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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax> +bx+c=0,

_ —b++b® —4ac

2a

X

Binomial expansion

n__ AN n n-1 n N2 2 n nN—ri,r n
(a+b)"=a"+ | a" b+ 5 a b +..+ ) a”’b +...+b",

nJ n'  n(n-r)..(n-r+l)

r

where n is a positive integer and = =
r‘(n—r)! r!

2. TRIGONOMETRY

Identities
sin> A+cos’ A=1
sec’ A=1+tan” A
cosec’A=1+cot’ A

sin(A+ B) =sin AcosB £ cosAsin B
cos(A=£ B) =cos Acos Bmsin Asin B
tan(A+ B) = tan A+tan B
Imtan Atan B
sin2A=2sin Acos A
cos2A=cos’ A—sin? A=2cos’* A—1=1-2sin* A

tan2A = ﬂ
1—tan” A
Formulae for AABC
a b c

snA sinB sinC
a’ =b? +c? —2bccosA

A= lesinA
2
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1 Find the range of values of k for which the quadratic equation (K +2)x* —2kx+1=0
has real roots. [3]

2 A triangle ABC has an area of (14—3«/5) cm® and AC :[S—ij cm. Express

N

the perpendicular distance from B to AC in the form of a+ b2 , where a and b are
rational numbers. [4]

[Turn over
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3  Given that (1,h) is a solution of the simultaneous equations ! + 2 3=0 and
Xy
X+ky—6=0, find the values of X and of y. [5]

Crescent Girls’ School 2020 Sec 4 A Math Prelims P1



5

-2x

4  Given that y= ¢
3X

, find the range of values of X for which y is an increasing

function. [5]

[Turn over
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5 (i) Giventhat 1g2=x and 1g3 =y, find the value of log;24 in terms of X and
4]
y. [

(i) Express 4™ +2"° inthe form 2" , where m is a constant. [2]
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6  Express in partial fractions. [6]

[Turn over
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7  Water flows out of a filled container of height 20 cm such that after t seconds, the
depth of water in the container is h cm and the volume of water left in the container

. h*(h+2) . :
isgivenby V =10+ 0 Given that the height of the water level is

decreasing at a rate of (4t —1) cm/s. find the rate of decrease of the volume of the
water when t=2. [6]
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9

It is given that tan B =% where B is an acute angle. Without solving for B, find the

exact value of

(i cos3B, [4]
(ii) B ring-
tanz. [Hint: Use double angle formula.] [3]
[Turn over
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9 (i) Sketch the graph of f(x)=3—|2x-3| for —2<x<7, indicating the

coordinates of the intercepts, endpoints and vertex clearly. [3]
. . 1
(ii) State least positive value of T) . [1]
X
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(iii) State the range of values of m such that the line y = mx + 2 intersects the graph
at 2 distinct points. [3]

[Turn over
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10 A company wants to produce open cylindrical containers with a capacity of
6000 cm’ each.

(i) Find the radius of the container if the company wants to minimize the amount
of material used.
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(i) For the value of the radius found in (i), show that the amount of material used

1S minimum. [2]
(iii)  State an assumption made in your calculations above. [1]
[Turn over
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11 A radioactive substance decays according to the equation A=15¢™™, where A is the
mass in grams of radioactive substance remaining and t is the time in hours after the
radioactive substance starts to decay.

(i) Given that there are 10 grams of radioactive substance remaining after 30
hours, verify that the value of b is 0.013516.

(i) Find the mass of radioactive substance left at the end of 1 week. [1]

(iii) Find the number of hours for the radioactive substance to decay to half of its
original mass. [3]
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(iv)  Find the rate at which the substance decays at t=50hours. [2]

[Turn over
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12 It is given that f(X)Z%—3c052X for 0<x<27 and g(X):2sin(§j for

0<x<L2rx.
(i) State the period of g(Xx). [1]
(ii) State the least and greatest values of f(X). [1]

(iii) Sketch, on the same axes, the graphs of y=f(x) and y=g(x) for
0<x<L2r.

[4]
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(iv) Hence, state the number of solutions of the equation 6cos 2X+4sin(§j =1

for 0<x<2r. [1]

(v) Determine the value of k for which the equation %—3cos 2x =2sin (gj +k

has one solution. [1]

[Turn over
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13 (i) Find the coordinates of the foot of the perpendicular from A(3, 11) to the line

l, 2x+4y=25. [4]
(ii)  Hence, calculate the perpendicular distance from A to the line I. [2]
(iii) If B is the reflection of A in the line |, find the coordinates of B. [2]

END OF PAPER
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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax> +bx+c=0,

_—b++b* -4ac

2a

X

Binomial expansion

(a+b)"=a" +(T]a”‘lb+(2ja”‘2b2 +...+(:ja”‘rb“ +.+b",

HJ nt n(n-r)..(n-r+l)

r

where n is a positive integer and = =
r'\(n—r)! r!

2. TRIGONOMETRY

Identities
sin> A+cos” A=1
sec’ A=1+tan’ A
cosec’A=1+cot” A

sin(A+ B) =sin AcosB+cosAsin B
cos(A=xB) =cos Acos Bmsin Asin B
+
tan(A+ B) = tan A+tan B
Imtan Atan B
sin2A=2sin Acos A
cos2A=cos’ A—sin’ A=2cos’ A—1=1-2sin* A

tan2A = ﬂ
1—tan” A
Formulae for AABC
a b C

snA sinB sinC
a’ =b? +c? —2bccosA

A= lesinA
2
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1  The equation of a polynomial is given by P(x) =2x’ +c¢x* +7 . The remainder when
P(x) is divided by 2x—1 is twice the remainder when P(x) is divided by X—-2.

