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2.  TRIGONOMETRY 
  
Identities 

1cossin 22 AA  

2 2sec 1 tanA A  

2 2cosec 1 cotA A  

sin( ) sin cos cos sinA B A B A B  

cos( ) cos cos sin sinA B A B A Bsin sini isin sin  
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1 Given that   is obtuse and tan a , express, in terms of a, 

 (i) cos ,           [3] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 (ii) cosec .          [2] 
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2 Find the set of values of the constant k for which the curve 2 1 2y x k x  lies 
entirely below the line 0x y .       [4] 
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3 Given that  2 ,x
x

ky he
e

and that 
2

2
2

d d2 2
d d

x xy y e e
x x

, find the value of each of 

the constants h and k.         [4] 
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4 A cylindrical ice block of base radius r cm is melting in such a way that the total 
surface area, 2 cm ,A is decreasing at a constant rate of 272 cm /s . Given that the height 
is twice the radius and assuming that the ice block retains its shape, calculate the rate 
of change of r when 5.r         [4] 
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5 Ms Lee bought her dream car last year.  The value, $A, of the car is given by the 
formula 150000 ptA e , where p is a constant and t is the age of the car in 
months.  The value of the car after 2 years is expected to be $120 000.  

 (i) Find the amount which Ms Lee paid for the car.    [1] 

(ii) Determine the value of the car after 40 months. Give your answer to the 
nearest dollar.         [3] 

(iii) Find the age of the car when its value drops to $60 000.  Give your answer to 
the nearest month.        [2] 
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6 (i) Factorise 3 22 3 8 12x x x .       [3] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 (ii) Hence solve the equation 
3

23 4 12 0.
4 4
x x x .    [3] 
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7 (i) Write down and simplify the first three terms in the expansion, in descending  

powers of x, of 
821 .

x
       [2] 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(ii) Given that there is no x term in the expansion of 
8

2 21 2 1 ,x kx
x

 find 

the constant term in the expansion.      [4] 
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8 The equation of a curve is 2 32
3

xy x
x

. 

 (i) Find d
d
y
x

 and 
2

2

d
d

y
x

.        [3] 
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(ii) Find the x-coordinate(s) of the stationary point(s) of the curve.  [3] 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(iii) Determine the nature of each stationary point.    [2] 
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9  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The diagram shows a quadrilateral ABCD in which AB BC , 90BCD  and D is a 
point on the y-axis. The coordinates of the points A, B and C are (3,2), 8,2  and

11,k  respectively. 
 (i) Given that 2k , show that 6k .      [3] 
  
  

A B 

C 

D 

x 

y 
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(ii) Find the coordinates of D.       [3] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 (iii) Find the length of CD and hence find the area of the quadrilateral ABCD. [5] 
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10 (a) Find the values of x and y which satisfy the equations  
3

2 4

1
x y

e
ee

, 

110 2 5
2

y
x

x . 

[5] 
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(b)  
 
 
 
 
 
 
 
 
 

A solid triangular pyramid ABCD, with base ABC and vertex D such that D is 
vertically above A, has a base area of 28 2 5  cm  and height 12 5 cm . 

The top part of the pyramid is removed by a cut parallel to its base and passing 
through the midpoint of AD. Find the volume of the remaining solid, leaving 

your answer in the form 3
7 5

cm
12

a b
, where a and b are integers. [4] 

 
  

A 

B C 

D 
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11 A particle moving in a straight line passes a fixed point O with a velocity 6 ms-1. 
The acceleration of the particle, a ms-2, is given by 2 5a t , where t seconds is the 
time after passing O. Find 
(i) the values of t when the particle is instantaneously at rest,   [3] 
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(ii) the displacement of the particle from O at 3t ,    [3] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(iii) the total distance travelled by the particle in the first 3 seconds of its motion.
           [2] 
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12 It is given that  f ( ) 2sin
2
xx  and g( ) 3cos 1x x  where 0 2x . 

 (i) State the period of f ( )x .       [1] 

 
 
 
 
 
 
 
 
 
 
 (ii) State the smallest value of f ( )x .      [1] 

 
 
 
 
 
 
 
 
 
 
 (iii) State the largest value of g( )x .      [1] 
 
 
 
 
 
 
 
 
 
 
 
 
 (iv) State the largest value of |f ( ) g( ) |x x .     [1] 
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(v) Sketch, on the same axes, the graphs of f ( )y x and g( )y x  for 0 2x .
          [4] 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(vi) Given that the solutions to the equation f ( ) g( )x x for 0 2x  are a and b 

where a b , state the range of value of x for which f ( ) g( )x x .  [1] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

End of Paper 
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Mathematical Formulae 
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2.  TRIGONOMETRY 
 
Identities 
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1 The roots of the quadratic equation 25 2 2x x k  are  and . The roots differ  

by 14
2

. 

 (i) Show that k = 9.        [4] 

 

 

 

 

 

 

 

 

 

 

 

(ii) Hence find a quadratic equation with integer coefficients whose roots are 3  
and 3 .         [4] 
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2 (a) It is given that tan( ) 8A B  and tan 2B . Without using a calculator, 
find the exact value of cot A .       [3] 

 

 

 

 

 

 

 

 

 

 

 

 

 

(b) (i) Prove that sin 2 (cot tan ) 2cos 2x x x x .    [3] 
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(ii) Hence solve the equation sin 2 (cot tan ) sec2x x x x  for 0 πx .
           [4] 
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3 The equation of circle C1, with centre A, is 2 2 8 4 11 0x y x y . 

 (i) Find the coordinates of A and the radius of C1.    [3]  

 

 

 

 

 

 

 

 

 

 

 

 

 (ii) Explain why the line 1x  is a tangent to C1.     [1] 
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The equation of a second circle C2, with centre B, is 2 2 2( 3) ( 2)x y R .  

