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1 () Expand sin (%—ij in ascending powers of x, up to and including the term in x’.

(i)

oYncC

[3]

The first two non-zero terms found in part (i) are equal to the first two non-zero terms
in the series expansion of (a +bx)™" in ascending powers of x. Find the exact values
of the constants a and b. Hence find the third exact non-zero term of the series
expansion of (a+bx)™" for these values of a and b. [3]
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2 (a) Vectors a and b are such that a#0,b#0 and |a+b| = |a—b| . Show that a and b are
perpendicular. [2]
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(b)

oYncC

Referred to the origin O, points C and D have position vectors ¢ and d respectively.
Point P lies on OC produced such that OC:CP=1:A-1, where A>1. Point M lies
on DP, between D and P, such that DM : MP =2:3 . Write down the position vector
of M in terms of A, cand d. Hence, find the area of triangle OPM in the form
kA |c xd|, where k is a constant to be found. [4]
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3 The function f'is defined by

2
x—2a for 0<x<2a,

f(x)= ( )2
2ax—4a- for 2a <x<4a,

where a is a positive real constant and that (x + 4a) =f (x) for all real values of x.

(i)  Sketch the graph of y =f(x) for -3¢ <x<8a. [3]

8a
(ii)  Hence find the value of .[_2 f (| X |) dx in terms of a. [3]

oYncC 9758/01/Prelim/19



4 A curve C has parametric equations

1
x=t*, y=—0,1>0.

5y_\/;

8 . : : .
(i) The curve y=— intersects C at point 4. Without using a calculator, find the
X

coordinates of 4. [2]

. 1 . . .
(ii)  The tangent at the point P( pz,TJ on C meets the x-axis at point D and the y-axis
P

at point £. The point F is the midpoint of DE. Find a cartesian equation of the curve
traced by F as p varies. [5]
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S The equation of a curve is 2xy + (1+ y)2 =x.

(i) Find the equations of the two tangents which are parallel to the y-axis. [4]

oYncC 9758/01/Prelim/19



(ii)  The normal to the curve at the point 4 (1, 0) meets the y-axis at the point B. Find the
area of the triangle OAB. [3]

6 The sum of the first n terms of a sequence is a cubic polynomial, denoted by §, . The first

term and the second term of the sequence are 2 and 4 respectively. It is known that S; =90
and S, =830.

(i) Find S, intermsof n. [4]
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(i) Find the 54" term of the sequence. [2]

(b) (i) Given that cos(2n—1)a—cos(2n+1)a =2sinasin2na and « is not an integer
multiple of , show that

N
Zsin 2na :%cota —%coseca cos(2N+1)o . [3]

n=1

oYncC 9758/01/Prelim/19
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- . 2
(ii) Explain whether the series Zsm% converges. [1]

n=1

7 (a)d  Find j cos (In x)dx . [3]

3 1
(i) A curve C is defined by the equation y=cos(Inx), fore > <x<e? .

Va

The region R is bounded by C, the lines x=¢ 2, x =e? and the x-axis. Find the
exact area of R. [3]
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cotx

—— . The region bounded by this curve,
sinx

(b) A curve is defined by the equation y =

. . T 21 . . )
the x-axis, the lines x = o and x = 3 is rotated 277 radians about the x-axis to

form a solid. Using the substitution u = cot x, find the exact volume of the solid
obtained. [4]

oYncC 9758/01/Prelim/19
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2
-x" -1 A
8 (i) Showthat y= % can be expressed as y = —2+ B(x+1), where 4 and B are
X— xX—
constants to be found. Hence, state a sequence of transformations that will transform
2
. : -x" -1
~Z onto the curve with equation y = = - [3]
-x 3 x=2

the curve with equation y =

p— 2 _—
(ii)  On the same axes, sketch the curves with equations y = Lzl and y=|2x+1],

stating the equations of any asymptotes and the coordinates of the points where the
curves cross the axes. [4]
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p— 2 —
Hence, find the exact range of values of x for which Lzl <|2x+1]. (4]
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9 (a) Thefunctionfisdeﬁnedbyf:xH2+i,xeR,x>0.