(i) Show that the value of C is 5. [3]

(ii) Using the value of C in part (i), explain why the equation P(x) =0 has only
one real root. [4]

[Turn over
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2 A particle moves in a straight line so that after t seconds, its distance, S metres, from
. .. 5
a fixed point O is given by s=e¢' o -7.
S

(i) Find the distance of the particle from O when t=In2.
By comparing with the instant when the particle first moves off, determine if
the particle is moving towards or away from O at t=In2. [3]

(ii) Find the value of t when the velocity, v = 5.5 m/s. [4]
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3 (i) Differentiate Xcos’x with respect to X. [2]

T o2 .
(ii) Hence show that I 3 SIn° X+ Xsin 2X dx =2 [4]
0 2 16

[Turn over
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4 (a) Find the range of values of k for which 3x*>+8x+k is always positive.

(b) The equation px*+7gx+9p =0 has equal roots. Given that p and q are

positive, find the ratio p : q and solve the equation.

Crescent Girls’ School
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S  The diagram shows two isosceles D
triangles OAB and COD.
OA=0B=4cm, OC=0D =8 cm,

angle AOD Z%and angle COD = 6.

The sum of the areas of triangles OAB
and OCD is S cm?.

C S8cm

A 4cm o

(i) Show that S can be expressed in the form psin&+qcosd, where p and ( are
constants. [3]

(i) Express Sin the form Rsin(@+«a) where R>0and O<a< % :

Given that the sum of the areas of triangles OAB and OCD is 32 cm?, find the
value of 6. [5]

[Turn over
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6 A rectangle of area A m? has sides measuring X m by (px+q)m, where p and q are
constants and X and A are variables. Values of X and A are given in the table below.

8

X

50

100

150

200

250

A

3800

10 500

20400

33 000

48 500

(i) Using suitable variables, draw, on the grid opposite, a straight line graph and

hence estimate the value of each of the constants p and g.

(ii) On the same diagram, draw the straight line representing the equation A= x>
and explain the significance of the value of X given by the point of intersection
of the two lines.

Crescent Girls’ School
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. . 1
7 (a) Giventhat cosecx+cotXx=4and X is acute, show that cosec X —cotx = 7 (5]

Hence find the value of secX.

2 .
() Giventhat 7208 0 900 <9<180°, find the value of 10
sin” @ 3 I+cos@
giving your answer in the form %(a +b/c ) where a, b and c are integers. [5]
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8  The quadratic equation 2x*>+6Xx+k=0 hasroots «and 2.

(i) Find the value of (a— f)’in terms of k. [3]

(i) Find the smallest integer value of k if the equation has no x-intercept. [3]

(iii) Given that the value of k is 5, find a quadratic equation whose roots are

a_2 and 'B—z [5]
p a

[Turn over
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9 (a) Find the coefficient of L4 in (ZX—lJ .
X X

(b)

(@

Write down, without simplifying, the fourth term in the binomial expansion of

]
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(ii) If this term is a constant term, find the value of n. [2]

(iii) The fourth term of the binomial expansion is 160 and a—b=1 where both a
and b are positive.
Use the value of n in part (ii) to calculate the value of a and of b. [4]

[Turn over
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14

A circle with centre C, passes through the origin and has X-intercept of 4 at point A
and y-intercept of 3 at point B.

(i) Explain why the centre of the circle is (2, 1.5).

(ii) Determine the equation of the circle in the general form.

(iii) OD is a diameter of the circle. Find the coordinates of D.
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(iv) The tangent at D cuts the x-axis at E. Find the area of triangle BCE. [5]

[Turn over
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11 ¥

0.04

The diagram (not drawn to scale) shows part of the curve y =

1-2%) passing

through the point P[k, j, where K is a constant. The normal to the curve at

(1-2k)*
P is perpendicular to 2y =1-Xx and the normal meets the horizontal line y=0.04
at point Q. The curve meets the same horizontal line at the point R.

(i) State the equation of the asymptote denoted by dotted lines.

(ii) Provethat k=1.5.
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(iii) Show that the x-coordinates of Q and R are 1.395 and 3 respectively. [4]

(iv) Find the area of the shaded region PQR, giving your answer to 2 significant [5]
figures.