(iii) Find the length of AB.         [2] 

    

 

 

 

 

 

 

 

 

(iv) State the possible value(s) of R such that C1 and C2 touch each other at exactly 
one point.         [2] 
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4 (a) Given that 
2log x m  and 4log y n , express  6

y
x

 in terms of m  

and n.          [4] 
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(b) Solve the equation   2
2 4

2

2log (3 2) log 1
log 2

x x .   [6] 
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5 The diagram shows a solid cylinder of radius r cm and height h cm inscribed in a 
hollow cone of height 45 cm and base radius 20 cm. The cylinder rests on the base of 
the cone and the circumference of the top surface of the cylinder touches the curved 
surface of the cone. 

 

(i) Show that the volume, V cm3, of the cylinder is given by 2 3945π
4

V r r .       

           [3] 
  

r 

20 cm 

h 

45 cm 
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(ii) Given that r can vary, find the maximum volume of the cylinder, leaving your 
answer in terms of π.         [4] 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(iii) Hence show that the cylinder occupies at most 4
9

 of the volume of the cone. 

           [2] 
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6 (i) Express 
3 2

2 2

2 20 17 10
4 2 1

x x x
x x

 in partial fractions.    [5] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  



13 
 

Prelim 4E5N Add Math 2020 4047/02 

(ii) Differentiate 2ln 2 1x  with respect to x .     [2] 

 

 

 

 

 

 

 

 

(iii) Using the results from parts (i) and (ii), find 
3 2

2 2

2 20 17 10
4 2 1

x x x dx
x x

. [3]         
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7   

 

 

 

 

 

 

 

 

 

The diagram shows the curve f ( )y x  which intersects the x-axis at points A and B. 

The tangent to the curve at the point 
1 ,  10
2

 intersects the x-axis at point C. It is 

given that 8 10dy x
dx

. 

(i) Show that B is the point 3,  0  and find the coordinates of C.  [5] 
  

A B C 
x 

y y
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(ii) Find the area of the shaded region.       [5] 
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8 (i)  Sketch the graph of 2 17 16y x x .     [3] 

 

 

 

 

 

 

 

 

 (ii) Find the range of values of x for which 2 17 16 54x x .   [5] 
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(iii) Given that 2 17 16x x k  has more than 2 distinct solutions, state the range 

of values of k.         [2] 

 

  

 

 

 

 

 

(iv) Determine the number of solutions of the equation 2 17 16 2 2x x x . 

Justify your answer.        [2] 
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9 The diagram shows the side view PQRST of a tent. The tent rests with RS on horizontal 
ground. PQRST is symmetrical about the vertical PU, where U is the midpoint of RS. 
Angle QPU = angle QRU =  radians and the lengths of PQ and QR are 90 cm and 150 
cm respectively. The vertical height of P from the ground is h cm. 

 

 

 

  

 

 

(i) Explain clearly why 90cos 150sinh .     [2] 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 

(ii) Express h in the form cosR , where R > 0 and is an acute angle. [4] 
 
 
 
 
 

 

  

90 cm 
P 

 Q T 

150 cm h cm 

 
R U S 
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(iii) Find the greatest possible value of h and the value of  at which this  
occurs.           [3] 

 

 

 

 

 

 

 

 

 

 

 

 

 

(iv) Find the values of  when h = 160.      [3] 

  



20 
 

Prelim 4E5N Add Math 2020 4047/02 

10 A bowl of liquid is heated to a high temperature. It subsequently cools in such a way 
that its temperature, CT , is given by 15 ktT Ae , where t minutes is the time of 
cooling and A and k are constants. The table below shows corresponding values of t  
and T. 

t 5 10 15 20 25 

T 58.8 40.3 29.6 23.4 19.9 

 

(i) Draw the graph of ln( 15)T  against t.     [3] 
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(ii) Use the graph to estimate the value of each of the constants A and k. [5] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(iii) State the initial temperature of the liquid.     [1] 
 
 
 
 
 
 
 
 
 
 

(iv) Use the graph to estimate the time taken for the temperature of the liquid to 
drop to half of its original temperature.     [2] 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

End of Paper 
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Additional Mathematics (4047) Paper 1 - ANSWERS
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1 a
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21cosec a
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2 2 2 2 2 2 2k

3 11,
4

h k

4 6  cm/s
5

5 (i) $150 000
(ii) $103413
(iii) 99 months

6 (i) 2 3 2 2x x x

(ii) 3, 4 or 4x x x

7 (i) 2

16 1121 .......
x x
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d 91
d 3
y
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2
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d 18
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10 (a) 2 22 , 1
3 3

x y

(b) 3
7 43 8 5

 cm
12

11 (i) 2 and 3t t

(ii) 14  m
2

(iii) 54  m
6

12 (i) 4
(ii) 0
(iii) 4
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(v)

(vi) a x b
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Answer Key

1(ii) 28 335 343 0x x 8(ii) 2 , 7 10 and 19x x x
2(a) 17cot

6
A

8(iii) 10 56
4

k

2(bii) π 3π 5π 7π, , ,
8 8 8 8

x
8(iv) 3

3(i) coordinates of A = (4, 2)
radius of C1 = 3 units

9(ii) 30 34 cos 1.03h

3(iii) 7 units 9(iii) Greatest value of h = 30 34
when = 1.03.

