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Mathematical Formulae

1. ALGEBRA
Quadratic Equation
For the equation ax”+bx+c=0,
« — ~bEb® —dac
2a

Binomial expansion

r

n n _ n _ n B
(a+b) =a”+[1ja” 1b+(2ja” 2b2+...+( ja” "B 4. +b",

n]:( n! n(n=1).....(n-r+1)

where N is a positive integer and =
P 8 (r n—r)lr! r!

2. TRIGONOMETRY

Identities
sin® A+cos” A=1.
sec” A=1+tan” A.
cosec’A=1+cot” A.
sin (A+B) =sin Acos B +cos Asin B
cos(A+B)=cos Acos BFsin Asin B

tan At tan B
+B)y=ATWAND
tan(A+B) 1+ tan 4tan B
sin2A=2sin Acos A
cos2A=cos> A—sin® A=2cos> A—1=1-2sin’ A
2tan A

tan2A=—2
1—tan” A

Formulae for AABC
a __b __c
sinA sinB sinC
a’ =b*+c*—2bc cos A

A=%szinA
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2x-3 2x+1
1 Given that 493 = 7 -
X 343%

find the value of /343" . [4]
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2 A cuboid has a square base of length (3+ V2 ) cm and a height of h cm. The volume of the cuboid

is (19— 32 ) cm®. Without using a calculator, obtain an expression for h in the form (a+ bv2 ),
where aand b are integers. [4]
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(i) Without using a calculator , show that cot15°=2+ J3. [4]

(ii) Hence show that cosec’15° =4cot15°. [2]
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2x* —4x* —5x+3

4 (i) Express (X_3)(X2_9)

in partial fractions. [4]
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2%} —4x* —5x+3

(x—3)(x2—9) 2]

(iij)  Hence find .[
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Liquid is poured, at a constant rate of 15 cm?/s, into a container. When the depth of liquid in the
container is X cm, the volume, V cm?, of the liquid in the container is given by

1

V= 7X (x+16).
Find, when V =20,
(i) the value of X, [3]
(i) the rate of change of the depth of liquid at this time. [4]

CHIJ SNGS Preliminary Examinations 2020 - Additional Mathematics 4047/01



6 Solve the equation
) 2log, (x+4)—log,(x+2)=2, [5]

(i)  logsy—3log,5=2. [4]
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10

y=|x2—16x+39l

\ /7 NP R/ y=24

VARV

@)

The diagram shows the line y =24

The graph crosses the line Yy =24 at the points P and R and meets the x-axis at Q.

Q T X

and part of the graph of y = ‘XZ —16X+39‘ .

i) Find the coordinates of P, Q and R.

(ii) State the set of values of k for which |x* —16X+39| =k has 2 solutions.
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8 Itisgiventhat y =sinX—2and y, =—3cos2X.
(i) State the amplitude and the period, in degrees, of (a) y,, (b) VY, [2]

For the interval 0° < x <360°,

(ii) solve the equation y, =Y, , [4]
(iii)  sketch, on the same diagram, the graphs of y,and vy, , [4]
(iv)  find the set of values of x for which y, -y, >0. [2]
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2X

The diagram shows a prism in which the cross-section is a trapezium ABCD.
AB =4x c¢cm, BC = DC = AD =2X cm. The length of the prism is d cm.

(i) Show that the area of trapezium ABCD is 3v3x* cm 2]

The volume of the prism is 3888+/3 cm’.
(ii)  Express d in terms of X. [1]

(iii)  Show that the total surface area, A cm?, of the prism is given by
A= 63X +@. [3]
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(iv)  Given that X can vary, find the value of X which gives a stationary value of A. [4]

v) Explain why this value of X gives the smallest possible surface area of the prism. [1]
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10 Solutions to this question by accurate drawing will not be accepted.

YA
B(3a, 2a+4)
C
D(-2,2)
o) A2.0) > X

The diagram shows a trapezium ABCD in which AB is parallel to DC. The coordinates of the points A,
B and D are (2, 0), (3a, 2a+4) and (-2, 2) respectively, where a is a positive integer. The length of AB
is 4+/5 units.

(i)  Show that a=2. [3]

(ii) Find the coordinates of C. [2]
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(iii)  Find the equation of the perpendicular bisector of AB. [4]
(iv)  Hence, or otherwise, determine if C lies on the perpendicular bisector of AB. [1]
v) Find the area of the trapezium ABCD. [2]
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Mathematical Formulae