END OF PAPER
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Qn | Answer Key
Pkt ork22, k=2 10 6000
124 cm or 3}
Vs
2 116 X 26 5 em (111) Thelhth‘llc):i(ness of the container is
17 T 17 negligible.
3 11(i1) | 1.55¢g
X=2 y=i
’ 5
x=1,y=1
4 (1i1) 51.3 hours
X< —
5(1) X4y (iv) 0.103g/h
I-x
(11) 2ln9+1 or 2ln9e or 221n3+1 12(1) 4”
6 x* 1 1 2 (if) least value of f (x) =-2.5
=14+ — — _
x* =16 2(x=2) 2(x+2) x*+4 greatest value of /(x) =3.5
7 | 450.8 cm®/s (y) |4
8(i) u ) k=—45
125
(i1) 1 13(1) |(0.5,6).
3
9(1) (i1) 5.59 units
(i1) 1 (1i1) B(-2, 1)
3
SRR 2
——<m<—
7 3
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9(i)

(1.5.3)

i10) (3.9 x
E
| \§ [/\\x &
12 (i) %% @ QO’“

35

9 o™

\%\7"(\

0 w2 m 3n2 m
X
-0.51
-1
-1.5.
<2
-25
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2020 CGS AM Prelim Paper 2 Answer Key

Qn  Answer Key

1(1) | x=—1 is the only root

2(1) 6.25 m; towards O (i1) t=1.61

: 5 -

3() —Xsin2X +cos” X (11) ks

16
1 =T - [y —
4(a) k>5§ (b) p:q=7:6;x=-3
51)  S=32sinf+8cosb (i) 8:8\/ﬁsin(9+0.245)' 1.08

6(i)  Plot A against X; p = 0.59 (accept 0.59 —0.62); q =46 (Accept 45 —47)
X

(i) x=115; square

17 (b) 1
T(a) | seox =1~ 5(7+zﬁ6)

8() 92k i) 5

(iii) + 10x° +18x+25=0

n-3 b ’
98 6406 (b)) T4=(2j(ax) (;]

(b)ii) n=6

(b)(iii) a=2;b=1

10(i) . C lies on the perpendicular bisectors (if) X2 4y’ —4X—3y =0

of OA and OB.
(i) D4, 3) (iv) 1.6875 units
11(1)) x=0.5 (iv) 0.10 units?
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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax’ +bx+c=0,

_ —b++b® —4ac

2a

X

Binomial expansion

n__ An n n-1 n n—-2p2 n n—risr n
(a+b)"=a"+ . a" b+ 5 avb +..+ ) a'b"+...+b",

. e n n! nn-r)..(n—-r+1
where n is a positive integer and ( J— _ N ) )
r

_r!(n—r)!_ r!

2. TRIGONOMETRY

Identities
sin®> A+cos* A=1
sec’ A=1+tan” A
cosec’A=1+cot” A

sin(A+ B) =sin AcosB = cosAsin B
cos(A+ B) =cos Acos Bmsin Asin B
tan(A+ B) = tan A+ tan B
Imtan Atan B
sin2A=2sin Acos A
cos2A=cos’ A—sin? A=2cos’ A—1=1-2sin* A

tan2A = ﬂ
1—tan” A
Formulae for AABC
a b c

sinA sinB sinC
a’ =b? +c? —2bccosA

A= lesinA
2
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1  Find the range of values of k for which the quadratic equation (K +2)x* —2kx+1=0
has real roots. [3]

Solution:

(k+2)x* —2kx+1=0

For the equation to have real roots, b”>—4ac>0

(=2k)* =4k +2)(1) >0 [M1]
4k* -4k -8>0
k?-k-2>0
(k=2)k+1)>0 [M1]
/
-1 2
[Al]

k<-1 or k=2, k=#-2

2 A triangle ABC has an area of (14—3\/5) cm’ and AC :(5—ij cm . Express

J2
the perpendicular distance from B to AC in the form of a+b+2 , where a and b are
rational numbers. [4]
Solution:

Let the perpendicular distance from B to AC be h.

1 4 Ml]
~|5-—=|h=14-32 [
%)
5J2-4
h=28-642
( V2 }
h_zsﬁ—lz [MI]
5y2-4 [M1] — Rationalising
28212 52+4 denominator
= X
502-4  52+4
~280+1124/2 - 6042 — 48
50-16
2324522
34
116 26
= —+=\2
(17 17\/_] o [Al]
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: : . . . 1 2
3  Given that (1,h) is a solution of the simultaneous equations —+——-3=0 and

Xy
X+Ky—6=0, find the values of X and of y. [5]
Solution:
1+%—3:0
h
2.,
h [M1] — Substitute (1,h) into both
h=1 equations.
1+k(1)-6=0 [A1] — Correct values of h and k.
k=5
l+%_3:0 - (1)
Xy
X+5y—-6=0
X=6-5y --(2)
Sub (2) into (1):
1 2
—-3=0
6—5y+y [M1]
y+2(6—5y)_3
y(6-5y)
12-9y =18y 15y’
5y*—9y+4=0 [M1]
(5y-4)(r-1=0
=ﬂ or 1
5
X=2 or 1 [Al]
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-2X

4  Given that y= ¢ , find the range of values of X for which y is an increasing

function. [5]
Solution:
e—2x
y= 3x-5

dy — (3x=5)(-2e")-(e*)(3) [M1]
dx (3x-5)°

_ —6xe P +10e* -3¢

(3x—5)?
_ —6xe P +7e7
(3x-5)°

For y to be an increasing function,

 up-2X -2x
6xe +7ze 50 [M1]
(3x-5)
Since (3x—5)*>0 for all real values of X, [M1] — condition stated

—6xe > +7e >0
e (-6x+7)>0

: —2X
Slgce 7e O> 0, [M1] — condition stated
—6X+7>

x<! [A1]
6
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5 (i) Giventhat lg2=x and lg3=Yy, find the value of log,24 in terms of X and

y.