3(iv) 4 or 10 9(iv) 0.614 or 1.45
4(a) 32n m 10(ii) A =75.6 (accept 73.7 to 77.5)

0.11 (accept 0.105 to 0.115)k
4(b) 12

5
x

10(iii) 90.6 C (accept 88.7 to 92.5)

5(ii) 322666 π cm    
3

10(iv) 8.25 minutes (accept 8 to 8.5 
minutes)

6(i)
2

3 2 4
2 2 2 1

x
x x x

6(ii)
2

4
2 1

x
x

6(iii) 23ln( 2) 2ln( 2) ln(2 1)x x x c
7(i)

Coordinates of C = ( 7 ,  0
6

)

7(ii) 31.25 units2

8(i)
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Mathematical Formulae

1.  ALGEBRA

Quadratic Equation

For the equation 02 cbxax ,

a
acbbx

2
42

Binomial expansion

nrrnnnnn bba
r
n

ba
n

ba
n

aba ......
21

)( 221 ,

where n is a positive integer and 
!

)1(...)1(
)!(!

!
r

rnnn
rnr

n
r
n

2.  TRIGONOMETRY

Identities

1cossin 22 AA

2 2sec 1 tanA A
2 2cosec 1 cotA A

sin( ) sin cos cos sinA B A B A B

cos( ) cos cos sin sinA B A B A Bsin sini isin sin

tan tantan( )
1 tan tan

A BA B
A Btan tanA tan

sin 2 2sin cosA A A
2 2 2 2cos 2 cos sin 2cos 1 1 2sinA A A A A

A
AA 2tan1
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1 Given that is obtuse and tan a , express, in terms of a,

(i) cos , [3]

(ii) cosec . [2]
Solution:

(i) Since tan a and is obtuse,  0a .
21x a

2

1cos
1 a

(ii) 1cosec
sin

2

2

1

1

1

a
a

a
a

2 Find the set of values of the constant k for which the curve 2 1 2y x k x lies 
entirely below the line 0x y . [4]

Solution:
0

 -------- (1)
x y
y x

2 1 2y x k x -------- (2)
2

2

1 2

2 2 0 for all real values of 

x x k x

x k x x
Discriminant < 0

2

2

2 4(1)(2) 0

2 8 0

2 8 2 8 0

2 2 2 2 2 2 0

2 2 2 2 2 2

k

k

k k

k k

k
(Accept 0.828 4.83k )

21x a  
a  

1

 A1

M1

A1

M1

M1

M1

A1

M1

a  

M1

0000000000000000000000000000000000

0kkkkkkkkkkk k

M
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3 Given that  2 ,x
x

ky he
e

and that 
2

2
2

d d2 2
d d

x xy y e e
x x

, find the value of each of 

the constants h and k. [4]
Solution:

2

2

2

2 2

2

4

x
x

x
x

x
x

ky he
e

dy khe
dx e
d y khe
dx e

2

2 2 2

2

d d 4 22 2
d d

8

x x
x x

x
x

y y k khe he
x x e e

khe
e

11,
4

h k

4 A cylindrical ice block of base radius r cm is melting in such a way that the total 
surface area, 2 cm ,A is decreasing at a constant rate of 272 cm /s . Given that the height 
is twice the radius and assuming that the ice block retains its shape, calculate the rate 
of change of r when 5.r [4]

Solution:
Let total surface area of ice block be 2 cmA and 22 2 2A r r r where r cm is 
the radius at any instance.

2

2

2 2 2

6

12

A r r r

r
dA dA dr
dt dr dt

drr
dt

When 72dA
dt

and 5,r

72 12 5

72
60
6

5

dr
dt

dr
dt

 

The radius of the ice block decreases at 6  cm/s
5

when 5.r (accept 0.382 cm/s)

M1

M1

A1

M1

A1

M1

M1

M1

When 72
ddddddt

and 5,r

7777722222222 1122222222222 55555555555555555

72

ddddddddddddddddddrrrrrrrrrrrr
dddddddddddddddddddddddttttttttttttttttttt

dr

77777772 11111112222222222222 MM11111111111111
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5 Ms Lee bought her dream car last year. The value, $A, of the car is given by the 
formula 150000 ptA e , where p is a constant and t is the age of the car in
months. The value of the car after 2 years is expected to be $120 000.

(i) Find the amount which Ms Lee paid for the car. [1]

(ii) Determine the value of the car after 40 months. Give your answer to the 
nearest dollar. [3]

(iii) Find the age of the car when its value drops to $60 000. Give your answer to 
the nearest month. [2]

Solution:
(i) 150000 ptA e

When 0, 150000t A .
Ms Lee paid $150 000 for the car.

(ii) When 24, 120000t A .
24

24

120000 150000
5
4

524 ln
4
5ln
4

24
0.0092977

p

p

e

e

p

p

When 40,t
40 0.0092977150000

103412.65
A e

The expected value of the car after 40 months is $103413 (nearest dollar)

(iii) 0.009297760000 150000 te
0.0092977 2.5

ln 2.5
0.0092977

98.55

te

t

The car will be 99 months old when its value drops to $60000.

B1

M1

M1

A1

M1

A1

0.0092977
989898898989898989898989898989898998898.5555555555555555555555555555555555

ThThThThThThThThThTThTThhTTTThThThThhT e cacacacacacaacacacacacaccacacccarr rrrrrrrrrrrrrr wiwwiiwwiwiwwiwwiwiwiwiwwiwwwwwwwwwwww llllllllllllllllllllllllllllllllllll bbbbbbbbbbbbbbbbbbbbbbbbbeeeeeeeeeeeeeeeeeeeeeeee 999999999999999999999999999999999999999999999 mmmmmmmmmmmmmmmmmmmmmmmmmmmmmmononono thththsss olo d
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6 (i) Factorise 3 22 3 8 12x x x . [3]
Solution:

3 2 2

2 2

2

2 3 8 12 2 3 4 2 3

2 ( 4) 3 4

2 3 4

2 3 2 2

x x x x x x

x x x

x x

x x x

Alternatively, let 3 2f ( ) 2 3 8 12x x x x . 