1. ALGEBRA

Quadratic Equation

For the equation ax* +bx+c=0,

_—b++/b*—4ac

X 2a

Binomial expansion

n n n
(a+b)'=a" +[1 ja”‘lb+(2ja”‘2b2 +...+(rja"‘rbIr +..+b",

where N is a positive integer and

2. TRIGONOMETRY

Identities
sin® A+cos® A=1.
sec’ A=1+tan” A.
cosec’A=1+cot? A.
sin (A+ B) =sin Acos B+ cos Asin B
cos(A+B)=cos Acos B+sin 4sin B

tan A+ tan B
1¥tan Atan B

sin2A=2sin Acos A
cos2A=cos’ A—sin? A=2cos’ A—1=1-2sin’ A
2tan A
1—tan® A

tan(AxB) =

tan2A=

Formulae for AABC
a __b __c
sinA sinB sinC
a’>=b? +c? —2bc cos A

Az%bCSinA
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1 Given that the roots of 3x*> —x+2=0are « and £, find a quadratic equation whose roots are

QTH and @ [5]
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15
2 () Write down, and simplify, the general term in the binomial expansion of (X2 + %) . [2]
3\'5
(ii) Hence determine the coefficient of x* in the binomial expansion of (X2 + ;) . [3]
1 3)°
(iii)  Explain why there is no term in = in the expansion of (X2 + ;) . [2]
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5

A circle, C,, has equation X’ + Yy’ —4X+6Yy =36.

(i) Find the radius and the coordinates of the centre of C, . [3]

The highest point on a second circle, C,, is (3,6) and the equation of the tangent at the lowest

pointis y=4.
(ii) Find the radius and the coordinates of the centre of C, . [2]
(iii)  Find the equation of C,. [1]

(iv)  Showing your working clearly, determine whether the circles C, and C, meet each

other. [2]
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4  The equation of a polynomial is f(X) =2x" —7x> +9x—3.

(i) Factorise the polynomial f(X). [3]
(ii) Determine the nature of the roots of the equation f(x)=0. [3]
(iii)  Solve the equation 2(3%)-7(3")+3""* =3. [3]
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5 The equation of a curve is X* +4y” =20 and the equation of a line is y =k —x, where k is a constant.

(i) Find the range of values of k for which the line does not intersect the curve. [6]

(ii) When k <0, find the coordinates of the point of contact for which the line is a tangent
to the curve. [3]
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B
C 25 cm
o
D 35 cm A
E

In the diagram, A, B and D are fixed points such that AB =25cm, AD =35c¢m and angle BAD =90°.

Angle BAC =6 and can vary. AC is perpendicular to BC, EA is perpendicular to AC, and DE is
perpendicular to EA.

(i) Show that AC + BC + DE = (60sin 8+ 25cos &) cm. [2]

(ii) Express AC +BC + DE in the form Rsin(6+«), where R>0 and 0°<a <90°. (4]
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(iii)  Without evaluating 6, explain why AC + BC + DE cannot have a length of 70 cm. [1]

(iv)  Find the value of 6 for which AC + BC + DE =50 cm. [2]
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7  The equation of a curve is y = X*(6—X) .

(i) Find the coordinates of the stationary points of the curve. [5]
(ii) Use the second derivative test to determine the nature of each of these points. [3]
(iii)  Find the range of values of X for which y is increasing. [2]
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(@) Differentiate 3x*InX . [2]

(i)  Hence show that | xInx dx = L inx—Lx? 4, where ¢ is a constant. [3]
2 4

The curve y =f(x) passes through the point (1,%) and is such that f'(x) = % +XInX.

(iii)  Find f(x). [4]

(iv)  State the range of values of X for which f(x) is defined. [1]
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It is known that X and y are related by an equation y =ab* +4, where a and b are constants.

(@)

12

X

1

2

3

4

y

10

16

28

52

Draw a straight line graph of 1g(y —4) against X, using a scale of 2 cm to 1 unit on the

x-axis and 2 cm to 0.2 units on the 1g(y —4) -axis.

CHIJ SNGS Preliminary Examinations 2020 - Additional Mathematics 4047/02
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(ii)  Use your graph to estimate the value of a and of b. [5]

(iii)  Use your graph to estimate the value of X when y =33. [2]

(iv)  On the same diagram, draw the line representing the equation y—4=10"* and hence

find the value of X for which 10 = ab*. [2]
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0 Q R s> X

The diagram shows part of the curve y =1-sinx passing through the point P. The curve touches the
X-axis at the point Q. The tangent and normal to the curve at P meet the X-axis at the points R and S
respectively.

(@) Show that the X-coordinate of Q is % [1]

The gradient of the curve at P is 1.
(ii) Show that the coordinates of P are (7, 1). [3]

CHIJ SNGS Preliminary Examinations 2020 - Additional Mathematics 4047/02
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(iii)  Show that the X-coordinate of Ris 7 —1. [1]
(iv)  Show that the X-coordinate of Sis 7 +1. [1]
v) Find the exact area of the shaded region. [5]
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11 A particle P moves in a straight line, so that, t seconds after leaving a fixed point O, its velocity,

vV m/s, is given by v=10e™" —3.