X
(i)  Sketch the graph of y =f(x). Hence, show that f has an inverse. [2]
(i) Find £ (x) and state the domain of f'. [3]

oYncC 9758/01/Prelim/19
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(iii) On the same diagram as in part (i), sketch the graphs of y=f"'(x) and

y=f"f(x). [2]
(iv) Explain why f? exists and find f(x). [2]

(b) The function h is defined by h: x> z—xl, xeR, x#=1. Find algebraically the
x [—

range of h, giving your answer in exact form. (4]

oYncC 9758/01/Prelim/19
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10 A tank initially contains 2000 litres of water and 20 kg of dissolved salt. Brine with C kg of
salt per 1000 litres is entering the tank at 5 litres per minute and the solution drains out at the
same rate of 5 litres per minute. The amount of salt in the tank at time s minutes is x kg.
Assume that the solution is always uniformly mixed.

(i) Show that dx = L(2C —x) . Hence determine the value of C if the amount of salt

in the tank remains constant at 120 kg after certain time has passed. [3]

(ii)  Find x in terms of «. [5]

oYncC 9758/01/Prelim/19



(iii)

(iv)

oYncC

17

Sketch the graph of the particular solution, including the coordinates of the point(s)
where the graph crosses the axes and the equations of any asymptotes. Find the time
t when the amount of salt in the tank is 60 kg, giving your answer to the nearest
minute. [3]

State one assumption for the above model to be valid. [1]

9758/01/Prelim/19
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11 A factory produces power banks. The factory produces 1000 power banks in the first week.
In each subsequent week, the number of power banks produced is 250 more than the previous
week. The factory produces 7500 power banks in the Nth week.

>i) Find the value of N. [2]

(ii)  After the Nth week, the factory produces 7500 power banks weekly. Find the total
number of power banks that will be produced in the first 60 weeks. [3]

oYncC 9758/01/Prelim/19
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The sales manager predicts that the demand for power banks in this week is a+bH if the

demand for power banks in the preceding week is H, where a and b are constants and b>1.
It is given that the demand for power banks in the first week is 50.

(iii)  Show that the demand for power banks in the third week is a+ba +50b°. [2]

(iv) Show that the demand for power banks in the nth week can be written as

n-1_ e
a(bb 1j+50b " [1]

oYncC 9758/01/Prelim/19
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It is now given that @ =300 and b = 1.05.

In the first week, the number of power banks produced is still 1000. In each subsequent week,

the number of power banks produced will be L more than the previous week.

(v)  The production manager decides to change the production plan so that the total
production can meet the total demand in the first 60 weeks. Find the least value of L.

[4]

- End of Paper -
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Qn

Solution

Remarks

1(i)

sin(z—ij:sin%c032x—cos%sin2x ————— *

(cos 2x —sin 2x)

[1—@+...J—[2x—@+...ﬂ
I 2 3!

3
1—2x—2x2+%+...]

Sle sl Sl

Alternative Method
Lety = sin (E_ ZXJ
4

d_y = —2COS(£—2XJ
4

dx

2
d_y:—4sin [Z_ ZXJ
dx®

3
d_y —8COS(£— ZXJ
dx® 4

2 3
WhenX:O,y: i, d_y:_\/i, d_y:_z\/§, d_y:4\/§
dx® dx?®

—\/EX— &XZ +MX3+,_,
2 3!
22

1
2
-1 —J2x — J2x? + —=x’+...
2 3
1
2

3
1—2x—2x2+%+...]

I
TN

. T
You cannot substitute Z —2X

into the standard expansion
formula directly.

In general, we can apply the
standard expansions when X is
replaced by g(x), provided g(0) =

0. For instance, g(X) = X+ X>.

Be careful with the signs when you
doing the higher derivatives.




(i) b \* Note that power is —1, not a
(a+bx)*t=a" (1+ —X positive integer so we need to use
a the series expansion of (1+ X)"
b ~)(=2)(b Y found in MF26
:a{“(_n D)o AT
a 2 a Don’t forget to apply the power
1 b b2 ) —1 to a after factorize a out.
=—|1-—X+|=| X" +..
a a a
b
na=v2 and -=2 = b=2\2 _
a Third non-zero term and the
coefficient of third non-zero term
Third non-zero term: are different.
1(bY 1 4
_[_j X2 =—=(2)" x? = —=x? = 24/2x*
ala {2 J2
2(a) |a + b| — |a _ b| There are two forms of vector

la+ b|2 :|a—b|2
(a+b)(a+b)=(a-b)(a—h)
|a|2 +2ash + |b|2 = |a|2 —2asb+ |b|2
4asb=0

ab=0
Hence a and b are perpendicular.