 

3 2f (2) 2 2 3 2 8 2 12

16 12 16 12
0

 

2x is a factor of f ( )x . 

 
3 2 22 3 8 12 2 2 7 6

2 2 2 3

x x x x x x

x x x

(ii) Hence solve the equation 
3

23 4 12 0.
4 4
x x x . [3]

Solution:
3

2

3 2

3 4 12 0
4 4

2 3 8 12 0
2 2 2

2 3 2 2 0
2 2 2
3, 4 or 4

x x x

x x x

x x x

x x x

7 (i) Write down and simplify the first three terms in the expansion, in descending 

powers of x, of 
821 .

x
[2]

(ii) Given that there is no x term in the expansion of 
8

2 21 2 1 ,x kx
x

find

the constant term in the expansion. [4]
Solution:

(i)
8 28 82 2 21 1 ......

1 2x x x

2

16 1121 ....
x x A1

M1

M1

M1

A1

M1

M1

A1

M1

M1

A1

popopopopoppoopp wewwwwwwwwwwwwww rssssssssssssss oooooooooooof fffffffffff xxxxxxx, offffffffffffff .11
xxx

1
xx

(ii) Given thattt there is no x term i
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(ii)
8

2 2
2

2 16 1121 2 1 1 2 1 ....x kx x kx
x x x

2

2

2 16 1 32 112 ....
16 2 33 112 ....

kx x kx k
kx k x k

Since there is no x term in the expansion,
16 2 0

1
8

k

k
 

Constant term = 11233
8

19

8 The equation of a curve is 2 32
3

xy x
x

.

(i) Find d
d
y
x

and 
2

2

d
d

y
x

. [3]

(ii) Find the x-coordinate(s) of the stationary point(s) of the curve. [3]

(iii) Determine the nature of each stationary point. [2]
Solution:

(i) 2 32
3

xy x
x

2

2

3 2 2 3 1d 1
d 3

91
3

x xy
x x

x
2

32

d 18
d 3

y
x x

(ii) At the stationary points, d 0
d
y
x

2

2

2

9 3
0

3

3 9
3 3
0 or 6

x
x

x
x
x x

 

x-coordinates of the stationary points of the curve are 0 and 6.

(iii) When 0,x
2

2

d 2 0
d 3

y
x

The stationary point at 0x is a minimum point.

When 6,x
2

2

d 2 0
d 3

y
x

The stationary point at 6x is a maximum point.

A1

M1

M1 for coefficient of x
M1 for constant term

A1

A1

M1

A1

M1

M1

M1A1
(Correct value & correct conclusion

2

222222222222222

2222222222222222

9
00000000

99999999999999999999999222222222

MM11

M1
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9

The diagram shows a quadrilateral ABCD in which AB BC , 90BCD and D is a 
point on the y-axis. The coordinates of the points A, B and C are (3,2), 8,2  and

11,k respectively.
(i) Given that 2k , show that 6k . [3]
(ii) Find the coordinates of D. [3]
(iii) Find the length of CD and hence find the area of the quadrilateral ABCD. [5]

Solution:
(i) AB BC

2 2

2

11 8 2 8 3

9 2 25
2 4
2 4

2 or 6

k

k
k
k
k k
Since 2k , 6k

(ii) Gradient of BC = 6 2
11 8

= 4
3

Gradient of CD = 3
4

Let coordinates of D be 0, h .
6 3

0 11 4
36 11
4

114
4

h

h

h

Coordinates of D = 10,14
4

.

M1

A1

M1

A1

M1

M1

A B

C

D

x

y

11 8

======= 4444444444444444444444444444444444
33

Gradient of CD = 33
M
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(iii)
2

2 10 11 14 6  units
4

CD

313  units
4

Area of ABCD = area of ABD + area of BCD

   

2

2

2

1 1 1 35 12 5 13  units
2 4 2 4
5 1 312 13  units
2 4 4
65 units

 

10 (a) Find the values of x and y which satisfy the equations 
3

2 4

1
x y

e
ee

,

110 2 5
2

y
x

x .

[5]

Solution:
3

2 4

2
2 3

1

22
3

22
3

3 2  -------(1)
6

x y

y x

e
ee

e e

y x

y x

xy

1

1

10 2 5
2

10 2 5 5 2
10 10

1 ---------(2)

y
x

x

y x x

y x

y x
(1) = (2),
3 2 1

6
3 2 6 6
3 8

2 22 , 1
3 3

x x

x x
x

x y

A1

A1

M1+M1

M1

M1

M1

M1

A1+A1

M1

11111111111

2
222222222222

10101001010101000101110101010111 2 552 552 52 52 52 52 5552 55522 55 5 255 2222222222222222222255 2222225 22222222225 2225
1011001001010100010101011 010010100100001001000001000100

xxxxxxxxxx

y xxx xxxxxxxxxxx22222222222222222222222222222222
y xyyy xyy xy xy 1010101001000100000000000010001

2 522 52 5522 52 52 522 55552 52 522 52 522 52 52 5222 5 55555555555555
MM11



10 
 

(b)

A solid triangular pyramid ABCD, with base ABC and vertex D such that D is
vertically above A, has a base area of 28 2 5  cm and height 12 5 cm .