(i) Find the initial velocity of P. [1]
(ii) Find the acceleration of P when t=1. [2]
(iii)  Find the value of t when P is at instantaneous rest. [3]
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(iv)  Find the total distance travelled by P befre it comes to instantaneous rest. [4]

) Explain why the value of v is always greater than 3. [1]
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2020 SNG AM Prelim Exam Paper 1
Answers
1. 16807

2. 5-32
4. (1) 2- 2 + 4 + ! >
X+3 x-3 (x—3)

(ii) 2x—21n(x+3)+41n(x—3)—%3+c

5 (i) 4 (i) 2.5cm/s.
6 () 2,—-1. (i1) %,125.

7 () P(9,24), R(15,24), Q(13,0).
() k=0, k>25
8 (i) (a) amplitude =1, period=360°
(b) amplitude =3, period =180°
(i1) 30°,150°,199.5° 340.5°
(iii)

(iv) 30° < x < 150°199.5° < x < 340.5°.

1296

X2

9(ii) d = (iv) 8.54

10 (i) C(0,6) (iii) y = —%x +6  (v) 30 squnits
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2020 SNG AM Prelim Exam Paper 2
Answers

1 3x*+4x+9=0
2 () PC.3"x7T (i) 98 513 415 (iii) r= 3?5, r must be a whole number. .. no term in % :
3 (1) Centre =(2,-3), radius =7units. (ii) Centre=(3,5), radius =1 unit
(iii) (x=3)"+(y=5)°=1 (iv) C,C, > 1y + 1, so the two circles do not meet.
4 (i) (2x —1)(x2 —3X+ 3) (ii) 1 real root and 2 imaginary roots. (iii) —0.631

5 () k<=5 k>5 (i) (—4.-1).
6 (i) 65sin(0 + 22.69) (iii) AC + BC + DE cannot be 70 cm, as the maximum length is 65 cm.

(iv) 27.7°.
7 (1) (0,0) and (4,32) (i1) (0,0) min pt, (4,32) max pt (ii1) 0 < x < 4.
8 (i) 3x+6xInx (i) f(x):lnx+%x21nx—ix2+5 (iv) x>0.

9 (i) a=3.16,b=2.00 (iii) x=3.25 (iv) line Y=2X, x=0.3 or 0.25.

10 (v) (%—%) squnits 11(1) 7m/s (ii) —2.71m/s? (iii) 0.602 (iv) 1.69 m

(v) Since 10e™ >0, 10e™" —3> -3, Hence v > -3

9 (@)

Ig(y — x) = xlgb + lga

1.4
1.2
1.0

I
I
I
I
I
I
I
0.8 I
I
I
I
I
I
I
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2
Mathematical Formulae
1. ALGEBRA
Quadratic Equation
For the equation ax” +bx+c=0,

_ —b+b*—4ac

2a

X

Binomial expansion

(a+b)" =a" +(Ua”‘lb+£;ja”‘2b2 +...+[:ja“‘rbr +..+b",

nj a1 (n—r+1)

where n is a positive integer and = =
P 8 (r (n-r)tr! r!

2. TRIGONOMETRY

Identities
sin® A+cos® A=1.
sec> A=1+tan” A.
cosec’A=1+cot” A.
sin (A+ B) =sin Acos B +cos Asin B
cos(A+ B)=cos Acos B+Fsin 4sin B

tan A+ tan B
1¥ tan Atan B

sin2A=2sin Acos A
cos2A=cos> A—sin® A=2cos> A—1=1-2sin> A
2tan A
l1—tan A

tan(A+xB) =

tan2A =

Formulae for AABC
a b C

sinA sinB  sinC

a’>=b?+c?>—2bccos A

AzészinA

CHIJ SNGS Preliminary Examinations 2020 - Additional Mathematics 4047/01



1

2

2X-3
Given that

72X+1

73X
492x—3 72x+1
7 343!
(72 )2X73 B 72x41
73X (73 )Xfl
72(2x—3) 72x+1
73x = 73(x—1)
74x—6—3x _ 72x+1—(3x73)
X—6=-X+4
2x=10
X=5
3433 = 7"
=16807

= find the value of /343" .

x=172

express as powers of 7

index laws (am )n

equate powers

=a

mn

[4]

A cuboid has a square base of length (3++/2)cm and a height of h cm. The volume of the cuboid

s (19— 32 ) cm®. Without using a calculator, obtain an expression for h in the form (a + bv/2 ),
where aand b are integers.

_209-114v2-33y2+18(2)

19-342

(3+\/§)2
19-32

94642 +2

19-3J2 11-612

X
11+632 11-62

121-36(2)

2451472

49

—5-32
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3 @ Without using a calculator , show that cot15°=2+ NER [4]

tan15° = tan(45° — 30°) or tan15° = tan (60° — 45°)

tanls® = tan45°-tan30° or tanlse = tan60°—tan45°
1+tan45°tan30° 1+tan45°tan60°
1
1— -
tanl5° = f or tan 15° = ﬁ—\é 2
1+ﬁ 1
_ V31 30°
V3+1 3
(V3+1)(v3+1) 1
o = —
CotlS® = E )W) cotA = o
_ 3+2V3+1 V2
3-1 1
_ 44243
=— :
= —2(“2‘/5) =2+3
(i)  Hence show that cosec’15° =4cot15°. [2]

cosec?15°=1+cot?15° =1+ (2 + \/§)2
=14+4+4V/3+3
=8+ 43
=42 +3)
= 4cot15°
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3 2
2%’ —4X* —5x+3 partial fractions.
(x=3)(x ~9)

