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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax’ + bx + ¢ =0,
e ~b+Jb* - dac

2a

Binomial Expansion
(a+b)" =a" +[:)a“']b+[2]n"'3bl +...+("}a""b' +..+b"

r

ri(n-r)! r!

HJ n!  n(n=1)..(n—r+1)
5

where n is a positive integer and [

2. TRIGONOMETRY

Identities
sin“4 + cos’4 = 1

sec?4 = | + tan’4
cosec?d = 1 + cot’4
sin(A4 + B) =sin Acos B+ cos Asin B

cos(A+ B) = cos Acos BFsin Asin B

an(A B)= tan At+tan B
1¥tan Atan B

sin2A4 =2sin Acos 4
cos2A=cos’ A—sin®* A=2cos’ A-1=1-2sin’ 4

2tan A
1-tan’ 4

tan2A4=

Formulae for AABC
a b c

sin A4 _sinB= sinC

a’=b'+c* -2bccos A

= —]-absin ' &4
2
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43 -1)em 32 +4cm

4 75° 0 !

&

The diagram shows a triangle ABC in which 4B =4(\3~1)cm, BC =332 + 4cm, ZBAC = 75°

and ZBCA=6. Given that sin75°= %(ﬁ + l), find, without using a calculator, the value

of sin @ in the form of a+bv2 where a and b are integers.

(4]
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2 Evaluate, without using a calculator, tan [cos" [—%]J [3]

sin x

3 A function is defined by the equation y = for 0<x<27 where x#a.

I-cosx
(i)  State the exact values of a. [1]
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(i)  Explain, with reasons, whether the function is increasing or decreasing. [5]
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4 A curve has equation y=e™",
() Sketch the graph of y=¢""" [2)
Y4

2x-|

(ii) Thecurve y=¢€>*" and y=e""* meet at point R where x =1. Find the value of k.  [2]
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5 a i
(8)  Find the range of values of » for which 9x* +8nx+2n?>8 for all real values of x

(3]
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(b) A curve has equation y =(x+3)(x? -3x+6). Explain why y=(x+3)x*~3x+6) is
always positive for x> -3, [3]
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6 The coefficient of x* in the cubic polynomial g(x) is a, where a > 0. The repeated roots

of the equation g(x)=0 are 2. Find the value of a if g(x) has a remainder of —-% and 28
when divided by (x+1) and (x—4) respectively. (4]
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The diagram shows a circle with centre O, diameter KL. NML is a tangent to the circle at L
and M is the midpoint of NL. The lines KN and OM cut the circle at P and Q respectively.

The lines PL and OQ intersect at R. The line LQ bisects ZRLM and £ZNPQ=/ZNKL.
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(i) Prove that OKPQ is a rhombus. (3]
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(i) Provethat KOx RQ=LOXLR. (3]
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8
A
20 m
B

In the diagram, a surveillance camera is mounted at a point 4 that is 20 m above a point B. A
runner runs from point B along a straight course at a speed of 4 m/s The surveillance camera
tracks the motion of the runner by panning upwards and downwards at point 4. Find the rate of

change of the angle that the surveillance camera makes with AB when the runner is 15 m from
B. Give your answer in radians per second. [5]
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9  Theequation 2x*+ x—4=0 hasroots & and f . The equation 16x* +21x+ p = 0 has roots

2 b
H:ﬁ and l+ga . Without finding the values of @ and £, find the values of p and g.
(6]
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10 @ Find 2(x'Inx)
dx ' (2]
(ii) Hence find _[x2 In x dx. 2]

Page 16 of 26



Nan Hua High School

Preliminary Examination 2019 Additional Mathematics 4047/01

(i)

-

x=05 x=2

The diagram shows the lines x=0.5, x=2 and part of the curve y= x*Inx. The curve

intersects the x-axis at the point P and the tangent to the curve at P meets the line x=2 at
point Q. Find the total area of the shaded region. (6]
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11  The table shows experimental values of two variables x and y.

0.1 0.5 1 1.5 2
>y -5.95 1.63 0.83 0.61 0.5
It is known that x and y are related by the equation {'F— =ax+ E%—{. where g and b are

constants.

(i) Plot X against J; to obtain a straight line graph.
Yy

(2]
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11(i)
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(ii) Use your graph to estimate the values of a and b. (4]

(iii) If, instead, a straight line is obtained by plotting 7l= against % , find the gradient
yvx X

of the line. [2]
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12

/ =
A(-]O,uj)%

The diagram shows a kite with vertices A(-10,-3), B(0,9), C(2,1) and D. It is given that angle
ABQ is equal to angle OBC.