The top part of the pyramid is removed by a cut parallel to its base and passing 
through the midpoint of AD. Find the volume of the remaining solid, leaving 

your answer in the form 3
7 5

cm
12

a b
, where a and b are integers. [4]

Solution:

Volume of solid remaining = 
3

21 11 8 2 5 12 5  cm
2 3

2

2

3

7 1 8 2 5 12 5  cm
8 3
7 96 10 16 5

 cm
24

7 43 8 5
 cm

12

Fraction of solid 
remaining            M1
Volume of original 
pyramid               M1

A1

M1

A

B C

D
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11 A particle moving in a straight line passes a fixed point O with a velocity 6 ms-1.
The acceleration of the particle, a ms-2, is given by 2 5a t , where t seconds is the 
time after passing O. Find
(i) the values of t when the particle is instantaneously at rest, [3]
(ii) the displacement of the particle from O at 3t , [3]
(iii) the total distance travelled by the particle in the first 3 seconds of its motion.

[2]
Solution:

(i) 2 5a t
Let 2 5 dv t t

2 5t t c
When 0, 6t v .

6c
2 5 6v t t

When 0,v 2 5 6 0t t .
2 3 0

2 or 3
t t

t t
Particle is instantaneously at rest when 2t and 3t

(ii) Let 2 5 6 ds t t t
3 2

1
5 6

3 2
t t t c

When 0, 0.t s 1 0c .
3 25 6
3 2
t ts t

When 3t ,
3 23 5 3 6 3

3 2
s

459 18
2

14
2

Displacement of particle from O at 3t is 14  m
2

(iii) When 
3 22 5 22, 6 2

3 2
t s

8 10 12
3

24
3

Distance travelled in the first 3 seconds = 2 2 14 4 4
3 3 2

m

54  m
6

 

M1

M1

A1

M1

M1

A1

M1

A1

2

DiDDiDiiDDDDiDiDiDiDiDiDiiDDiDiD spspsppppppppppppsppppplalalalalalalalallllll cececcececcecceeceeeeeeceeeememmmememmmmmmmmmmmmmmmmem nt ooooooffofffffffoffffffffffffffffffoffffffffffffooo ppppppppppppppppppppppppppppppppppppppppppppppppppppppppppararaaaraaraaararaaaararararaarararraraaraararttititititititittititttttittttttittitititittttttttttttttt clclclcccccccccccccccc eee frfroom

3 223
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12 It is given that  f ( ) 2sin
2
xx and g( ) 3cos 1x x where 0 2x .

(i) State the period of f ( )x . [1]

Solution:
Period = 4

(ii) State the smallest value of f ( )x . [1]

Solution:
Smallest value of f ( )x is 0 .

(iii) State the largest value of g( )x . [1]
Solution:

Largest value of g( )x is 4 .

(iv) State the largest value of |f ( ) g( ) |x x . [1]
Solution:

Largest value of |f ( ) g( ) |x x is 4

(v) Sketch, on the same axes, the graphs of f ( )y x and g( )y x for 0 2x .
[4]

Solution:

(vi) Given that the solutions to the equation f ( ) g( )x x for 0 2x are a and b
where a b , state the range of value of x for which f ( ) g( )x x . [1]

Solution:
f ( ) g( )x x when a x b

B1

B1

C2 for each graph (correct 
y-intercept, turning points 
and end points)

B1

B1

f ( )y x

g( )y x

x

y

B1

(vvvviiiiiiiiii))))))))))))))) GGiGiGiGiGiGiiGiGiGiGiGiGiGiGGiGiGGiG veeeveeeveeeeeeeeeen nnnnn nnnnnnnnnnnnnnn n nn thtththhthhththththhhththththhthtt atatataaatatatatataattatatatataattt ttttttttttttheeheheheeheheheeeheehhhee ssssssssssssssssssolololololololllollololollllollllollollololllllolllllllllllllllllllluutuututtutututttttuuututuuututututuuuututtutuuuuuuuutututuutuuuuu iooioioioioioioioiooiiooioiooiooooiooioioiooioioooooioooooiooonsnnnnnnnn ttto oo the
whwhwhwhwhwhwhwhwhwhhwhwhwhhhwwwhwwhwhwhhherrerrereeeeeeeeeeeeeeeeee eeeeeeeeeeeeeeeeee a ba ba ba baa ba baa bba ba ba baa ba baaaa baa bbba ba bba , , ,, stssstsstststtsttsssttstssttststtsttstttts ateee thththeee rararannnge o

n:



Marking Scheme Prelim 2020 AM P2

1 The roots of the quadratic equation 25 2 2x x k are and . The roots differ 

by 14
2

.

(i) Show that k = 9. [4]

22 5 (2 ) 0x x k
Let α be the larger root.

Sum of roots: 5
2

[M1]

Product of roots: 2
2

k [M1]

Since roots differ by 14
2

, 9
2

2 2( ) ( ) 4
2 25 9 24

2 2 2
k [M1]

25 81 4 2
4 4

k

2 18k
9 (shown)k [A1]

(ii) Hence find a quadratic equation with 
integer coefficients whose roots are 3

and 3 . [4]

Sum of roots:
3 3 2 2

2

2

( )( )
( )[( ) ]

5 9 2 9
2 2 2

335
8

    [M1]

               [M1]

Product of roots:
3

3 3 7
2

343
8

       [M1]

The equation is 28 335 343 0      [A1]x x

(accept any equivalent equation with integers coefficients) 

Alternative:

Let α be the larger root.