4 () Express

Method 1
2%’ —4x* —5x+3 2%’ —4x’ —5x+3 A B C

(x—3)(x2—9) (x=3)(x=3)(x+3) +x+3+x—3+(x_3)2
C2(x+3)(x=3)" + A(x=3)" +B(x+3)(x~3)+C(x+3)
B (x+3)(x=3)’
2x3—4x2—5x+352(x+3)(x—3)2+A(x—3)2+B(x+3)(x—3)+C(x+3)
whenx=3, 54-36-15+3=6C
C=1
when X =-3, —54-36+15+3=36A
A=-2
whenx=0, 3=2(3)(9)-2(9)+B(3)(-3)+1(3)
-36=-9B
B=4
...2X3—4X2—5X'|2'352_ 2 4 1 :
(x+3)(x-3) X+3 X=3 (x-3)

Method 2
2X° —4x> —5x+3 . 2x* +13x—51
(x=3)(x*-9) (X=3)(X+3)(x=3)

2x* +13x-51 __A . B . C
(X=3)(X+3)(x=3) x-3 x+3 (x=3)
2x2+13x—51=A(x—-3)(x+3)+B(x —3)?+ C(x + 3)
Letx=3  2(3)%+13(3) =51 = C(3 + 3)
c=1
Let x=-3 2(=3)?+13(—=3) — 51 = B(—3 — 3)?
B=-2
Letx =0 —51=A4(-9)—-2(09)+3
A=4
2% —4x* —5x+3 2 4 1
—=2- + + >
(x+3)(x-3) X+3 x-3 (x-3)
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2x° —4x* —5%x+3

(ii) Hence find (2]
I (x—3)(x2 —9)
jzx3 —4x* =5x+3
(x+3)(x-3)°
= jz— 2 4 + 1 > dx
X+3 Xx-3 (x 3)
= 2—L+i+(x—3)_2 dx
X+3 Xx-3
x-3)"
:2x—2ln(x+3)+4ln(x—3)+( 1) +C
4
:2x—21n(x+3)+4ln(x—3)—L+c or 2x-—— 41 & 3)2
X—-3 X—-3 (x+3)
5 Liquid is poured, at a constant rate of 15 cm?/s, into a container. When the depth of liquid in the
container is X cm, the volume, V cm?, of the liquid in the container is given by
1
V= Zx(x+16).
Find, when V =20,
(i) the value of X, [3]
V =dx1ax
4
(i) When V =20, %xz +4x =20
X*+16X-80=0
(X+20)(x—4)=0
X=-20(NA) orx=4
(ii) the rate of change of the depth of liquid at this time. [4]
odvo_ 1
(i1) o =2 x=+4
4 W _dx dv
When x=4, = dv < dr
1
=———xI5
BoE nE
_15
6
=2.5
The rate of change of the depth of liquid at this time is 2.5 cm/s
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Solve the equation
(i) 2log, (x+4)—log,(x+2)=2,

2log, (x+4)—log, (x+2)=2
log, (x+4)" —log, (x+2)=2

log, b¢ = clogab
2
WU
logeb=x=a*=b

X+2
(x+4)2_ 5
X+2
X’ +8x+16=9(x+2)
=0x+18
x> —x-2=0
(x=2)(x+1)=0
X=2 Xx=-1

(i) log; y—3log, 5=2.

log; y—3log, 5=2

log, y
(log, ¥ =3 =2108:Y e o
(log, y) —2log,y—3=0
a’-2a-3=0
(a+1)(a=3)=0
a=-1 a=3
log;y=-1 log,y=3
y=5" " y=5

=— =125

CHIJ SNGS Preliminary Examinations 2020 - Additional Mathematics 4047/01
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Ya
y=|x’~16x+39

/NP R/ y=24

VARV

o Q X

The diagram shows the line y =24 and part of the graph of y =|X* —16X+ 39‘ .

The graph crosses the line Yy =24 at the points P and R and meets the x-axis at Q.

(i) Find the coordinates of P, Q and R.
To find P and R, y=24

\x2—16x+39\:24
x> —16X+39=+24
x> —16X+39=-24 x> —16X+39 =24

X*—16X+63=0 X*—16x+15=0
(x=7)(x=9)=0 (x=1)(x-15)=0
X=7, X=9 x=1, x=15 Ya
y=)x2—16x+39’
Ans.P(9,24) , R(15,24)
To find Q,y =0 (8,25)
x> —16Xx+39=0 NP R/ y=24

(x=3)(x—=13)=0 \/ \/
Xx=3, x=13

Ans.Q(13,0)

(ii) State the set of values of k for which |X* —16X+39|=k has 2 solutions.

