0 and k is a
constant. When t = 0, the particle is at O and its acceleration is 5 m/s?.

(i)  Find the value of k. [2]

(ii) Find the displacement of the particle when it is instantaneously at rest. [5]
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(iii) Explain why the distance the particle has travelled when it is again at O
is twice the displacement found in (ii). [1]

9 (a) Find the set of values of k for which the curve y = x? + kx and the line
y = 5x — 1 do not intersect. [4]
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(b) Show that the equation x? + 5x = 2ax + a has real and distinct roots
for all real values of a. [4]
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10  The diagram below shows the design of a medallion. The design consists of
four chords. The chords AC and BD of the circle intersect at right angle at the

point E. Angle BAC = 6 and can vary. AB=5 cm and CD =2 cm.

(i) Express AC in the form a cos 8 + b sin 6. [3]

(ii) Express acos8 + bsin 8 in the form R cos(8 — a), where R > 0 and (3]
0° < a <90°.
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(iii) Find the maximum length of AC and the corresponding value of 6. [3]

(iv) The designer of the medallion specified that AE to EC must be in the ratio 3 : 2.
Find the corresponding value of 8 in this case. [2]
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[3]

. ) d
11 (i) Given that P (x cosx) = cosx — x sinx, find [ x sin x dx.

The diagram below shows part of the graph of y = 2x sin x and a shaded region
formed by the curve and the line PQ where X = g at the point P. Q is the point where

the curve intersects the X-axis.

y
A
o)
y = 2xsinx
\ %
(ii) Find the y-coordinate of P and the x-coordinate of Q. [3]

SMSS 2020 [Turn over



18

(iii) Hence, find the area of the shaded region. [4]
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12 (i) Write down the equation of the circle with centre A(—2, 3) and radius 5.  [1]

(ii) Find the equation of the normal to the circle at the point (1, —1). [3]

The circle intersects the x-axis at P and Q.
(iii) Find the length of PQ. (3]
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A second circle, centre B, also passes through P and Q.

(iv) Find the smallest possible value of the radius of the second circle. [1]

(v)  Find the equation of the second circle with this radius. [2]
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Answer Keys

(i) x2 = 3.5 (+0.1),x = 1.87

or V29 cos(6 — 21.8°)

(i)y=—2x+72 (i) 8 units

1 (i)x>? —5x+4=0
2 ()n=5a=3 (i1) -6
3 (i) 3e%* + 6xe?*
4 (i)p =-0.983(+0.1),g=74+0.1
5 (i) G —7) (i) x =
6 (i1) —2.94,—-0.201, 3.34
7 (1) —4 (i) a=4 or a=26
8 (1) k=5 (i) 13.5m
9 @3 <k <7
10 (1) AE=5cos6 + 2sinf  (ii) 5.39 cos(8 — 21.8°)
(ii1) Maximum length of AC = 5.39 c¢m, corresponding value of 8 = 21.8°
(iv) 8 = 21.8°
11 (i) [ xsinx dx = sinx —xcosx + ¢
(ii) y-coordinate of P is 7 and X-coordinate of Q is 7z. (iii) 1.82 units?
12 (i) (x+2)>+(y—3)2=25
(iv)4units  (v) (x +2)2+y%2 =16
SMSS 2020
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5
1  Solve the equation 25*** —5(5**') —14 = 0. [5]

52042 /5% 5) < /4 -0
g gl gt BT FO

et W=5°
55" =35k —1¢ =0
Cﬁ(_.-j ) ( su+2) =0

2=

_—

b(:%‘ N U= 5

5 % Y 57(:"5'

/{’ﬁﬁzz:/z; (%) (1A )
5 /;5-‘-" (?[:E{:T)

—
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2 forx>0 2]
2 (i) On the same axes, sketch the graphs of y? = 3xand y = NP OF X s [

N

H/\ J":gag Lj = 1%

J

_ 4
9= "1

(i) Calculate the x-coordinate of the point of intersection of the two graphs,

giving your answer in exact form. (2]
2
"%} = 3L
L _ 23
1" = 2f =3

SMSS 2020
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vz 1 a+bV2

3 Express o in the form

J2 (14432) - (3 +43)
(3‘(‘4'7:)(]4‘[3.')

. JEF 2=3~d2
_—_3_[. 23 vJi2n ¥

_ = | y G = Y2,
5 + 442 S K=
= e ¢ JZ
25 =5k
-5 42
o
=
5 — 42
PO - st . it
=

SMSS 2020

., where a and b are integers.

4]
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fsz )
4  Given that log,a = h and log,b = k, express log, T:E in terms of 4 and k. [4]

3 aji |

‘Uja ( b?




7

7x%+16x-3

Zx—D(1im)? D partial fractions.
( )(1+x) (61

S ® Express

71?’4’[@1!34 Y . "
(11‘1)L\ *i,))

5

71,11’”3’1,"3 = HUJY i.)}“f B(_bt-—l)[l*’x) * 2 ('QDC—D

. lﬂ,{-[(;j«} __3 . 2 PO,
[20-0)( 1+ 2oL | L+ [ x+1)
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y=|ax+bl—3

e s v N
y e B
4 W [==]
: “\
i \
I

| l

! |

l 1

. NI

~ T~

‘J

The diagram shows the graph of y = |ax + b| — 3, where @ and b are constants.
The graph crosses the y-axis at B where the point Bis (0,—1).