Alternative Method:

Since |a+b|=|a—b|, the diagonals of the parallelogram (with

sides aandb) are equal in length and thus the parallelogram
must be a rectangle. Therefore, a and b are perpendicular.

product: dot (scalar) and cross
(product). Hence expressions such

as @ will not make sense, as it
will be ambiguous whether it
means d-ad or axa. However

2 . .
|a| is meaningful as |a| means

the length of a vector, so it is a
number.

Next, as |a+ b| is the length of
the vector a+D , so

|a+ b| # |a| +|b| , and therefore
la+ b|2 2 |a|2 +2[al|b| +|b|2 .

It is wrong to say that

|a+ b| = |a - b| implies
a+b=a-b or
a+b=-(a-b).

Take for example the vectors |
and j, they are obviously pointing
in different directions, so neither
i=jnori=—j,but |i|:|j|:1.




Read carefully: P lies on OC

(b) N OC
OP = Ac produced. So P does not lie in
between O and C.
- -
O—|\>/I _ 20P+30D _ 2Ac+3d Ratio theorem is a very useful and
5 5 -
quick way to get OM .
NN CXC isa vector product, so the
. 1 result should be a vector.
Area of triangle OPM = 3 OPxOM So CxC 0. it should be O . the
zero vector.
1 1 2ic+3d Because of the definition of vector
) e 5 product, Cx C # |C|2 , and
cxd=dxc.
“ Lo 2 e
2 5 5
:1 /1C><ﬁ :3/1|c><d|
2 5| 10
3(i
@ y A
-label all vertices and end points
-Quadratic curve shape (part) for
(4a, 4a2) (8a, 48%) 0 < x<2a and straight line
(0, 4a%) 1 segment for 2a< X <4a
(-2a,0) O (2a,0) (62, 0) "
(i) To draw graph of f(|x|), keep RHS

ngf (Ix1]) dx= 3f02a (x—2a)%dx + 2(%(2a)(4a2)j

l 2a
=3| =(x-2a)’

)
=8a°+8a’
=16a°

0

+8a°

and reflect in the y-axis.

Note that (X —2a)° is only
defined for 0 < X < 2a while
2ax —4a?is only defined for
2a<x<4a.ltiswrong to take
. 6a 2
for instance: J. (x—2a)°dx as
4a

the area of the region from
4a <x<6a.




4(1)

Substitute x =t , y:% intoy:%,
1 8
Nard
3
t2 =8
t=4
Whent =4,
Xx=4*=16
_ 1.1
“ "2

Coordinates of A is (16,%)

Substitute the parametric equation
of C into the Cartesian equation

Avoid changing the parametric
equation to Cartesian form

(i)

_3
dx:2t d_y: 1

=2 , _Zt2
dt dt 2
dy_ 13,1 1

dx 2 2t 4
Equation of tangent at point P on curve C,

11 20
yjﬁ—4p%xp)
AtD,y=0
O—i:——pi(x—pz):x:sz
Jp
AtE  x=0
1 __E 5 ) 5
yiﬁ—4pW>M:y—p2

5 5 L 5p°
= = =— , substitute into X = —
o~y 2

5[5 __3125
28y ) 8192y’

Cartesian equation of the curve traced by F is x =

3125

8192y*

Take note that we are finding the
gradient of tangent

dy dy  dx

dx dt dt

Write down as header what you are
trying to find, for example
equation of tangent at point P.
When t=p,
Gradient of tangent at point P is

5 5

—— piE instead of —=t 2
4 4

Find the midpoint F which follows
the formula

(&+& m+w}

2 2

5 2
From F, let X:%,

Yy = —— which isin the

8/
parametric form. Convert to
Cartesian form so that we can trace
how the path that point F moves as
p varies.