. 3+13
axis of symmetry X =
=8
:‘82_16(8)+39‘ y:‘x2—16x+82—82+39‘
:|—25| _ 2
o ~|(x-8)" -2
Max pt (8,25)

Ans.k=0 , k>25

CHIJ SNGS Preliminary Examinations 2020 - Additional Mathematics 4047/01
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y

It is given that y, =sinx—2and y, =—3cos2x.

(i) State the amplitude and period, in degrees, of (a)y,, (b)y,.

(a) y,=sinx—2 amplitude =1, period=360°
(b) y, =—3cos2x amplitude =3, period =180°

For the interval 0° < x <360°,

(i)  solve the equation y, =y,
Yi=Y2
sinx — 2 = —3cos2x
3(1 — 2sin?x) +sinx —2=0

6sin’x —sinx —1 =10

(3sinx + 1)(2sinx —1) =0
. 1 . 1

sinx = —=, sinx = >

x = 180° 4+ 19.471°,360° — 19.471,x = 30°,150°

x = 199.5°, 340.5°. x = 30°,150°

(iii)  sketch, on the same diagram, the graphs of y, and y,,

4
Y, =—3c0s2X
3T ’

—» X

30° C\150° 199.5° ) 340.5°
1 ! i I ) i
| 1 360°

18d° 270°

(iv)  find the set of values of x for which y, —y, >0.

30° < x < 150°,199.5° < x < 340.5°

CHIJ SNGS Preliminary Examinations 2020 - Additional Mathematics 4047/01

cos2x =1 — 2sin?x

2]

[4]

[4]

[2]

[Turn over



10

2X

2X 2X

The diagram shows a prism in which the cross-section is a trapezium ABCD.
AB =4x cm, BC = DC = AD =2x cm. The length of the prism is d cm.
(i) Show that the area of trapezium ABCD is 33x% cm?.

(2]
(i) =2’ % =
= /3x> 2x/ |h h|\2x
=/3x X 2x X
Area of trapezium ABCD = %(\/Ex)(ZX +4x)
=2 (Bx(6x)
=33%% cm2.
The volume of the prism is 38883 cm?’. 2X
(i)  Express d in terms of X. l [1]
D
(i) 3+/3x%d =3888/3 ,
X’d =1296 g
4129 d
X’ A 4x B
(iii)  Show that the total surface area, A cm?, of the prism is given by
A=63% +@. 3]
(iii) A= 2(3J§x2)+(2x+2x+2x+4x)(1236)
X
= 63%° +10x(1i?6)

A 6435 + 12?(60
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(iv)  Given that X can vary, find the value of X which gives a stationary value of A.

. dA _ 12960
(iv) &—12\/§X 2

dA 12960 _
At =0, 124/3x =0

o _ 12960
1243
X = 8.543

X=8.54 (to 3 s.f)

) - why this value of X gives the _ of the prism.

v) ——12f

When X ~8.543, (or X’ =360+/3)

‘Cilx—A ~623538  (or 3633)

25920
x>

Therefore this value of X gives the smallest
possible surface area of the prism.

CHIJ SNGS Preliminary Examinations 2020 - Additional Mathematics 4047/01
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10 Solutions to this question by accurate drawing will not be accepted.
2

B(3a, 2a+4)

D(-2,2)

o) A(2,0)

The diagram shows a trapezium ABCD in which AB is parallel to DC. The coordinates of the points A,
B and D are (2, 0), (3a, 2a+4) and (-2, 2) respectively, where a is a positive integer. The length of AB
is 4+/5 units.

yaA
(i)  Showthat a=2. [3]
B(3a, 2a+4)
JBa—2)2+ (2a +4)? = 45
9a®? —12a+ 4 +4a’>+16a+16 =16 X5
13a®2 +4a—60=0 C
(13a+30)(a—2)=0
__ 30 (NA),a = 2
a=-13 ,a =
(i) Find the coordinates of C. [2]
D(-2,2)
Let C be (0.y) y=2x+c
y=2 8-0
— = OR 2=2(-2)+c
0+2  6-2 >
Y2 =2 OR c=6 O A(2,0)
y=2(0)+6
y=6
C(0.,6)

CHIJ SNGS Preliminary Examinations 2020 - Additional Mathematics 4047/01
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B(6, 8)

(iii)  Find the equation of the perpendicular bisector of AB. [4]
A(2,0), B (6,8) C(0,6
Mid —point of AB=("2>, )

= (4,4)
1
mJ_:_E m1Xm2=—1
Equation of the perpendicular bisector of AB
1
4=—c@+c D(-2,2)
c=6

1
y=-gxto O AQO) o

(iv)  Hence, or otherwise, determine if C lies on the perpendicular bisector of AB. [1]

C(0,6) letx=0 y= —%(0) +6
y=6
or lety=6. 6= —%x +6
x=0
=~ €(0,6) lies on the perpendicular bisector of AB
ya