Solution:

@ log 24

(i) Express 4™ +2"™ in the form 2"

Solution:

(ii) 41113 + 2ln9 — 22ln3 + 2lﬁ9

— 211‘19‘_'_. 2]119

Crescent Girls’ School

_1g24
lg5
3 1g(2° x3)

o3

_ 3lg2+Ig3

C1glo-1g2
_3x+y
1-X

— 2(21n9)

- 21n9+l

[M1]

[M1] — breaking into prime
factors

[M1] — applying product or

quotient law

[A1]

, where m is a constant.

[Ml] o 4ln3 — 21r19

[A1]

2020 Sec 4 A Math Prelims P1
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6  Express in partial fractions.

X4
Solution:

x' x'-16+16
x'-16  x'-16
16

x* =16

=1+

x'=16= (X —4)(x* +4)
=(X=2)(X+2)(X* +4)

16 A B Cx+D

Let 3 = —+ + 3
(X=2)(X+2)(Xx"+4) x-2 x+2 X +4
Multiply throughout by (X —2)(X +2)(X* +4),

[6]

[B1] — or long division

[B1] — Factorise denominator
completely

[B1]

16 = A(X+2)(X> +4) + B(X = 2)(X* +4) + (Cx+ D)(x — 2)(X+2)

Let x=2,
16 = A(4)(8)

A=
2

Let x=-2,
16 = B(—4)(8)

B=—1
2

Let x=0,

16 = (@) - (-2() + D(-2)2)
D=-2

Let x=1,

16 =2 (G)(5) -5 -9+ (C - 2D
C=0

x* 1 1 2
4 =1+ - )
X" —16 2(Xx—=2) 2(x+2) X +4

Crescent Girls’ School

[M2] —solve for A, B, C using
substitution or comparing
coefficients. 2 marks if all
correct, 1 mark if 2 correct.

[A1]
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7  Water flows out of a filled container of height 20 cm such that after t seconds, the
depth of water in the container is h cm and the volume of water left in the container

h*(h+2)
10

decreasing at a rate of (4t —1) cm/s. find the rate of decrease of the volume of the

is givenby V =10+ . Given that the height of the water level is

water when t=2. [6]
Solution:
h*(h+2
V:10+—( - )
10
3 2
:10+h +2h
10
dv _3h*+4h [B1]
dh 10
&V _av_dn
dt dh dt
3h* +4h [M1]
= x(—(4t-1
[ : ] (—ar-1)
dh
—=—(4t-1
pm ( )
h=[-4t+1dt (M1}
=2t +t+cC
When t =0, h = 20, ¢ = 20.
h=—2t2+t+20 [Ml]
Whent=2,h=14 cm.
dv  (3(14)* +4(14)
— = = Ix(—(4(2)-1
v ( D, ()1
=-450.8 cm’ /s [M1]
Rate of decrease of the volume of water when t=2 is 450.8 cm’/s. (Al
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8 Itis giventhat tanB= 3 where B is an acute angle. Without solving for B, find the

exact value of

(i cos3B,
Solution:
(i) cos3B=cos(2B+B)

=co0s2BcosB—sin2Bsin B
=(2cos” B—1)(cos B) —(2sin B cos B)(sin B)

SSRIERCHE I

44

[M1] — addition formula
[M1] — double angle

T 125 [Al]
(ii) B ..
tanE. [Hint: Use double angle formula.] [3]
Solution:
(i) 2tanE
tan B =
1—tan> —
3 2tan —
2o 2 [M1]
1—tan? B
2

3tan25+8tanE—3 =0
2 2
(3tanE—1j(tanE+3)=0 [MI]
2 2

tanE:— or —3
3

Since tanE>O , tan—=—.
2 2 3 [Al]
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9 (i) Sketch the graph of f(x)=3—|2x-3| for —2<x<7, indicating the

coordinates of the intercepts, endpoints and vertex clearly. [3]
Solution:
@) s B1 — Shape
B1 — Intercepts
(1.5.3) and vertex

B1 - Endpoints

(1]

(i) 1 [B1]

Crescent Girls” School 2020 Sec 4 A Math Prelims P1
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(iii) State the range of values of m such that the line y = mx + 2 intersects the graph

at 2 distinct points. [3]
Solution:
(iii) M= 2-(-98) [M1]
0-7
__10
7
mo3-2 [M1]
1.5-0
_2
3
lo_ 2 [B1]

Crescent Girls’ School 2020 Sec 4 A Math Prelims P1
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10 A company wants to produce open cylindrical containers with a capacity of
6000 cm’ each.

() Find the radius of the container if the company wants to minimize the amount
of material used.

Solution:
() V =zr’h
7r*h = 6000
6000
h= o [M1]

A=7r’+2xrh

e 27zr[60020J MI]
r
, 12000
=7r’ +
r
dA 12000
— =22 ———
dr r
. dA
For stationary value of A, — =0
dr [M1]
er 12000 _,
r
;6000
rr=—
T
6000

Crescent Girls’ School 2020 Sec 4 A Math Prelims P1
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(i) For the value of the radius found in (i), show that the amount of material used 2]

1S minimum.
Solution:
(i) d*A Yt 24000 [M1] — accept first
ar? T ) derivative test
When r’ = M,
T
d’A e 24000 d2A
dr? (6000} [Al]— = >0 must
Vs
—67>0 be stated with

d2A justification shown.
Since >0, the amount of material used is minimum  Must at least state r>0 if
no substitution shown.

whenr=12.4 cm.