5(i)

2xy +(1+ y)2 =X
Differentiating wrt X,

dy dy
2y +2X—+2(1+y)—=1
y dx ( y)dx

dy ~ 1-2y
dx 2(x+y+1)

dy

When the tangent is parallel to the y-axis, ™ is undefined.
X

S 2(x+y+1)=0
y =-1-x , substitute this into the equation of the curve,
2x(-1-x)+(1-1- x)2 =X

x*+3x=0

Do not confuse “tangent is parallel
to y-axis”, with x-axis:

“parallel with y-axis™: y is
dx
undefined.

“parallel with x-axis™: —y =0.
X

Vertical lines in the Cartesian grid

are of the form “x=....” instead of
X=0 or x=-3 =
(ii) . - a
Gradient of normal at A= To20) 4
2(1+0+1)
Equation of normal at A: y—-0=-4(x-1)
AtB, x=0=y=4 => Coordinates of B are (0,4)
Avrea of triangle OAB = %x 4x1=2 units’
6(@)(1) | S =an®+bn?+cn+d Don’t assume that sequence is an
n

S,=a(l)’ +b(1) +c@+d =2
= a+b+c+d=2 ()

S,=a(2)’+b(2)" +c(2)+d =6
= 8a+4b+2c+d=6 ---(2)

S, =a(5) +b(5)" +c(5)+d =90
= 125a+25b+5c+d =90 ----(3)

AP/GP. It’s neither.

It’s pointless to just write
S, =T +T,+..+T,
The sum is polynomial in n i.e.

dependent on n and generally
includes a constant term.

Read question carefully. ‘4’ is not

S, .




S, =a(10)’ +b(10)° +c(10) +d =830
— 1000a+100b+10c+d =830 ----(4)

UsingGC: a=1, b=-2, ¢=3 d=0
S =n*-2n*+3n, n>1 neZ"

n

(i) 54" term of the sequence
Uy = Sy — Sg
= (54)° — 2(54)* + 3(54) — (53)® + 2(53)* — 3(53)
=8376
(b)(i) | Given that cos(2n—-1)a —cos(2n+1)a = 2sin asin 2na Use what was given. Don’t waste
_ cos(2n—-1)a —cos(2n +1 tl_me to derive it when it’s already
sin(2na) = ( )a . ( )a given.
\ y 2sina Note that 2Sin « (independent of
2 sin(2na) =) cos(2n-1)a —cos(2n+1)« n) is a constant in this case
nel o1 2sina Remember to cancel sufficient
[ coSa —Gos3a T number of rows at the beginning
"""" . and at the end.
+ €os3a —60S S
1 |+ cosbi—cosZa
C2sing |+ e
+ cos(2N=3)e —_“(_:os(‘Z'N Do
|+ cos(2N =B& —cos(2N + 1)« |
cosa —cos(2N +1)« N
- T e *)
2sina
_cosa  Cos(2N +1)a
 2sina 2sina
coseca cos(2N +1)«a
_cote 2( ) (shown)
(i) Note that it’s the letter N that tends

2
N
T . 2nr
Leta ==, sin| ——
5 2o %)

cot cosecﬁcos(2N+1)z
_ 3 3 3

2 2

As N -, cos(2N +1)% takes values % or —1. OR cannot

converge to a constant number.

= . 2n«w
ZsmT does not converge.
n=1

to infinity and not the letter n.




7(a)(i) 1 . Use integration by parts directly.
J.cos(ln X) dx = xcos(In x) —Jx(—;sm(ln x)jdx cos(In X) is a composite
function. It is not a product of
= xcos(In x) +Isin(ln X) dx (cosx)(Inx) .
] 1 _ | dv _1
= xcos(In x) + xsin(In x) — x(—cos(ln x)j dx Letu= cos(Inx) and o
X apply integration by parts
= xcos(In x) + xsin(In x) — | cos(In x) dx du
(In%) (Inx) -[ (Inx) uv—jv—dx twice
dx
2[ cos(In x)) dx = xcos(In x) + xsin(in x) Bring — [ cos(In x) dx to he
1 LHS to stop the loop.
_[cos(ln X) dx = > x(cos(In x) +sin(In x))+C Put+ C in the final step
(i) z > Read question carefully. Integrate