) Find the area of the trapezium ABCD. B(6, 8) [2]

112 6 0 -2 2
AreaABCD—20 8 6 2 0 C0.6

= (16 +36+12—4)
=5 (60)
= 30 sq units

D(-2,2)

0 A(2,0)
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2
Mathematical Formulae
1. ALGEBRA
Quadratic Equation
For the equation ax* +bx+c=0,

_ —b++b’>-4ac

2a

X

Binomial expansion

a+b) =a"+| " |a"b+| " |a" 202 +..+| " a"'b" +..+b",
1 2 r
n}_ n! n(n-1)....... (n—r+1)
(

r

where N is a positive integer and =
P 8 ( n—r)ir! r

2. TRIGONOMETRY

Identities
sin® A+cos® A=1.
sec’ A=1+tan’ A.
cosec’A=1+cot” A.
sin (A+ B)=sin Acos B+ cos Asin B
cos(A+xB)=cos Acos BFsin Asin B

tan A+ tan B
1¥tan Atan B

sin2A=2sin Acos A
cos2A=cos> A—sin® A=2cos* A—1=1-2sin* A
2tan A
1—-tan® A

tan(AxB) =

tan2 A=

Formulae for AABC
a __b __c
sinA sinB sinC
a’> =b”*+c? —2bc cos A

Az%bc sin A
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1 Given that the roots of 3x*> —x+2=0are « and £, find a quadratic equation whose roots are

a+1 p+1
—— and ——.
B
3P —x+2=0
sum of roots: a+pf=1

product of roots: aff=2

Newroots:OHr1 d p+1
a
2 2
New sum: +1+ ﬂ+1:a +a+p +p
a af
_ =%+
%

New product: ( a+ j[ﬂ+1j:aﬂ+“+ﬂ+l
B aff

_%+%+1
%

New equation: x* —(sum of roots) +(product of roots) = 0

X' —(-4)x+3=0
X +4x+3=0
3 +4x+9=0

CHIJ SNGS Preliminary Examinations 2020 - Additional Mathematics 4047/02
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15
2 () Write down, and simplify, the - in the binomial expansion of (x2 + %) . [2]
(1) ( , 3le
X*+=
X

THf=“CiXﬁ54£%j

— lSC X30—2I’ 1
r Xr

— 15Cr 31’ X30—3r

15
(ii) Hence determine the coefficient of x* in the binomial expansion of (x2 + %) . (3]
(ii) 30-3r=3
3r=27
r=9
Coefficient of x* = °C,3’
= (5005)(19683)
=98 513 415
1 3\'3
(iii)  Explain why there is no term in = in the expansion of (x2 + ;) . [2]

(i) 30-3r=-5

3r=35
35
r=
3

1
r must be a whole number. .. no term in —
X
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3 Adcircle, C,, has equation X* +Yy> —4x+6y =36.
(i) Find the radius and the coordinates of the centre of C,. [3]

Method 1~ X*+y* —4x+6y =36
x2—4x+4+y*+6y+9=36+4+9

(x—2)2+(y+3)2=49

Method 2 X* + Y —4X+6Y =36.

Radius = /(—2)2 + 32— (—36) /49 =7

Centre =(2,-3), radius =7 units

The highest point on a second circle, C,, is (3,6) and the equation of the tangent at the lowest

pointis y=4.

(ii) Find the radius and the coordinates of the centre of C, . [2]
radius =1 unit, A6
Centre= (3,5)

(i)  Find the equation of C,. y= (1]

Equation of C2> (X—=3)* +(y—5)" =1

(iv)  Showing your working clearly, determine whether the circles C, and C, meet each other.

(2]

Method 1
Let the centres of C; and C; be A & B respectively

AB =,/(2—3)2+ (-3 —5)2
AB =65 = 8.06
n+rn=7+1=8
As AB > ry + 1, so the two circles do not meet.
Method 2

The y coordinate of the lowest point of C> is the
same as y coordinate of the highest point of C;.

The X coordinates of these two points are
different. The two circles do not meet.

CHIJ SNGS Preliminary Examinations 2020 - Additional Mathematics 4047/02 [Turn over



4  The equation of a polynomial is f(X)=2Xx> —7x> +9x—3.

(@)

(i)

(iii)

Factorise the polynomial f(X).
f(x)=2x-7x> +9x-3
(5

2 8 4 2

=0
= (2x—1)is a factor

f(x):(zx—l)(x2 +bx+3)

x*: 2b-1=-7
2b=-6
b=-3

£(x)=(2x-1)(x* =3x+3)

Determine the nature of the roots of the equation f(x)=0.

£(x)=(2x-1)(x*=3x+3)=0

\S}

Ans. 1 real root and 2 imaginary/complex roots

Solve the equation 2(33")—7(32y)+3y+2 =3.