(iii) State an assumption made in your calculations above.

Solution:

(iii) The thickness of the container is negligible. [B1]

Crescent Girls’ School 2020 Sec 4 A Math Prelims P1
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14

A radioactive substance decays according to the equation A=15¢™™, where A is the
mass in grams of radioactive substance remaining and t is the time in hours after the
radioactive substance starts to decay.
(i) Given that there are 10 grams of radioactive substance remaining after 30
hours, verify that the value of b is 0.013516. [2]
Solution:
(i) A=15¢"
10=15¢7"
10
e =— Ml
T [M1]
-30b=1In 10
15
L
30 15
(ii)  Find the mass of radioactive substance left at the end of 1 week. [1]
Solution:

(i) A=15e001%16024)
=1.55g B1]

(iii) Find the number of hours for the radioactive substance to decay to half of its
original mass.

Solution:
(iii) When t=0 , A=15. [B1] - as long students
show understanding that
A=15¢ 0 A=15whent=0.
E — 156—0.01351&
g0013sI6t _ l
2 [M1]
—-0.013516t = ln%
t =51.3 hours [A]
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(iv) Find the rate at which the substance decays at t=50hours.

Solution:

(iV) A — 15e—0.0]3516t

d_A — _0 20274e—0.013516t
dt '

When t=50,

d_A — _O 20274e—0.013516(50)
dt '

=-0.103

[M1]

The rate of radioactive decay at t=50hours is 0.103g/h.  [A1]

Crescent Girls’ School
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12 It is given that f(X)=%—3cosZX for 0<x<27 and g(x)=2sin(§j for

0<x<2r.

(i) State the period of g(Xx). [1]
Solution:
@ period = 2T7[

2

(ii) State the least and greatest values of f(X). [1]
Solution:
(i) least value of f (x) =-2.5 [B1] — Both correct

greatest value of f (x) =3.5

(iii) Sketch, on the same axes, the graphs of y=f(x) and y=g(x) for

[4]
0<x<L2r.
Solution:
(iii) For each graph:
B1 — shape
B1 — correct

periods and
max/min points

0.54

2 m 3mi2 2m

=]

-0.54

'
-

.
U

-2 54
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(iv) Hence, state the number of solutions of the equation 6cos 2X+4sin(§j =1

for 0<x<2r. [1]

Solution:

(iv) 6¢cos 2X+4sin(§j =1

25in1=l—3cos2x
2 2

Number of solutions = 4 [B1]

(v) Determine the value of k for which the equation %—3cos 2x =2sin (gj +k

has one solution. [1]
Solution:
(v) k=-45 [B1]
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13 (i) Find the coordinates of the foot of the perpendicular from A(3, 11) to the line (4]
I, 2x+4y=25.

Solution:

(i) 2x+4y=25

-
2 4
Gradient of perpendicular = 2 [B1]

Equation of perpendicular line:
y—-11=2(x-3)

y=2X+5

[M1]

2X+4y =25 - (1)
y=2X+5 -(2)

Sub (2) into (1):
2X+4(2X+5):25 [Ml]

10x=5
x=0.5
y==6
Coordinates are (0.5, 6). [Al]

(ii)  Hence, calculate the perpendicular distance from A to the line |. [2]

Solution:

(i) perpendicular distance from A to | =/(3-0.5)> +(11—-6)>  [M1]

=+/31.25
=5.59 units (3sf) [A1]
(iii) If B is the reflection of A in the line |, find the coordinates of B. [2]
Solution:
(iii) Let the coordinates of B be (X, y).
(x+3, y+11]=(0.5’ 6) [M1]
2 2
X+3=O.5 y+11=6
2 2
X=-2 y=1
B(-2, 1) [Al]
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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax’ +bx+c=0,

_ —b++b® —4ac

2a

X

Binomial expansion

n__ An n n-1 n n—-2p2 n n—risr n
(a+b)"=a"+ . a" b+ 5 avb +..+ ) a'b"+...+b",

. e n n! nn-r)..(n—-r+1
where n is a positive integer and ( J— _ N ) )
r

_r!(n—r)!_ r!

2. TRIGONOMETRY

Identities
sin®> A+cos* A=1
sec’ A=1+tan’ A
cosec’A=1+cot’ A

sin(A+ B) =sin AcosB = cosAsin B
cos(A+ B) =cos Acos Bmsin Asin B
tan( A iB):M

Imtan Atan B
sin2A=2sin Acos A
cos2A=cos’ A—sin® A=2cos’ A—1=1-2sin’ A

tan2A = ﬂ
1—tan” A
Formulae for AABC
a b c

sinA sinB sinC
a’ =b? +c? —2bccosA

A= lesinA
2
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1  The equation of a polynomial is given by P(X)=2x’+cx* +7 . The remainder when
P(x) is divided by 2x—1 is twice the remainder when P(X) is divided by x—-2.
(i) Show that the value of C is 5. [3]

P(X)=2Xx>+cx*+7

Pszzp(z) [M1]
1y (1Y e

2(5] +c(5) +7=2[2(2) +¢(2)° +7

1 C 7 46+sc [M1]

4 4

Moo 5 s [Al]

4 4

(ii) Using the value of C in part (i), explain why the equation P(x) =0 has only
one real root. [4]