Area = Je” cos(In x)) dx :%{ x cos(In x) + xsin(In x) } i

¥ {COS[ . j +sm[ '”ezjj
o=l

e 2

NN

I\JII—‘

Mlk)

ol 3]

172 -
==e?| cosZ +S|n— ——e
2 2

1[e2 +e2]
2

T Va

frome 2 to €2,
Use (i) answer.
F(Upper limit)— F(lower limit)

Note that Ine? =

g

r\J|<\\]

(b)

. du
Using u =cot X, — = —C0Sec’X = —
X

sin’® x
=.du=..- 1 dx
sin’ x
When X=£:>U=i=\/§
6 tan x
When x=2—ﬁ:>u:—i
3 NG

Differentiate the given
substitution.

Memorise the differentiation of the
6 trigo functions. Only
differentiation of sec x and cosec x
formula are in MF26

Find d—u and hence dx = ..
dx

Need to change limit to u value.
Write down the expression of the
volume first. Then do substitution.

V= LXZ y? dx




-

(s L ootx 2 27 ) u
2 3 oot Change to —7 e’ du
Required volume is =7 . dx:ﬁj —— dXx N
sinx 7 sin‘ X . o
Jx 6 Integrate € w.rtuis €
6
(.Zi 1
3
- ecotx — dx
JZ Sin” X
6
_% A
:_ﬁj e’ du or 7zJ e’ du
1
. 7
1
=x|ef-e ¥
8(i) X—x2-1 -3 Be careful in your algebraic
= B 2—(X+1) manipulation when trying to
X— X— 2
1 X express y:_x—x ~1 in the form
y= _2 X—2
3-x 3 y=i+B(x+1).
-1 1 X—2
:_X 3_5 Note that you are required to

1) A scaling parallel to the y-axis by a factor of 3.
2) A translation of 1 unit in the negative x-direction.

describe  the  sequence  of
transformations that will transform

the curve with equation
1 X
=——-=t0
3-x 3
—x2_
= X—X 1 :_3_()( _4_]_)Y
X—2 X—2

NOT the reverse.

Itis INCORRECT to use the
word “shift” to describe
translation and the word
“flip/rotate” to describe reflection.
One of the transformations
involved is scaling parallel to the
y-axis with a factor of 3, it is

NOT with a factor of -3 or 3
units.




(i)

S Y-

>
1
N

x—x2-1
X—2
has asymptotes y = _x—1and x = 2.
You are expected to draw properly
and clearly, including the behaviour
2
of the curve y X=X 1 pear its
X—2
asymptotes. Note that the oblique
asymptote y=-x-1 meets the
X-axis and y-axis at
(_1, o) and (o, _1) respectively and
the curve cuts the y-axis at the point
(O’EJ which is NOT the minimum
2
point.

Note that the curve y=

You are expected to get the correct
shape of the graph from your GC.
You are required to state the
coordinates of the points where
the curves cross the axes. For the

modulus graph y =|2x+1], the
coordinates are (_ 1 OJ and (0,1)"
> :

It has a line of symmetry , __1
You should have the sense of the
relative positions for the points of
intersection with the axes when
sketching the two graphs,
including the asymptotes on the
same axes.

X—x2 -1
X—2

=-2x-1

From GC, the first point of intersection has x-coordinate —1 .

X—2
X—Xx*—1=(2x+D(x-2)
3x* —4x-1=0

_ 4£\16-403)(])

2(3)

XZZiJ?

3

The question states that “Hence,
find the exact range of .....”, so
you are required to use graphical
method.




Thus, the range of values of x is

1 2_\/7<x< 2+3ﬁ

X < —1,
3

orx>2

9(a)() A s e
Y= Must sketch the graph of f for the
given domain only (X > 0) with
the asymptotes.

Never use a particular line to
explain one-one function and you
must state the range of k. Note the

- 2 possible explanations.
y=2 X I )

If you use any line
y =Kk, keR, then the line cuts
the graph of f at most once.

v

If you use any line

Sj horizontal line Y =k, K€R intersects th h of f
ince any horizontal line INtersects the graph o y =k, keR,, then the line cuts

at most once, f is one-one and it has an inverse.
the graph of f exactly once.