2(33V)—7(32y)+3y+2 =3

2(3') ~7(3*) +3*(3")-3=0
bl
2

1
g3 =lg—
g g2

CHIJ SNGS Preliminary Examinations 2020 - Additional Mathematics 4047/02
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5  The equation of a curve is X* +4y> =20 and the equation of a line is y =k — x , where K is a constant.

(i) Find the range of values of k for which the line does not intersect the curve. [6]
y=k-x__(0)
X +4y* =20 (2)
X +4(k-x)" =20
X* +4(k? = 2kx+ X ) =20
X* +4k* —8kx +4x* =20
5x* —8kx+4k* —20 =0
b’ -4ac<0
(-8Kk)" -4(5)(4k* -20) <0
64k’ —80k* +400 <0
~16k> +400<0
k*-25>0
(k+5)(k=5)>0
Ans k<-50rk>5
(ii) When K <0, find the coordinates of the point of contact for which the line is a tangent

to the curve. [3]

For tangent: k = -5
5x% —8kx+4k’>-20=0
5%* +40x+80=0

X +8Xx+16=0

(x+4)2:0
X=-4
y=-5—(-4)
=1

Ans. The coordinateof the point of contactis(—4,-1)
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In the diagram, A, B and D are fixed points such that AB =25cm, AD =35cm and angle BAD =90°.

Angle BAC =6 and can vary. AC is perpendicular to BC, EA is perpendicular to AC, and DE is

perpendicular to EA. B

(i) Show that AC + BC + DE = (60sin @+ 25cos #) cm.
C 25 cm

BC = 25sin6, AC = 25c0s6, 35 cm
2CAD = 90° — 0, .DAE = 6,DE = 358in6 0

AC + BC + DE = 25co0s60 + 25 sinf + 35sin0
= 25co0s0 + 60 sinf

E
(ii) Express AC +BC + DE in the form Rsin(6+ «), where R>0 and 0°<a <90°.

Let 60 sinf + 25cosf = Rsin(8 + a)
60 sinf@ + 25cosf = Rsinfcosa + RcosOsina
Rcosa = 60 ----(1) Rsina=25------ (2)

@ Rsina E
1) Rcosa 60
a =22.619°

R?(sin? a + cos? a i = 60% + 252

R = 65, R = —65 (NA)
60 sinf + 25cosf = 65sin(0 + 22.6°)

(iii)  Without evaluating 60, explain why AC +BC + DE cannot have a length of 70 cm.

—1<sin (0 +22.6° <1
—65 < 65sin (6 + 22.6°) < 65

AC + BC + DE cannot be 70 cm
as the maximum length is 65 cm

(iv)  Find the value of € for which AC + BC + DE =50 cm.

AC + BC + DE = 50
65sin(6 + 2216199 = 50

50
sin(0+22.619°)= % =0.76923

0 + 22.619 = 50.284
6 =27.7°
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The equation of a curve is Yy = X*(6—X) .

(i) Find the coordinates of the _ of the curve.

dy a2
&_lzx 3X
dy 2
When =£=0, 12x— =
en 0, 12x—3x" =0

3Xx(4—-x)=0

Xx=0 or x=4
When x=0, y=0
When x=4, y=16(6—4)=32
Stationary points are (0,0) and (4,32)

(i)  Use the Second derivative test to determine the latire of cach of these points.

2
d—X32’=12—6x
d’y
At x=0, W=12>0

(0,0) is a minimum point
2

d’y
At x=4, —2L=12-6(4
X dx? “)

=-12<0
(4,32) is a maximum point

(iii)  Find the range of values of X for which _
Method 1

dy
&>0

12Xx=3x*>0
3x(4-x)>0
O<x<4

Method 2 - (4,32)

- (0,0
From (ii), we see that there is a minimum point at (0,0),

and a maximum point at (4,32).

Hence for ﬂ>0, 0<x<4
dx
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10

) Differentiate 3x*Inx. [2]
i(3x2 lnx):3x2(l +(Inx)(6x)
dx X
=3X+6XIn X
(ii) Hence show that J-XlnXdX=%X2 lnx—%x2 +C, where ¢ is a constant. [3]
j(3x+6x1nx)dx=3x21nx+c
%x2+6jxlnx dx=3x’Inx+c
6jxlnx dx:3x21nx—%x2+c
IS IETIE
jxlnx dx_zx In x 4x +C
The curve y =f(x) passes through the point (1,%) and is such that f'(X) =§+ XInXx.
(iii)  Find f(x). [4]
f0=[ §+ xIn x dx f £'(x)dx = f(x) + ¢
f(x)=1nx+jx1nx dx
_ 12y 1o
_lnx+2x In x 4x +C
19\ 19_ 1 -
Sub (l,z),z— 4+C, c=5

. _ 12 1.2
..f(x)_lnx+2x In x 4x +5

(iv)  State the range of values of X for which f(x) is defined.
x>0

[1]

CHIJ SNGS Preliminary Examinations 2020 - Additional Mathematics 4047/02
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It is known that X and y are related by an equation, y =ab” + 4 where a and b are constants.