Py
-/

(i) Show that g=2. (4]
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(i) Find the coordinates of the point D, (4]
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(iii) Find the area of the kite ABCD. 2]

13

To study the effects of water waves, a wave generator and a rubber duck were placed in a water
tank as shown in the diagram above. The height, 4 metres, from the bottom of water tank was

modelled by h=asin(kt)+b, where ¢ is the time in hours after midnight and a, b and k are

constants. The motion of the rubber duck was observed for 36 hours. The minimum height of
1.5 m from bottom of water tank was first recorded at 06 00. The maximum height of 2.5 m was

first recorded at 18 00.

(i) = Find the values of a, b and k. [3]
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(i)  Using the values found in (i), sketch the graph of = asin(kt)+b for 0<t<36. (2]

h(m) ,

-t (hours)

(iii) Find the range of values of f such that the rubber duck is above 2.1 m. [3]

~ End of Paper ~
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax? + bx + ¢ = 0,
= -b+Vb* —4ac
2a

Binomial Theorem

(@+b)" =qa" +[:Ja""'b+(;}:"‘zb1 +...+[nJa""b' +..4b",
r

where n i a positive integer and ["J —_n_ _n(r-D..(n-r+)
r) r(n-r)! r!

2. TRIGONOMETRY
ldentities
sin’4 + cos?4 = |
sec’4d = | + tan’4
cosec’4 = 1 + cot’4
sin{A4+ B) = sin Acos B+ cos Asin B
cos{4* B) = cos Acos B ¥ sin Asin B
tan A +tan B
1 ¥tan Atan B
sin2A4 = 2sin Acos 4

tan(A+ B) =

cos2A4=cos’ A-sin? A=2cos? A-1=1-2sin’ A4

2tan 4

tan24d=————
1-tan® 4
Formulae for AABC

a _ b ¢
sind sinB sinC

a’ =b*+c?-2bccos A

Area of AABC = %bcsin A
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1 (a) Without using a calculator, find the value of 9” , given that -]5(5')(3” + 8[) =45,

(®)  Sketch the graph of y=2log, x-1 forx>0.

vt

v

Page 3 0f 26
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(c) Solve the equation log, %J; =1+2log, 81 . [5]
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2 In a natural habitat, the population of a certain species of snails is given by
P 0.8(Ae" + 500) , Where 4 and k are constants and ¢ is the time in years starting from

1 January 2010. Over a period of 8 years from 1 January 2010 to 31 December 2017, the
population decreased from 50 000 to 19 000.
(i) Calculate the values of 4 and of k. 3]
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(i1)  Calculate the year in which the population is 30% more compared to 31 Dec 2017,  [3]

(iif) Explain, with justification, the expected population of the snails over a long period ~ [2]

of time.
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4 2
4x* —4x +23x 2—24x+5 in pictial fractions. [5]
x(2x—l)

3 (i) Express
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d_a 2.
(i) Hence find I4x 4x" +23x 224x+5dx. [4] .
Sx(Zx— l)
6 % 15
4 (@) (i) Write down the general term in the binomial expansion of (-x?—-z-] % [1]
(ii) Write down the power of x in this general term, (1]
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(iii) Hence, determine the coefficient of x~ in the expansion of (%-ﬁ]u
5)

15
(iv) Hence determine the coefficient of x? in (%- '—;-] ;
x

Page 9 of 26
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(b)  The coefficient of x? in the expansion, in ascending powers of x, of (1+x)" (5-2x) (5]

is 3210. Find the value of n, where n is a positive integer.
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S (@)  Solve the equation 4 — 2x+3|=x.

(b) A curve has the equation y =(2x-1)*-9.

(1)  Explain why the lowest point on the curve has coordinates (%,—9] :

Page 11 of 26
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(i)  Sketoh the graph of y =|(2x~1)" - 9. 3]
A y
> x
0
(ifi) Determine the set of values of m such that |(2x— 1)’ -9' =mx-2 hasnosolution.  [2]
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6  The coordinates of the points A4, B and C are (0,7), (-1,0) and (6,~1) respectively.
(i) Show that AB is perpendicular to BC. (2

(i) Explain why A4, B and C lie on the circumference of a circle, C; with diameter AC.

(1]

(iii) Find the centre of C}. (1]

.+ Page 13 0f 26



Nan Hua High School
Preliminary Examination 2019 Additional Mathematics 4047/02

(iv) The tangent to C; at point B is also a tangent to another circle, Cz. Given that the centre of
C, lies on both the y-axis and the perpendicular bisector of BC, find the equation of C:.

(8]
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. 4
7 (i)  Prove that sec 3x(sin 3x-2sin’ 3x) = tan3xcos 6x . [4]
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(ii) Hence find, for 0< x < i;- , the values of x in radians for which i

—2sin%xcos%x =sec 3x(sin3x - 2sin’ 3x) s

* Page 17 of 26
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8 T N
]A 110 km/h
90 km/h
CarA4 e ¢Car B
ras 48 kn clar

The diagram shows Car B, which is 48 km due east of Car 4. Both cars start moving at the same
time. Car 4 travels due north at a constant speed of 110 km/h while Car B travels due west at a
constant speed of 90 km/h.