It is important to mention that f is
one-one and not just f has an

inverse.
(ii) To find the rule of f*:
Lety=2+—
Lety = f (x) and then make x the
§ =y-2 subject
X
3
X=—
y-2
3
ft(x)=——
(X)="=
D.=R =(2, oo)
(iit) See diagram in (i) Must use the same scale for both

axes when sketching the graphs of
fand f on the same diagram.

The graph of f1 is a reflection of
the graph of f in the line y=x




The graph of ff is not simply the
line y = x. Must sketch for the
correct domain and passing
through (2, 2).

The graphs of f, f* and ff must
intersect at the same point.

(iv) D;=(0,0) and R;=(2 ) It is not sufficient to state
Since R, < D;, f? exists. R <Dy
D; =(0,), R =(2,x)
f2(x)=f (f (X)) must be stated to justify the subset.
=2+ 33
2+—
X
5 3X
2X+3
_ 2(2x+3)+3x
© 2x+3
_IX+6
2X+3
(b) . 3—x This question required an algebraic
Given h (X) = 1 approach so the GC cannot be used

To find the range of g, the graph must intersect the horizontal
line y =k, therefore, D>0

3-X
x* -1
kx> —k =3-x
kx> +x—(k+3)=0

Letk =

(1) +4k(k +3) >0
1+12k +4k* =20
4k? +12k +1>0
Consider 4k? +12k +1=0, k= “22E\12' =440
2(4)
124128

8
822 3, 5

2 2

to obtain the graph. It is very
tedious to sketch the graph without
using a GC as the stationary points
would have to be found by
differentiation. Students would
also need to show the nature of the
stationary points before they can
sketch the graph on their own.
Moreover, it would take some time
to find the exact y coordinates of
the stationary points in order to
obtain the range of h. Thus,
students are strongly encouraged to
use the discriminant instead (see
solution)




4k? +12k +1>0 n

kg—g—ﬁ OR kz-§+ﬁ ! '

Hence, the range of h is (—oo,—g—\/f} U{—gﬁ—\/z,ooj

10(i)

Concentration of the brine entering the tank is % kg/L
Solution leaving the tank is X kg/L.
2000

The rate at which salt enters the tank is < _C kg/min
1000 200

The rate at which leaves the tank is X _ X kg/min.
2000 400

3—1( =inflow rate —outflow rate

%_C_ x 1
dt 200 400 400

When %:O, X =120 kg and 2C -120=0=C =60 kg

(2C—x) (Shown)

(ii)

j L ogx=[-L gt
120X 400

—In|120—x|=$t+8 where B = const

1
120—x = Ae a00' where A =const

When t=0, x=20kg, Ae® =A=120-20=100

_1
120— x =100e 0"

Ly
X= 20[6—5e 400 J

Remember to include a negative
sign and modulus sign after

integrating




(i)

L,
x=20{6—5e 400 }

(0,20)
0

Using GC, t =204.33 =204 min.

(iv) It is assumed that there is no evaporation in the system so that
the concentrations of the solution remain as stated/unaffected.
AP : first term = 1000, common difference = 250 It is an AP with first term 1000 and
11(i) common difference 250.
7500 =1000+ 250(N —1) U, = 7500. Solve for N.
N =27
(i) Total number of power banks produced in 60 weeks For 1% to 27" week, it is an AP
=S, +33(7500) with first term 1000 and common
2727 difference 250.
_ For 28" to 60" week, the
B ? (1000 + 7500) +33(7500) production is at 7500 per week, so
(iii) Number of power banks on demand on week 1= 50 For 2" week, the demand is
Number of power banks on demand on week 2 a+b(50) =a+50b
=a+50b For 3" week, demand is
Number of power banks on demand on week 3 a-+b(demand of 2nd week)
= a+b(a+50b) =a+ba+50b =a+b(a+50b)
(iv) Number of power banks on demand on week 4 Continue working out for week 4
= a+b(a+ba+50b%) and deduce the demand of the n®
week.
= a+ba+b%a+50b° Note that the last term of the
Number of power banks on demand on week n expression is b"2a for the GP.
—a+ba+b%a+bla+..+b"%a+50p"" The first part of the expression is a
) summation of GP with first term a,
= a™ -1) +50p™t common ratio b and number of
b-1 terms N—1, which can be written
n-1
Gl
b-1
) Total number of power banks produced in 60 weeks Remember to take summation of

= %(2(1000) +59L)

= 30(2000+59L)

the terms from the 1% to 60 week.
The total demand can be found
using GC (MATH, 0: Summation).