(i) Find the y-coordinate of 4. (1]

3,Mq)ﬁ Sy

(i) Given that the x-coordinate of 4 is —2. find the value of a and of b. [2]
“ol"5 :'—_f. -—-%-..—.—1
bl=2 (| b.y o a=-1 b=-2
b= 27, . 2 pomt e

-2 +2] -3 oy =|-x2l-3

=1
—EFT A o //

(iii) — Given that 48 .:BC = y d the coordinates of C. [2]

| > =8
-
% e W )

————

SMSS 2020 [Turn over



11

8 () Show that 5cos?x — 3sin?x can be written as acos2x +1 whereaisa
positive integer.

Spsx — 3()- )
= et -3
- g B 3

= 4l ¥') —3

= Wwx t4% -3

e
—ee

(i) State the amplitude and period of 5cos?x — 3sin’x.

AB =

MR =ZL © v TC e

SMSS 2020
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(2]
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(iii) Sketch on the same axes, the graphs of ¥ = 5cos?x — 3sin’x and [3]
y = |tanx| for 0° < x < 180°.

(@iv) Hence coordinates of'the solutions of the equation

5cos?x — 3sin®x == < x < 180°. [2]

% .
(47, 1) e (1357 1)

SMSS 2020 iifiGver
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9
9 A curveissuch thata = Gz X # %and (1,5) is a point on the curve.

() Find the equation of the curve.

f A(1-22)""

. q(z-n)”}

(4]

+' *

__.3('_1)
5\“19(’/50/ Ca™ 'Liz
e
= : L3,
IJ 20517 T 2
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(i) Find the range of values of x such that I@f the curve is decreasing. [3]
=

T2

%%f: ((-20)°

@mWM+codumwg :9~%ﬂ <0
sme TRZ0, = (-7 <0

| = 2% £ 0

2 % 5

SMSS 2020
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10 The mass m grams of a radioactive substance present at time ¢ days after first being
observed is given by the formula m = 38e*t.
25 days after first being observed, the mass has dropped to 10.3 g

(i) Find the initial mass of the radioactive substance. 1]

£ =0, m=5g2

(ii) Find the number of days it takes after first being observed for the mass to

become half its original value. (5]
k(25)
I8¢ = e
K =-0.052217F
i) 0 2213+ )y
3xe = 1

—t: l3’97'—[~ dﬂjﬂ
=150 Ao ([REf)
[ ateept 1% dugs)

[Turn over
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(i) Find hich m@@ when ¢ = 40 days. [2]

dn - 39k 0¥

AT- -0y 22 F X*0 _

- 5%(_0,0'_5’27,1:}’)@,

é‘%;: “gﬁ% CBQ@

Mmass v de’iff_wg A a e
off  02%6 3/3.
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11 Solutions to this question by accurate drawing will not be accepted.

[
y
B
C
— X
y-x=-
Dl(0,-1)

The diagram shows a trapezium ABCD such that AB is parallel to DC and 4B is
perpendicular to BC. The point 4 is (—8, 0) and D is (0, —1). The equation of the
lineCDis 2y — x = 2.

()  Find the coordinates of B. (3]

/E%‘{L ()b AB 3:— ‘;l;l-l'l-l—
B s (04)

(i) The perpendicular bisector of AD meets AB at point E.
Determine with explanation if it is possible to construct a circle with centre E,

passing thfough the points D.

SmwPE Lﬁé; Hw. Puwymdﬁubwv biseths”
d]) /‘ED/ RE = DE

[]C £ b%ﬁéﬁnw)ﬂ@n Ac =DdE

hnee :@ |

[2]

r
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(iii) Find the coordinates of E.

AD v
dry e Y
?W %:Qx*'% f@

ey
e A8 0 Y= ®

2 (-—523'/0))&) |

W(Nkij : b
0 AD = 25 = == —l"
ﬂﬂd f ¥ —o
M 5} gt 5 §

quﬂ{ﬂ‘ of H’D v (.#—L"z _.—'2—’)
zEf* of- b biechr ©

=32
y:: g'z_-—{--é—l

SMSS 2020
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12 The diagram shows a rectangle of length x cm and
such that all t

circle,

A brooch is designed by removing the inscribed rectangle PORS from the circle.
The area of the rectangle is given to be 20 cm?2.

Vx*140
()  Show that the radius of the circle is __x_;;__n_. [3]
20

x‘jl"zo*—% Ej='5?_‘

DUy N
58° = 2%+ [
= 2t % %op
,x:-
S'@ . j-x;“’-t— Yovo 4))(“‘4—‘%00
- O - >

y . /Xi-t—Y-OD
B = 2% g

(i) Ignoring the thickness of the brooch, show that the remaining area is given by

(T x?  100m
E— 4 + x2 - 20. [2]
Capft
/)[ = WEFE T 20
:w(é%§$)l.fzo
SEPIN % '+oo>
- v e - 20
Sl e
A’

S A - N
SMSS 2020 4 L 2=
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(iif) Given that x can vary, find the value of x for which A has a stationary value. [3]

dﬂ B 1 - . 20T
/A b
i TP qo _ go0m
i x> =0
Xxt=4oco =0
x4 = %00
+~ = ¢4
————
(iv) Determine the nature of the stationary value of 4. [2]
2 O ! = é_Q_.QI
PR
= . L.383 20

; Skt B v A __m’wmw-
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