X

1

2

3

4

y

10

16

28

52

i) Draw a straight line graph of 1g(y —4) against X, using a scale of 2 cm to 1 unit on the

X-axis and 2 cm to 0.2 units on the Ig(y —4) -axis.

X 1 2 3 4
y 10 | 16 | 28 | 52
lg(y-4) | 0.778 | 1.08 | 1.38 | 1.68

1.6

1.4

1.2

1.0

0.8

0.6

0.2

lg(y — x) = xlgb + Iga

[2]
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(ii) _ to estimate the value of @ and of b. [5]
y=ab*+4
y —4 = ab*

li ii-4i=lii ab"i

. _1.68—-1.08
Gradient a5

lgh = 0.3
b=2.00 (to3s.f.)
vertical intercept =0.5
lga = 0.5
a=3.16

(iii) _ to estimate the value of X when y =33. [2]

When y=33, /A=

~1.462 or 1.46

X=3.25
(iv)  On the same diagram, - representing the equation - and -
find the value of X for which 10> = ab*. [2]

y—4=10%

. _ is the equation of line representing y—4=10"*.
Draw the line -
10* = ab*
1g10” =1g(ab”)

2x=Iga+xlgh
Value of X is the X-coordinate of the point of
intersection of Y =2X and Y =Iga+ xIgb

X=0.3 or 0.25
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10 Ya
P
y=l—sinx/
0 Q R S”X

The diagram shows part of the curve y =1—sin X passing through the point P. The curve touches the
X-axis at the point Q. The tangent and normal to the curve at P meet the X-axis at the points R and S

respectively.

(i) Show that the X-coordinate of Q is %

AtQ, 1-sinx=0
sin X =1
s
x=2Z
2
X-coordinate of Q is %

Ya
The gradient of the curve at P is 1.

(i) Show that the coordinates of P are (7, 1).

%=—COSX
AtP, —cosx=1
cosx=-1

X=r

[1]

[3]

y=1l-sinx

y=1-sinz =1
.. coordinates of P =(,1)

(iii)  Show that the X-coordinate of Ris 7—1.

Grad of PR =1, let r be the x-coodinate of R.

1-0 _ _
m1 OR y=x+c
T—r=1 (m,1) I=n+c
r=mrz-1 y=x+1-m

.. X-coordinate of Ris 7 —1

CHIJ SNGS Preliminary Examinations 2020 - Additional Mathematics 4047/02
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yA

(iv)  Show that the X-coordinate of Sis 7 +1. [1]
___ P(m,1
grad of PS grad of PR ° (m,1)
Let b be the X-coordinate of S. y=Il-sinx
1-0 _ - _
——b" 1 OR y xX+c
T—b=-1 (m,1) 1=-m +c -
b=rx+1 y=-x+1+n O Q(E,O) R(n—1,0) s X

.. X-coordinate of Sis 7 +1

v) Find the exact area of the shaded region. [5]

Ya
Area between curve and X-axis from Q to P

= [, (1=sinx) dx
2

=[x+cosx]z p(m.1)

y=1l-sinx

2
=(7z+cos7r) ( +cos—)

0] o _ g™ X
_(g_l) units? Q3. 0) R(n-1,0)

|2

Area of shaded region L
Area of triangle == [r — (m — 1)] X 1
=(——1)——[7Z‘ (z-D] ) gle = [m— (= 1)]
Shaded area # [r (y; — y,)dx
2

~Z-1-20
(7 _3) it
= ( > 2) units” (exact area)
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11 A particle P moves in a straight line, so that, t seconds after leaving a fixed point O, its velocity,

vV m/s, is given by v=10e™" -3.

(i) Find the - velocity of P.

When £20, v=10-3=7
Initial velocity is 7 m/s.

(ii) Find the acceleration of P when t=1.
_dv e
a= g v=10e 3
a=-2(10)e"" = —20e™
When t=1, a=-20e” =-2.71m/s’ (to 3 s.f))

(iii)  Find the value of t when P is at instantaneous -

When N20), 106 -3=0
e =03
t= —%mos

t =0.6019864
t=0.602 (to3s.f)

(iv) Find the total distance travelled by P before it comes to instantaneous rest.

Method 1

Distance travelled = .[00'6019 (10e7 —3) dt
B m o 0.6019
= [_2 e 3t}0

— 25(0.3)=3(0.6019) +5
~1.694

=1.69 m (to 3 s.f.)
Method 2

Let s be the displacement from point O.

S:IIOe’Z’—3 dt

=5 —3t+c
When t=0, s=0,
0=-5+c
c=5

s=-5e7 -3t+5

When V=0, ie. t= —%mos or 0.60198 ,

s=—5(0.3) —3(% ln%) +5

~1.694
Distance travelled =1.694 -0
=1.69 (to 3 s.f)
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Explain why the value of v is always greater than 3.
Since 10e™ >0

106 -3>-3
Hence v>-3
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