Total number of power banks on demand in 60 weeks

&(300(1-1.051)) & 4
+ > (1.05(50

() B eo)

=1779181.493

For 30(2000+59L)>1779181.493

L>971.29
Least L =972

For total demand to be met, total

production > total demand for the
first 60 weeks, solve for L.
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Section A: Pure Mathematics [40 marks]

The above diagram shows a hollow ellipsoid with centre O, enclosing a fixed volume of

gﬂabz. A solid cylinder of length 2x and base radius y is inscribed in the ellipsoid. It is

. x> y? . .
given that —2+§ =1, where a and b are positive constants with a > b.
a

Use differentiation to find, in terms of a and b, the maximum volume of the cylinder,
proving that it is a maximum. Hence determine the ratio of the maximum volume of the
cylinder to that of the volume enclosed by the ellipsoid. [6]
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2 () Find IZsin(k+1)xsinkxdx. [2]
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(i)  Hence, determine in terms of k, the value of J‘OE (sin(k +1)x —sin kx)2 dx,

where K is an even integer. [5]
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3 The plane p contains the point A with coordinates (5,—1, 2) and the line I, with equation
x—3
2 Z2-y,z=1.
> y

(1) The point B has coordinates (c, 2, 2). Given that the shortest distance from B to

I, is —“2505 find the possible values of c. [3]

©YNC 9758/02/PRELIM/19



(i) Find a cartesian equation of p. [3]
1 4

The line I, hasequation r=| 2 |+ |1 |, ueR.
1 3

(iif)  Find the coordinates of the point at which |, intersects p. [3]

©YNC 9758/02/PRELIM/19



a 4
The line 1, has equation r=| 2a |+t| 0 | ,te R , where a is a constant.
a 1
(iv)  Show that p is parallel to |,. [1]

(v)  Given that I, and p have no point in common, what can be said about the value
of a? [1]

©YNC 9758/02/PRELIM/19



(vi) It is given instead that a =1, find the distance between |, and p, leaving your
answer in exact form. [2]

4 Do not use a calculator in answering this question.

(a) The equation 2z° —3z° +kz+26=0, where k is a real constant, has a root
z=1+ai, where a is a positive real constant. Find the other roots of the equation
and the values of a and k. [6]
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(b) (i) Given that (x+iy)2 =15+8i, determine the possible values of the real
numbers x and y. [3]

©YNC 9758/02/PRELIM/19



10
(i)  The roots of the equation z*—(2+7i)z=15-5i are z, and z,, with

arg(z,) <arg(z,). Find an exact expression for z,, giving your answer in
the form re'’, where r >0 and -7 <0<r. [3]
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(iif)  Find the argument of 21222* in exact form. [2]
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Section B: Probability and Statistics [60 marks]

An investigation was carried out to determine the effect of rainfall on crop yield. The table
below shows the average monthly rainfall, x mm, and the crop yield, y kg. The data is
recorded during different months of a certain year.

(i)

150 163 172 175 180 187 196

48 70 87 92 95 89 80

Draw a scatter diagram for these values. State with a reason, which of the following
equations, where a and b are constants, provides the most accurate model of the
relationship between x and y.