Sum of roots: 5
2

-- (1) [M1]

Since roots differ by 14
2

, 9
2

-- (2)

(1) + (2): 2 7
7 , 1
2

[M1]

Product of roots:

2 7( 1)   
2 2

k [M1]

2 7        k

9 (shown)               k [A1]

Alternative:

Sum of roots:

3 3 3 3( 1) (3.5)
335
8

    [M1]

               [M1]

Product of roots:

3
3 3 71

2
343
8

       [M1]

The equation is 
28 335 343 0      [A1]x x

55555
2222222

33333333333333333333333333333333333333333335
8

9 2 999 2 992 9999999
22222222222222222222 222222222222222222222222222222222222222

               [M



2 (a) It is given that tan( ) 8A B and tan 2B . Without using a calculator, find the 
exact value of cot A . [3]

tan tantan( )
1 tan tan

A BA B
A B

Since tan( ) 8A B and tan 2B ,

tan 28
1 2 tan

A
A

[M1]

8 16 tan tan 2
17 tan 6

A A
A

6tan
17

A [M1]

17cot
6

A [A1]

(b) (i) Prove that sin 2 (cot tan ) 2cos 2x x x x . [3]

2 2

LHS = sin 2 (cot tan )
cos sin2sin cos
sin cos

2(cos sin )
2cos 2

= RHS (proven)

 [M1]

                  [M1]
                                 [A1]

x x x
x xx x
x x

x x
x

(ii) Hence solve the equation sin 2 (cot tan ) sec2x x x x for 0 πx .
[4]

sin 2 (cot tan ) sec2x x x x  

  
12cos 2

cos 2
x

x
 

  2 1cos 2
2

x     [M1] 

  
1cos 2
2

x    [M1]

Basic angle = π
4

rad

sin 2 (((((((cot tan ) seec2(cot tan ) sec2(cot tantan )

11111111111111111111111111111222222ccccccccccccccoooooooooooooooooooooooosssssssssssssss 2222222222222222222222222
cccccccccccccooooooos 222

x
xx



π π π π2 , π , π ,2π
4 4 4 4
π 3π 5π 7π2 , , ,
4 4 4 4

x

x
[M1]

π 3π 5π 7π, , ,
8 8 8 8

x [A1]

 

3 The equation of circle C1, with centre A, is 2 2 8 4 11 0x y x y .

(i) Find the coordinates of A and the radius of C1. [3] 

2 2 8 4 11 0x y x y
2 2( 4) 16 ( 2) 4 11 0x y

2 2( 4) ( 2) 9x y [M1]

coordinates of A = (4, 2) [A1]

radius of C1 = 3 units [A1]

(ii) Explain why the line 1x is a tangent to C1. [1]

Since the leftmost coordinates of the circle (1,  2) , x = 1 is a tangent to C1.
[B1]

The equation of a second circle C2, with centre B, is 2 2 2( 3) ( 2)x y R .

(iii) Find the length of AB. [2]

coordinates of B = ( 3,  2) [M1]

length of 7 unitsAB =    [A1]

(iv) State the possible value(s) of R such that C1 and C2 touch each other at exactly one 
point. [2]

R = 7 3 4 [B1] or R = 7 3 10 [B1]

StSStStStStStStStStStStSSStSStStSttStS atataaaa e ee thththththhththththththththththththhttt eeeeee popopopopopopopopopoppopopoopoppoopoopoop ssssssssssssssibibibibibibiibiibiiiibbbbbbbibbbibbllelllll vvvvvvvvvvvvvaaaaaalllllllllallllllaaaaaaaaaaa ueuueueueueuueuueueueueuueueueueueueueueueueueueueueueueuuuueuueueueeeeeuuuuueeeueeueuueueue(ss(s(s(ss(s(s((s((s(s(s(s(s(s(s((s(s(s(s(s(s(ss(s(((ss(sss(ss(( ))))))))))))))))))))))))))))))) ofofof RR suc
popopopopopoppopopooopopoopooopooooininninininnnininininninnninnnint.ttttttttttttttt



4 (a) Given that 
2log x m and 4log y n , express 6

y
x

in terms of m

and n. [4]

2log x m

2
m

x --- (1)

4log y n
4ny --- (2)

66

3

3

4

2

2
2
2

n

m

n

m

n m

y
x

    [M1]

=    [M1]

 [A1]

(b) Solve the equation   2
2 4

2

2log (3 2) log 1
log 2

x x . [6]

2
2 4

2

2log (3 2) log 1
log 2

x x

2
2 2

2
2 2

log 1 2log 2log (3 2)
log 4 log 2

x
x [M1 change of base]

2
2 2

1log (3 2) log ( 1) 1
2

x x [M1]

1
2 2

2 2 2log (3 2) log ( 1) log 2x x

1
2 2

2 2log (3 2) log 2( 1)x x [M1] 

1
2 23 2 2( 1)x x

2 2(3 2 ) 4( 1)x x

2 29 12 4 4 4x x x

25 12 0x x [M1]

(5 12) 0x x

0 (reject because 3 2 0)x x [A1 for rejecting with reason]

or 12
5

x [A1]

[M1 for both (1) and (2)]

Alternative:

2
2 22log (3 2) log ( 1) 2x x

2 2
2 2

2

2 2

2

2

log (3 2) log ( 1) 2
(3 2)log 2

1
(3 2) 4

1

x x
x
x

x
x

      [M1]
1

2 23333333333 2 2((((((((((((((( 1111)22222222222222 2((((2 2(((((((( 22 2((((((((((((((((2

2 22222222(((((((((((((((((((333333333333333333333 2 ))) ((( 111111111111111))))))))))))))))))))))))))))))2 2222222222222222 ))) 44444(((2 ) 4(2 222222222222222222222222 )))))))))))))))))) 4444444444444444444444444((((((((((



5 The diagram shows a solid cylinder of radius r cm and height h cm inscribed in a hollow cone 
of height 45 cm and base radius 20 cm. The cylinder rests on the base of the cone and the 
circumference of the top surface of the cylinder touches the curved surface of the cone.

(i) Show that the volume, V cm3, of the cylinder is given by 2 3945π
4

V r r .