P(x)=2x’—5x*+7

P(-1)=2(-1)’ =5(-1)* +7
=0 [M1]
By Factor Theorem, X+1 isa factor of P(x).
2% —5x> +7 = (X + 12X + px+7)
Compare coeffof x;: 0=7+p [M1] — 1ong division, synthetic division
p=-7

P(X)=0
(X+D(2X* =7x+7)=0

L TEED 4

X=—-1 or X= [M1] — or find discriminant
2(2)

7+J-7

4

(no real root)

.. there is only one real root, i.e. X=—1 inthe equation P(X)=0. [A]]— withappropriate conclusion

[Turn over
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2 A particle moves in a straight line so that after t seconds, its distance, S metres, from

a fixed point O is given by s=¢' —% -7.
€

(i) Find the distance of the particle from O when t=1In2.

By comparing with the instant when the particle first moves off, determine if

the particle is moving towards or away from O at t=1In2.

s=et—it—7
2e
When t=In2, Szemz—zslr12 —
e
=-6.25m

The distance of the particle from O is 6.25 m.

When t =0, s =—8.5 m. The particle is moving towards O at t=In2.

(ii) Find the value of t when the velocity, v =15.5 m/s.

5et

s=e'— -7

ds , Se™
v=—=¢'+
dt 2

et+%:5.5
e

Let y=¢

2y —11y+5=0
2y-I)(y=5=0

y=0.5 or5

e'=05 or ' =5

t=In0.5 or t=1In5

= —0.693 (rejected) or t=1.61

st=1.61

[3]

[B1]

[B1][BI]

[M1]

[M1]

[A1] — Both correct

[A1] — must reject neg value
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3 (i) Differentiate Xxcos®x with respect to X. [2]

di X cos” X = X(2)(cos X)(—sin X) + (cos” X)(1) [M1] — product rule
X

= —Xsin2Xx+cos’ X [A1]- Accept —2xsinxcosx + cosx

T

sin’ X+ Xsin 2X

z T
ii) Hence show that | * dx=—. 4
(if) J; . " [4]
d 2 . 2
— XC0S~ X =—XsIn2X+cos” X
dx
dchoszX=—Xsin2X+1—sin2X [M1] -- cos® x=1-sin” X
X
. ) d )
sin” X+ Xsin2X=1——Xcos” X
dx
.4 = 2 - T V.4
7 sin” X+Xsin2x Zl _l P g
IO dx IO 2d 2[Xcos X]SI [M1]
= 1[X—Xcos2 X}% [M1]
2 0
1\ 7z .1
2[4 4(2) }
T L
= s [A1]— must show substitution

[Turn over
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4 (a) Find the range of values of k for which 3x’ +8x +k is always positive. [2]

3> +8X+k >0
b* —4ac<0
82 —4(3)k <0

k>5l
3

[M1]
[Al1]

(b) The equation px°+70gx+9p =0 has equal roots. Given that p and q are

positive, find the ratio p : q and solve the equation.

px> +7gx+9p =0 has equal roots, b’ —4ac=0

(79)* =4(p)(9p) =0
49q9*> -36p° =0
(7q+6p)7q—6p)=0

p__7 -~
a - _g (rejected sinice p 4nd q are posjtive) o a - g
p : q =7:6

pX> +70x+9p =0 Alt mtd:

p
x2+7(ng+9:O

x2+7(ﬂJx+9=0

X*+6X+9=0
(x+3)=0=>x=-3

Crescent Girls’ School

Let the root be a.

Sum of roots, 2a = _7_q

()

=-3

[4]

[M1]

[M1]

[A1] — Must reject neg value

[B1]
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5 The diagram shows two isosceles D
triangles OAB and COD.
OA=0B=4cm, OC=0D =8 cm,

angle AOD Zgand angle COD = 6.

The sum of the areas of triangles OAB

and OCD is S cm?.
C 8 cm
B
7
4 4cm 0
(i) Show that S can be expressed in the form psiné&+qcos®, where p and q are
constants. [3]
1,5 . 1, . (x
S=—(8)’sinf+—(4)’sin| =—0 [M1] - using Lapsinc
2 2 2 2
Since sin (% - 6’) =cosf, [M1] — need to specify
S =32sinf+8cosl [Al]

(ii) Express S in the form Rsin(€+«a) where R>0and 0<a < % .

Given that the sum of the areas of triangles OAB and OCD is 32 c¢cm? find the
value of 6. [5]

32sin@+8cos @ =Rsin(0+a)

R=4/32+8 [M1]
= 8J17
a=tan" (ij [M1]
32
= 0.24498
S =8J17sin(6+0.245) [A1]
817 sin(6+0.24498) =32
sin(6+0.24498) = — [M1]

7

Basic angle = 1.3258
0 =1.3258—-0.24498
=1.08 [A1] [Turn over
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6 A rectangle of area A m? has sides measuring X m by (px+ Q) m, where p and q are
constants and X and A are variables. Values of X and A are given in the table below.