(i)  Thedistance between Car 4 and Car B at time ¢ hours after the cars started moving is denoted
by L km. Express L in the form of \/pi®+(q—-rt)* where p, g and r are constants,
(3]
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(i)  Given that f can vary, find the stationary value of L. [5]

(iii) Determine whether this value stationary value of L gives the maximum or minimum distance
between Car A4 and Car B. 1
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9

Sm

0 12 m

e

For a theatre production, a panel is constructed by joining an isosceles trapezium and a
right- angled triangle together.

It is given that O4 = 5 m, OE = 12 m and OA is perpendicular to the base OE. OCD is
perpendicular to DE and makes an angle & with the base OF. 4B and OC are the parallel

sides of the trapezium OABC and 4B =2 m.
The total length of the edges of the panel OABCDE is represented by S.

(i) Show that S =12cos6+2sinG+22. (3]
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(i)  Express S in the form of Rcos (6-a)+Q, where Q is a constant, R>0and [4]
0°<a <90°.
(iii) A 30 m LED strip is placed aiong all the edges of the panel OABCDE. Triangle (4]

ODE of the panel is to be painted in black. Calculate the area to paint.

. Page 21 of 26



L

n Hua High School
griﬁminary gExanﬁnatiOn 2019 Additional Mathematics 4047/02

10 A particle X, moves in a straight line with velocity, v m/s, given by v = 20 + kt +63,
where & is a constant and ¢ is the time in seconds, measured from the start of the

motion. Its initial displacement from a fixed point O is —8 m. The minimum
velocity of X occurs at t = 5,75,

(2]

(i)  Find the minimum velocity of X,

(2]

(if)  Find the values of ¢ for which the particle is at instantaneous rest.
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(iii) * Find the distance travelled by particle X when ¢ = 7. 3]
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Another particle Y starts its motion at the same time as particle X and moves in a
straight line with an initial velocity of 6 m/s from O. Its acceleration, a m/s?, is

givenby a = %r 8

(iv) Show that particle Y will not change its direction of motion. (3]

~End of Paper~
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Answer Key
15
3(i) a=0, 27 3(ii) Decreasing function
40 r4
I
= ez.r—l
— 0.5 — : ——
y olera) | 1
Y o A
“' | A
L AR
— . ¢
| %‘3@ |

Q™
58)’:)(\\\‘ n<-6 or n>6

8 0.128 rad / s

10(i) ¥ +3x’Inx

10(ii) _[xz Inx d< C;;% x— —;-x’ +c,, where c, is an arbitrary constant

10(iii) 0.639 unit’> (3 s.f)
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11()
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11(i)) a=2[1.5t02.5],b=£1.6[-2.125'0 -}.125]  11(ik) -Oéb
(o)
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13(iii) 12.8<r<23.2
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Answer Key:
la 40.5
b v
¢ 1
6561 or —
9
2(i) |-0.123
(ii) |t=5.81967 (must have). In year 2015
(iii) | As¢becomes very large (over a long period of tim
0. Then expected population is P = 0.8 (0 + 500
=4Q0\
331) 5 1 3 TP,
JH”_-*-210:-—1_ 2% =1)> x I
" x (2x-1)— o) S
) ix2 +Inx+ l 2x~4 x—-‘% %%6
10 19 1O 16(25~1) (2D QY
4a(i) | 115 18 i A N ig\éj/’ QV
) j— X-j . /\i@ ) @ 6(&’Q
\ \ [N \(‘\{a'\
a(ii) | Powerofx=~30 +@f\®\> A
o0 | BRI 775
a(iv) | 143
o
243
b \5\0‘
% xX= l or -7
3
b(i) | For xel,
(2x- l)2 >0
(2x-1)*-92-9
yz2-9
- ]
Aty = -9’ x= —;—. Heﬂce lowest pOIHt 18 (E,_g]
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b(ii)

prp————— —— =

bii)

2<m<]

6(1)

Product of the gradients of AB and BC = (7)x (- %) =-]
.. AB is perpendicular to BC.

(i) | From (i), AB is perpendicular to BC implies that ZAB@=0( 3
Due to £ in a semi-circle, AC is the diameter of th S, @
are points on the circumference of !he sﬁgn circle

@) | (3,3) \

(V) | x*+(p+18)* =100. /(\> \\ ))

0) L = @ S

1
L=R12 "“@\*ﬁ“% g—)\<® RO

@ (L AN\ OO g

) [AEpude L 00 AW

%) | S<Rcost+2simRe2> (O%)

@ | 5=122c056-959+22 O

(i) |22\ 7 (O '

10G) | -3.125 mis \%\@?‘

(ii) 7or4.5

@iii) [117m

(iv)

positive.

For all values of ¢, since i':—'}—tz >0,v>0.

Particle will not change its direction of motion since velocity is always
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