[3]
By similar triangles, 

45
45 20

20(45 ) 45
900 20 45

      [M1]h r

h r
h r

 

900 45
20
945
4

       [M1]

rh

r
 

2

2

2 3

π
9π 45
4

945π π   (shown)
4

V r h

r r

r r

[A1]

 

(ii) Given that r can vary, find the maximum volume of the cylinder, leaving your answer 
in terms of π. [4]

22790π π   
4

dV r r
dr

[M1]

r

20 cm

h

45 cm

2πππππππππ 2

9

VVVVVVVVVVV r hhhhhhhhhhhhhh2ππππππππ
999999999999999999999944445555πππππππππππ 44445555 rrrrrrrrrrrrrrrrrr444444444444555555555 9999944444444445555555555555444444455555555555555
444444444444444444444

44445
44444444444444444

r44444444445 [A[A1]1



When V is maximum, 0dV
dr

22790π π 0
4

r r

27π 90 0
4

r r

40  (since 0)
3

r r [M1]

2

2

2790π π
2

d V r
dr

When 40 ,
3

r

2

2

d V
dr

27 4090π π 0
2 3

[M1]

Since 
2

2 0d V
dr

, volume of cylinder is maximum when 40 .
3

r

2 340 9 40maximum volume 45π π
3 4 3

322666 π cm    
3

[A1]

(iii) Hence show that the cylinder occupies at most 4
9

of the volume of the cone.

[2]

volume of cone = 21 π(20 )(45)
3

= 36000π cm [M1]

When the volume of cylinder is the maximum, 

22666 πvolume of cylinder 3
volume of cone 6000π

 

4
9

                [A1]

Therefore, the cylinder occupies at most 4
9

of the volume of the cone.

WhWWhWhWhWWhWhWhWWWWWWWW enenn tttttttttttttttttthehehehehhehehhehehehehehehehehehehhhhee vvvvvvvvvvvvvvvvvolololooolololololloloollollololooloooo umumumuumuuuuumumuuuuuu e ofooooooffffof cccccccccccccccccccylyylylyllylyylylylyllyyyyyyyyy inniniiiniinniinninninnni dededer r r isisis ttthe

2222666666 ππvvvvvvvvooooooollllllllllllllllluuuuuuuuuuuuuuummmmmmmmmmmmmmeeeee oooooooof ccccccccccccccyyyyyyyyyyyyyyyllllllllllliiiiiiiiiiiinnnnnnnnnnnnnnnddddddddddddddddddeeeeeeeeeeeeerrrrrrr 33



6 (i) Express 
3 2

2 2

2 20 17 10
4 2 1

x x x
x x

in partial fractions. [5]

3 2 3 2

2 2 2

3 2

22

3 2 2 2

2 20 17 10 2 20 17 10
4 2 1 2 ( 2) 2 1

2 20 17 10
2 2 2 12 ( 2) 2 1

2 20 17 10 2 2 1 2 2 1 2 2

x x x x x x
x x x x x

x x x A B Cx D
x x xx x x

x x x A x x B x x Cx D x x

   [M1]

Let 2x , 108 36A

3A [M1]

Let 2x , 72 36B

2B [M1]

Let 0, 3, 2x A B , 10 6 4 4D

0D

Let 1, 3, 2, 0x A B D , 45 27 6 3C

4C [M1]

Hence 
3 2

22 2

2 20 17 10 3 2 4
2 2 2 14 2 1

x x x x
x x xx x

[A1]

(ii) Differentiate 2ln 2 1x with respect to x . [2]

2
2

2

1ln 2 1 4
2 1

4
2 1

    [M1]

           [A1]

d x x
dx x

x
x

  

(iii) Using the results from part (i) and (ii), find 
3 2

2 2

2 20 17 10
4 2 1

x x x dx
x x

. [3]        

  

3 2

22 2

2

2 20 17 10 3 2 4
2 2 2 14 2 1

3ln( 2) 2ln( 2) ln(2 1)

    [M1]x x x xdx dx
x x xx x

x x x c

 

 [A2 for all correct, A1 for 2 correct terms, award mark if ecf from part (i) or (ii)]

2 1x

UsUsUsUsUsUssUsUsUsUsUsUUsUsUsUsUsssinininniininiininiinnngggggggggggggg tht e eeeeeeeeeeeeeeee rererererereerereeereeerrereeereeeeesusususususususususususususussuuusuusuuuss ltltltltltllttlttltlltlttltl ssssssssssssssss frfrfrfrfrfrfrfrfrfrfrffrfrffrfrfrrffffff oomommmmmmommoomoomoom ppppppararraraaraaraaaaaraaararrrttt (i(i)) anand 



7  

The diagram shows the curve f ( )y x which intersects the x-axis at points A and B. The 

tangent to the curve at the point 1 ,  10
2

intersects the x-axis at point C. It is given that 

8 10dy x
dx

.

(i) Show that B is the point 3,  0 and find the coordinates of C. [5]

8 10dy x
dx

2

( 8 10)

4 10

    [M1]y x dx

x x c

At the point 1( ,  10)
2

,

21 110 4( ) 10( )    
2 2

c

6   c

24 10 6  [M1]  y x x

22(2 5 3)
 2(2 1)( 3)   
y x x

x x

When 10,   or 3
2

y x x

Coordinates of B = (3, 0) (shown) [A1]

A BC
x

yy

10 4((( ) 10( )    
2 22222

) () (4( ) 10( )4( ) 10( )

66666666   ccccccccccccccccc

24 10 62 [M1]y 4 101024 10



At the point 1( ,  10)
2

, 6dy
dx

Equation of tangent line:

110 6( )
2

6 7

   [M1]y x

y x

When y = 0, x = 7
6

Coordinates of C = ( 7 ,  0
6

) [A1]