(A) y=aln(x—100)+b
(B) y:a(x—180)2+b
a
© y=——swb 3
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13

(i) Using the model you chose in part (i), write down the equation for the relationship
between x and y, giving the numerical values of the coefficients. State the product
moment correlation coefficient for this model. [2]

(iii)  Calculate an estimate of the crop yield when the average monthly rainfall is
185 mm. Comment on the reliability of your estimate. [2]

6 A factory produces a large number of packets of cornflakes. On average, two in 7 packets
contain a toy. The packets of cornflakes are sold in cartons of 12.
(@) A carton is randomly chosen.
(1) Find the probability that there are fewer than 2 toys. [1]

©YNC 9758/02/PRELIM/19
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(i) Find the probability that there are more than 1 but at most 6 toys. [2]

(b)  Find the probability that in five randomly selected cartons, two of them contain
exactly 4 toys and three of them contain exactly 2 toys. [2]

(¢) A mini-mart ordered 40 cartons of cornflakes from the factory. Find the
probability that none of the cartons contains fewer than 2 toys. [2]

©YNC 9758/02/PRELIM/19
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The factory also produces a large number of packets of oats. A random sample of n packets
of oats is chosen. The number of packets of oats containing a toy in the sample is denoted
by A. Assume that A has the distribution B(n, p), where p >0.1.

Given that n = 25 and P(A = 2 or 3) = 0.25, write down an equation in terms of p and find
p numerically. [2]

7 A box contains five balls numbered 1, 3, 5, 6, 8. Three balls are drawn at random from

the box.
(@) Find the probability that the sum of the three numbers drawn is an even
number. [2]

©YNC 9758/02/PRELIM/19
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(b)  The random variable S denotes the smallest of the three numbers drawn.
(1)  Determine the probability distribution of S. [2]

(i)  Find E(S) and Var(s). 2]

©YNC 9758/02/PRELIM/19
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(iii) The mean of a random sample of 55 observations of S is denoted by S.
Find the probability that S is within 0.5 of E(S). [3]

(@) EventsAandBaresuchthat P(AUB)=0.6 and P(A|B)=0.4.Given that Aand
B are independent, find

(i) P(B), [2]

(i) P(A'[BY). 2]

9758/02/PRELIM/19
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(b) 12 people are to be seated at 3 different coloured round tables.
(1)  Find the number of ways that there are at least 3 people at each table.  [4]

(i) Find the probability that there are 4 people at each table given that there are
at least 3 people at each table. [2]

©YNC 9758/02/PRELIM/19
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9 A company produces car batteries. The life, in months, of a car battery of the regular type
has the distribution N(,u, 0'2) . The mean life of 4 randomly selected car batteries of the

regular type is denoted by X . It is given that P(Y < 36.1) = P(Y > 49.1) =0.03355.

(i) State the value of x and show that o ~7.10, correct to 2 decimal places. [4]

(i) Find the smallest integer value of k such that more than 90% of the car batteries
of the regular type have a life less than k months. [2]
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(iii)

(iv)

20

Past experience shows that 25% of the car batteries of the regular type with lives
less than 36 months are due to bad driving habits. A random sample of 100 car
batteries of the regular type is selected. Find the expected number of these car
batteries which will have lives each less than 36 months due to bad driving
habits. [2]

After research and experimentation, the company produces a premium type of car
battery using an improved manufacturing process which is able to increase the
life of each car battery by 10%. Find the probability that the total life of 5 randomly
chosen car batteries of the premium type is more than the total life of 6 randomly
chosen car batteries of the regular type. [4]

9758/02/PRELIM/19
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A previous study revealed that the average time taken to assemble a certain type of
electrical component is at least 15 minutes. The manager wants to investigate if the results
of the study is valid. A random sample of 40 components is taken and the times taken to
assemble the components are summarised in the following table:

Time to assemble a

. 9 10 12 13 15 16 17 18
component (min)

Number of 116 | 3|8 |5 7|8/ 2
components
(1) Find unbiased estimates of the population mean and variance. [2]

(if)  Test at the 5% level of significance whether the results of the study is valid.
You should state your hypotheses and define any symbols you use. [5]
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(iii)  Explain why the manager is able to conduct the test without knowing anything
about the distribution of the times taken to assemble the electrical components.[1]

(iv)  Explain what is meant by the phrase “5% level of significance” in this context.[1]

The manager claims that the average time taken to assemble another type of electrical
component is 30 minutes. A random sample of 50 components of this type is chosen and
the time taken to assemble each component is recorded. The mean and standard deviation
of the sample are 29.7 minutes and k minutes respectively. Find the range of possible
values of k if a test at the 8% significance level shows that there is sufficient evidence that
the manager’s claim is valid. [4]

~ END OF PAPER ~
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