X 50 100 150 200 250
A 3800 10 500 20400 33000 48 500

(i) Using suitable variables, draw, on the grid opposite, a straight line graph and
hence estimate the value of each of the constants p and g. [6]

A=Xx(px+Qq)
é:px+q [M1]
X

Plot A against X
X

X 50 100 150 200 250

A

S 76 105 136 165 194

[B1] — Table of values
Appropriate scale with labelled axes [B1]
All points plotted correctly and joined with best-fit straight line [B1]
From the graph,
Gradient, p= 180-100
225-90
=0.59 [B1] Accept 0.58 — 0.62

g=46 [B1] Accept 45 to 47

(ii)  On the same diagram, draw the straight line representing the equation A= x’
and explain the significance of the value of X given by the point of intersection

of the two lines. [3]

A=x

A
Insert —=xX

X
Correct line inserted and equation labelled [B1]
The intersection of the graphs A = pX+q and A =X givex=115 [B1] — Accept 110 - 120

X X

which happens when the rectangle is a square. [B1]
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Alternative Method
(1) A=x(px+0q)
q

AT, [M1]

X~ X
Plot Az against 1

X

1 0.020 0.010 0.0067 0.0050 0.0040

X

A

Z 1.52 1.05 0.907 0.825 0.776

[B1] — Table of values
Appropriate scale with labelled axes [B1]
All points plotted correctly and joined with best-fit straight line [B1]
From the graph,
Gradient, q= 1.35-0.776
0.01625-0.0040
=46.9 [B1] Accept 45 to 47
p=0.59 [B1] Accept 0.58 — 0.62
(i) A=x
A
Correct line inserted and equation labelled [B1]
The intersection Az _4 +p and Az =1 give Xx= I =114 [B1] — Accept 110 - 120
X" X X 0.0875

which happens when the rectangle is a square.

Crescent Girls’ School
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: . 1
7  (a) Given that cosecX+cotX=4and X is acute, show that cosecX—cotX = e

[5]

Hence find the value of secX.

cosecX+cotxXx=4

(cosec X + cot X)(cosec X — cot X) = 4(cosec X —cot X) [M1]
cosec” X —cot” X = 4cosec X — 4 cot X
(1+ cot® X) —cot” X = 4(cosec X —cot X) [M1]
1
cosec X —cot X = 7 (shown) [Al]
cosecX+cotX=4 ----- (1)
1
COSEC X —COt X = — ----- (2)
17 .
(1) +(2): 2cosecx= " [MI1] -- Solve simultaneous eqns

17 . 8
coseCX=— = sinX=—
8 17

Hence cosX:E = secX=— [Al]
17 15

2 .
(b) Given that I+2cos’ 6 = ) for 90° <@ <180°, find the value of sin 0

sin’ @ 3 1+cos@’

giving your answer in the form %(a +by/c ) where @, b and c are integers. [5]

1+2cos’ 0 43

sin’9 3
3+6cos’ @ =43sin’ @
3+6(1—sin’ @) =43sin” 6 [M1]
49sin* 8 =9
sinHz% or sin0=—% (rejected since 90° <6 <180°) [A1]
cosﬁz—@ [B1]
7
3
sin@ 7

= 7

l+cost9_1 [ 2,/10] >
+ -
7

5 N
3 7+210

= x MI —J49-9 =20
7-2J10 74210 (M1 ¥
B 1
= 5(7+2\/10) [Al]
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Alternative method for 7(a)
cosec X+cotX=4

1
LCos _,

sinX sin X
1+ cos X =4sin X

Squaring both sides and applying sin® X =1—cos” X

1+2cosx+cos2X:16(l—cos2 X) [M1]
17cos® X+2cos Xx—15=0
(17cosx—15)(cosx+1)=0 [M1]

5
COSX=— or COSX=—1 (NA since x is acute)

17 i
COSECX = —— = — 15
sinX 8
1 15
cotX = =—
tanx 8
17 15 1 , . ‘
cosec X —cot X = FRy = 7 (shown) [A1] — with correct workings above, must reject —1
secX = [M1]—with sketch or working
CcOos X
17
=— Al
s [AT]
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8  The quadratic equation 2Xx°+6X+k =0 hasroots a and f.

(i) Find the value of (& — )*in terms of k. [3]

Sum of roots, o+ =-3

Product of roots, aff = g [B1]
(a-p) =a’+p" -2aop
= (a+pB) —dap [M1]
k
= (=3)?—4| =
o -4 5)
= 9-2k [A1]
(ii) Find the smallest integer value of k if the equation has no x-intercept. [3]
2x*> +6x+k =0 has no real roots, b*—4ac<0
36—-4(2)(k)<0 [M1]
k>4.5 [Al]
Smallest integer value of K is 5. [B1]

(iii) Given that the value of k is 5, find a quadratic equation whose roots are

a_2 and ﬂ—z . [5]
p a
New sum of roots, a_2+ —2 = @+ f
B« 7
_ @+ BN@ —af+ ) .
7
_ (@+p)(a+p) —3ap] M)
of
_ ([ -329) ]
2.5
__2
~73 [Al]
New product of roots, a_2 . —2 -2 [B1]
p «a 2
Quadratic equation is X —(—%j X +% =0
10x> +18x+25=0 [B1]

[Turn over
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9 (a) Find the coefficient of L“ in (2X—lj .
X X

X
14 14—r 1Y
(e (1) il

14-2r=—4 [M1]
2r=18 =>r=9

Coefficient of % is = (194}(2)149 (—1)9

= 64064 [A1]

(b) (i) Write down, without simplifying, the fourth term in the binomial expansion of

]
o]

4% term = r =3 [BI]

e ()
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(ii) If this term is a constant term, find the value of n. [2]

T, - n(n—-1)(n—-2)
6

(@) (b (x)™° MI] - x"°

Constant term, N—6=0
n==6 [A1]

(iii) The fourth term of the binomial expansion is 160 and a—b=1 where both a
and b are positive.