(ii) Find the area of the shaded region. [5]

Area of shaded region = 
3 2
1
2

1 1 7(10)( ) 4 10 6
2 2 6

x x dx [M1 + M1]

= 18
3

+
33

2

1
2

4 5 6
3
x x x [M1]

= 18
3

3
3

2 2

14( )4(3) 1 125(3) 6(3) 5( ) 6( )
3 3 2 2

[M1]

= 18
3

127 4
12

= 31.25 units2 [A1]



8 (i) Sketch the graph of 2 17 16y x x . [3]

 

 

Shape of graph [C1]

Turning point [C1]

x and y-intercept(s) [C1]



(ii) Find the range of values of x for which 2 17 16 54x x . [5]

2 17 16 54x x

2 17 16 54x x or 2 17 16 54x x [M1]

2 17 38 0x x or 2 17 70 0x x

( 19)( 2) 0x x [M1] or ( 7)( 10) 0x x [M1]

2 or 19x x [A1] 7 10x [A1]

The range of values of x is 2 , 7 10 and 19x x x .

Alternative:

For 2 17 16 54,x x

2 17 16 54x x or         2 17 16 54   x x [M1]

2 17 38 0x x or 2 17 70 0x x

( 19)( 2) 0x x or ( 7)( 10) 0x x

19 or 2x x [M1] or 7 or 10x x [M1]

For 2 17 16 54x x ,

the range of values of x is 2 , 7 10 and 19x x x .

[A1 for 2 or 19x x and A1 for 7 10x ]
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(iii) Given that 2 17 16x x k has more than 2 distinct solutions, state the range of 

values of k. [2]

The range of values of k is 10 56
4

k . [B1 + B1]

(iv) Determine the number of solutions of the equation 2 17 16 2 2x x x . Justify your 

answer. [2]

For 2 2y x , when y = 0, x = 1.

 

[M1 for sketching 2 2y x , clearly showing the x-intercept]

Since the line 2 2y x intersects the curve at (1, 0) and the gradient is 2, the number 
of solutions is 3. [A1]

x 

y 



9 The diagram shows the side view PQRST of a tent. The tent rests with RS on horizontal ground. 
PQRST is symmetrical about the vertical PU, where U is the midpoint of RS. Angle QPU =
angle QRU = radians and the lengths of PQ and QR are 90 cm and 150 cm respectively. The 
vertical height of P from the ground is h cm.

 

 

 

  

 

(i) Explain clearly why 90cos 150sinh . [2]

Let the foot of the perpendicular from Q to PU and RU be X and Y respectively. 
90cosPX
150sinQY

90cos 150sin
h PX QY

  [A1]

(ii) Express h in the form cosR , where R > 0 and α is an acute angle. [4]

R cos α = 90
R sin α = 150 [M1]

tan α = 150
90

[M1]

α = 1.0304
R = 2 290 150

=  30 34 [M1]
30 34 cos 1.03h  [A1 - accept if R = 175 (3s.f.)]]

(iii) Find the greatest possible value of h and the value of at which this 
occurs. [3]

Greatest value of h occurs when cos( 1.03) 1 [M1]
Greatest value of h = 30 34 [A1 – Accept 175]
when = 1.03. [A1]

90 cm
P

Q T

150 cm h cm

R U S

X

Y

[M1 for both]

[

FiFiFiFiFiFiFiFiFiFiFiFiFFiiiFiiiiiindndndndndnddndndndndndndndndndndndndndndndndndndnndn ttthehehehhhhhehehheheheheehehhhheheheee ggggggggggggrerereerererererererrreereereerreeeeatatatatatatataaaataataatataaaaataaaaa esesesesesesesessesseesessesesessessesesse t tt ttt ttttttttttttt poppoppopopopopopoppopopopopppoppopopopopppp ssibbblelele vvvalalalueuu  of 
occurs



(iv) Find the values of when h = 160. [3]

30 34 cos( 1.0304) = 160
160cos( 1.0304)

30 34
[M1]

Basic angle = 0.41613
1.0304 0.41613 or 0.41613
0.614 or 1.45 (to 3s.f.) [A1, A1]

10 A bowl of liquid is heated to a high temperature. It subsequently cools in such a way that its 
temperature, CT , is given by 15 ktT Ae , where t minutes is the time of cooling and A and 
k are constants. The table below shows corresponding values of t and T.

t 5 10 15 20 25

T 58.8 40.3 29.6 23.4 19.9

(i) Draw the graph of ln( 15)T against t. [3]

t 5 10 15 20 25

T 58.8 40.3 29.6 23.4 19.9
ln( 15)T 3.78 3.23 2.68 2.13 1.59

[B1 for table]



5

4

3

2

1

5

252010 15

B1 for correct axes and 
plotted points

B1 for straight line passing 
through all points

( 15)In T

t



(ii) Use the graph to estimate the value of each of the constants A and k. [5]

15 ktT Ae
ln( 15) lnT kt A [M1]
gradient = k , vertical-intercept = ln A [M1]
ln 4.3A

4.325A e
=75.6 (accept 73.7 to 77.5) [A1]

0.11k [M1 for finding gradient]
0.11 (accept 0.105 to 0.115)k [A1]

(iii) State the initial temperature of the liquid. [1]
0.11(0)15 75.6

90.6
T e

The initial temperature is 90.6 C . (accept 88.7 to 92.5) [B1]

(iv) Use the graph to estimate the time taken for the temperature of the liquid to drop to 
half of its original temperature. [2]

When the temperature of the liquid is half of its original temperature, 
90.6ln( 15) ln 15

2
3.41

T

             [M1]
Time taken = 8.25 minutes (accept 8 to 8.5 minutes) [A1]
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