Use the value of n in part (ii) to calculate the value of a and of b. [4]
T, = 6(52(4) (a)"” (b)* =160 [M1]
20a’b’ =160
ab=2 e (1)
a=1+b 2) [M1] — Solve simultaneous eqns

Sub (2) into (1): b(1+b)=2

b’ +b-2=0
(b+2)(b-1)=0
b=-2 (rejected since b > 0) orb=1 [A1] — must reject neg value
Hencea=2 [Al]

[Turn over

Crescent Girls’ School 2020 Sec 4 A Math Prelims P2



17

10 A circle with centre C, passes through the origin and has x-intercept of 4 at point A
and y-intercept of 3 at point B.

(i) Explain why the centre of the circle is (2, 1.5). [1]

A=(4,0)and B = (0, 3). The centre C must lie on the perpendicular bisectors of OA and OB.

Hence C = (2, 1.5). [B1]
(ii) Determine the equation of the circle in the general form. [3]
3 2
Radius of circle, OC =, |2 +(E] [M1]
5 .
= — units
2
3\ 25
Equation of circle is (X —2)> +(y —Ej = [M1]
9 25
X —AX+4+y —3y+—="=
y y 12
X*+y*—4x-3y=0 [A1]
(iii) OD is adiameter of the circle. Find the coordinates of D. [2]
0+a 0+b)_(, 3 M1]
2 2 2
Therefore, D(4, 3). [A1]
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(iv) The tangent at D cuts the x-axis at E. Find the area of triangle BCE. [5]

Gradient of OD = %

Gradient of tangent at D is — 4 [B1]
3
Equation of tangentat Dis y—3= —g(x -4) [M1]
yohy B
3 3
AtE, y=0
0=—ﬂx+2 = Xzé. Hence E(6.25,0) [Al]
3 3 4
. 110 2 625 0
Area of triangle BCE = — [M1]
213 1.5 0 3
1
= 5(18.75—6—9.375)
= 1.6875 units® [A1] -- exact

[Turn over
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11 b

0.04

The diagram (not drawn to scale) shows part of the curve y = m passing
—2x

_

(1-2k)*

P is perpendicular to 2y =1—X and the normal meets the horizontal line y=0.04

at point Q. The curve meets the same horizontal line at the point R.

through the point P[k, j, where K is a constant. The normal to the curve at

(i) State the equation of the asymptote denoted by dotted lines.

x=0.5 [B1]

(ii) Provethat k=1.5.

y=>1-2x)"
dy -3
&2(4)(1—2?5) (-2) [M1]
4
T =2 [AL]
2y =1-X
L.
Y 2 2
Whenx=k, ¥ -_1
2
4 |
- = M1
(1-2k° 2 (M1]
(1-2k)* =—8
1-2k=-2
k=1.5 (shown) [A1]
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(iili) Show that the x-coordinates of Q and R are 1.395 and 3 respectively. [4]

1
[1-20.5] 4

j [B1]

9

N | —
PNy

Therefore, P (1

Gradient of PQ =2

Equation of PQ is y —% = 2(X—%) [M1]
11
=2X ——
Y 4
11
AtQ, 0.04:2X—Z [M1]
x=1.395 X-coordinate of Q is 1.395.
AtR, 0.04= ;2
(1-2x)
(1-2x)* =25
1-2x=5 or 1-2x=-5
X=-2 (rejected as X > 0) or X=3 X-coordinate of Q is 3. Be [A1]

(iv) Find the area of the shaded region PQR, giving your answer to 2 significant [5]
figures.

Area of shaded region PQR = %(1.5 -1.395)(0.25-0.04) + .[135 (1-2x)" —0.04 dx

[M1] -- A area [M1] -- integral
— -1 3
=0.011025 + [&—0.044 [M1]
(=D(=2) s
1 3
=0.011025 + —0.04x
2(1-2x) s
1 1
=0.011025 + (———O.l2}—(———0.06] [M1]
10 4
= 0.10 units? (to 2 s.f) [Al]

END OF PAPER
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2020 CGS AM Prelim Paper 2 Answer Key

Qn  Answer Key

1(1) | x=—1 is the only root

2(i)  6.25 m; towards O (ii) t=1.61
3() | —xXsin 2x+cos’ X (@) -

4(a) k>5% (b) p:q=7:6;x=-3
5(1)  S=32sinf+8cosd (ii)

S =8J17sin(6+0.245); 1.08

6(i)  Plot A against X; p = 0.59 (accept 0.59 —0.62); q =46 (Accept 45 —47)
X

(i) x=115; square

7(a) secx=% (b) %(7+2\/ﬁ)

8() 92k i) 5

(iii) | 10x* +18x+25=0

9@ 4064 (b)(i) T4z(gj(axyws(gj

(b)) n=6

(b)ii)) a=2;b=1

10(i) : C lies on the perpendicular bisectors

i 2 iy 4x—3y =0
of OA and OB. () - X +y —4x=3y
(i) D(4, 3) (v) | 1.6875 units
11(1) x=0.5 (iv) 0.10 units?
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